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Mathematics is the queen of the Sciences and Number Theory is the 
queen of Mathematics. 
— Gauss 


God invented the integers; all else is the work of man. 
— Kronecker 


I know numbers are beautiful. If they aren’t beautiful, nothing is. 
— Erdés 


Dedicated to Senya 
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Preface 


Special numbers, among integers, are an important part of num- 
ber theory, general mathematics, and several applied areas (such as 
cryptography). 

While the “names” of some of them (Fermat numbers, Mersenne 
numbers, Fibonacci numbers, Catalan numbers, Bernoulli numbers, 
Stirling numbers, etc.) are known to every mathematician, actual 
information on them is often scattered in the special literature. There 
are only few books which systematically present their history and 
properties while giving the main proofs. 

Moreover, although such books exist (see, for example, [Bond93], 
[CoGu96], [Hoge69], [Line86], [LiNi96], [KLS01], [SIP195], [Uspe76], 
[Voro61], and [Yan96]), many new results have appeared during the 
several decades after their publication; so, this material should be 
updated and reworked. 

We should also mention several classical monographs on number 
theory ([Apos86], [Dick05], [HaWr79], [MSC96], [Ribe89], [Ribe96], 
[Sier64], etc.). Those are basic books of fundamental importance. 
But they treat number theory as a whole and special numbers get 
only a small place there. 

Our first book on special numbers, the monograph Figurate Num- 
bers [DeDe12], deals with all problems of polygonal numbers and 
their different generalizations, giving the full retrospective of the his- 
tory of most known classes of special integers. 


vii 
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In the series selected chapters of Number Theory: Special Num- 
bers, we are going to consider, following a similar structure, the 
history and properties of several other famous classes of special 
numbers. 

The books offered in this series are: Mersenne and Fermat Num- 
bers, Perfect and Amicable Numbers, Stirling Numbers, Catalan 
Numbers, Bernoulli Numbers, and Euler Numbers. 

So, the main purpose of the series is to give a complete presen- 
tation of the theory of several classes of classical special numbers, 
considering much of their properties, facts, and theorems with full 
proofs. 

In particular, we expect: 


e to find and to organize much of scattered material; 

e to present updated material with all details in a clear and unified 
way; 

e to consider all ranges of well-known and hidden connections of a 
given set of numbers with different mathematical problems; 

e to draw up a system of multilevel tasks. 


The first book of the series, Mersenne Numbers and Fermat 
Numbers, was published in 2021. 

Mersenne numbers, i.e., positive integers of the form M, = 
2” — 1, n EN, were considered by Euclid (fourth century BC) and 
later by many Arabic and European mathematicians in an attempt 
to find all perfect numbers. Finally, the numbers of the form 2” — 1 
were named after Marin Mersenne (1588-1648), a French monk and 
mathematician, who discussed them in his work Cogita physico math- 
ematics (1644) and stated some conjectures about the number’s 
occurrence. 

A Fermat number Fy is a positive integer of the form F, = 2?" +1, 
neZ,n>=0. 

Fermat numbers, i.e., positive integers of the form F), = 2?" + 1, 
n € Z,n > 0, were studied by the 17th century French lawyer 
and mathematician Pierre de Fermat (1607-1665), who conjectured 
(1650) that these numbers would always give a prime for n = 
0,1,2,.... In fact, the first five Fermat numbers are primes: Fo = 3, 
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FL = 5, Fh = 17, F3 = 257, and Fy = 65537. But in 1732, 
Leonhard Euler (1707-1783), a Swiss-Russian mathematician, physi- 
cist, astronomer, geographer, logician, and engineer, found that Fs is 
a composite number. So, Fermat’s conjecture that F;, is always prime 
is clearly false. Moreover, beyond Fy, no further Fermat primes have 
been found. 

Nowadays, the theory of Mersenne and Fermat numbers contains 
many interesting mathematical facts and theorems as well as a lot 
of important applications. The mathematical part of this theory is 
closely connected with classical arithmetic and number theory. It 
contains much information about divisibility properties of Mersenne 
and Fermat numbers, their connections with other classes of special 
numbers, etc. Moreover, Mersenne and Fermat numbers are used in 
the construction of new large primes and have numerous applications 
in contemporary cryptography. 

The second book of the series is devoted to perfect and amicable 
numbers as well as their numerous analogues and generalizations. 

Perfect and amicable numbers, as well as a majority of classes 
of special numbers, have a long and rich history connected with the 
names of many famous mathematicians. This history is mainly an 
important part of the history of prime numbers since the main for- 
mulas, generating perfect and amicable pairs, depend on the proper 
choice of one or several primes of special form. 

A perfect number is a positive integer n which is equal to the 
sum of its positive divisors: n = }1q d. The first four perfect 
numbers are 6, 28, 496, and 8128. 

It is not known when perfect numbers were first studied. It 


n,d<n 


is quite likely, although not certain, that the Egyptians would 
have come across such numbers. Perfect numbers were studied by 
Pythagoras and his followers, more for their mystical properties than 
for their number-theoretic properties. The first recorded mathemat- 
ical result concerning perfect numbers which is known occurs in 
Euclid’s Elements written around 300 BC. Euclid proved that all even 
perfect numbers have the form 2*—!(2* — 1), where 2* —1 is a prime. 
Two millennia later, Euler proved the converse of Euclid’s result 
by proving that every even perfect number had to be of this form. 
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So, the Euclid—Euler theorem states that an even positive integer 
is a perfect number if and only if it can be represented as a product 
2'-l(9k 1), where 2° —1 is a prime. In fact, it is a Mersenne prime, 
so there exists a one-to-one relationship between even perfect num- 
bers and Mersenne primes; each Mersenne prime generates one even 
perfect number, and vice versa. 

As for odd perfect numbers, it is unknown whether any odd per- 
fect numbers exist, though various results have been obtained. 

Amicable numbers are two different natural numbers (m,n) 
related in such a way that the sum of the proper divisors of each 
is equal to the other number: n = )laimdcm 4 and M = Yanan 4: 
The smallest pair of amicable numbers (220, 284) was known to the 
Pythagoreans, who credited them with many mystical properties. 
A general formula by which some of these numbers could be derived 
was invented circa 850 by the Iraqi mathematician Thabit ibn Qurra. 
The Thabit’s rule states that if p= 3-2"-'-—1, q=3-2"-1, and 
r =9-2?n-1_] are primes, then A = 2"pq and B = 2”r are a pair of 
amicable numbers. This formula gives the pairs (220, 284) for n = 2, 
(17296, 18416) for n = 4, and (9363584, 9437056) for n = 7, but no 
other such pairs are known. The Euler’s rule (1747-1750) generalizes 
the Thabit ibn Qurra theorem and creates additional amicable pairs 
for (m,n) = (1,8), (29,40) with no others being known. However, 
Euler overall found 58 new pairs bringing the total number of pairs 
to 61. 

At present, 51 perfect numbers are known, 2°°(2°° — 1) being 
the last to be discovered by hand calculations in 1911 (although not 
the largest found by hand calculations), all others being found using 
a computer. At the moment, the largest known Mersenne prime is 


282589933 _ 1 (which is also the largest known prime) and the cor- 


responding largest known perfect. number is 252°89932 (282589933 _ 1), 
It was discovered in 2018 and contains more than 23 million digits. 
As of 2021, there are over 10° known amicable pairs, the biggest one 
with two 24073-digit numbers. 

Nowadays, the theory of perfect and amicable numbers contains 


many interesting mathematical facts and theorems as well as a lot of 
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important computer algorithms for searching new large elements of 
these two famous classes of special numbers. 

The mathematical part of this theory is closely connected with 
classical arithmetic and number theory. It contains much infor- 
mation about divisibility properties of perfect and amicable num- 
bers, structure and properties of their generalizations and analogues 
(sociable numbers, multiperfect numbers, quasi-perfect and quasi- 
amicable numbers, etc.), their connections with other classes of spe- 
cial numbers, etc. 

Moreover, perfect and amicable numbers are involved in the 
search of new large primes and have numerous connections with con- 
temporary cryptography. For these applications, one should study 
the well-known deterministic and probabilistic primality tests, stan- 
dard algorithms of integer factorization, the questions and open prob- 
lems of computational complexity theory. 

The book deals in detail with all these aspects. 

In Chapter 1, we consider some important questions of elemen- 
tary number theory, which will be used later. In elementary number 
theory, integers are studied without the use of techniques from other 
mathematical fields. Questions of divisibility, use of the Euclidean 
algorithm to compute greatest common divisors, factorization of 
integers into prime numbers, investigation of the behavior of prime 
numbers and congruences, and properties and applications of contin- 
ued fractions belong to this part of elementary mathematics. Several 
important discoveries of this field are the Fermat’s little theorem, 
the Euler’s theorem, the Chinese remainder theorem, and the law of 
quadratic reciprocity. 

In this chapter, we collect: the basic facts of the theory of divisi- 
bility of integers; main questions of modular arithmetic; algorithms 
of solutions of congruences; a base for the theory of quadratic residues 
(including properties of Legendre symbol and Jacobi symbol); defi- 
nitions and properties of multiplicative order, primitive roots, and 
indexes (discrete logarithms) modulo n; some important elemen- 
tary properties of continued fractions as well as their applications to 
rational approximations and to solutions of several important classes 
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of Diophantine equations. We represent all needed definitions, give 
many examples, collect the main properties of considered mathemat- 
ical objects without proofs but with a large list of possible references. 

As the main part of the theory of perfect and amicable num- 
bers focuses on the questions of the properties of their divisors, in 
Chapter 2, we give the basic theory of arithmetic functions, including 
the history of the question, a large list and elementary properties of 
well-known additive and multiplicative functions, the properties of 
such arithmetic functions as the floor function, the Mobius function, 
the Euler’s totient function, the divisor functions, an exclusive col- 
lection of the famous and hidden connections of considered functions 
with different classes of special numbers. 

Chapter 3 contains a rich review of the mathematical theory of 
perfect numbers with all needed proofs and many examples. Starting 
with the history of the question, we consider the role of divisor func- 
tions in the construction and the studies of perfect numbers, prove 
the Euclid—Euler theorem, list elementary properties of perfect num- 
bers, including the questions of their divisibility. As the main part of 
the theory of even perfect numbers is connected with problems of pri- 
mality of Mersenne numbers, we consider the well-known properties 
of prime divisors of Mersenne numbers as well as prove the algorithm 
of Lucas—Lehmer primality test for Mersenne numbers. Moreover, 
we give a large collection of possible connections of perfect numbers 
with other classes of special numbers, including Fermat numbers and 
elements of Pascal’s triangle. Lastly, we present a rich list of open 
problems in number theory, connected with perfect numbers. 

In Chapter 4, we consider similarly main questions of the theory 
of amicable numbers. The structure of Chapter 4 is the same as the 
structure of Chapter 3. Starting with the history of the question, we 
consider the role of divisor functions in the construction and study 
of amicable numbers, prove the Thabit’s and the Euler’s theorems, 
prove elementary properties of amicable numbers. Then, we give a 
large collection of the possible connections of amicable numbers with 
other classes of special numbers and present a rich list of open prob- 
lems in number theory connected with amicable pairs. 
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Chapter 5 contains some important questions concerning the 
well-known generalizations and analogues of perfect and amicable 
numbers. After a small historical review of the problem, we give a 
detailed list of all well-known relatives of perfect numbers (multiply 
perfect, superperfect, quasi-perfect, almost perfect, and many other 
numbers) as well as those of amicable numbers. The theory of socia- 
ble numbers is given in connection with the properties of aliquot 
sequences. As before, we collect the most important open problems 
in this part of number theory. 

In a small Chapter 6, we collect some remarkable individual num- 
bers, related to the theory of perfect and amicable numbers as well 
as to the general theory of prime numbers. 

In Chapter 7, a huge “Mini Dictionary” lists all classes of special 
numbers mentioned in the text. 

Chapter 8 “Exercises” contains a big exclusive collection of prob- 
lems connected with the theory of perfect and amicable numbers, 
with full solutions or, at least, with short hints of proofs. 

The target audience of the book consists of university professors 
and students (especially graduate ones) interested in number theory, 
general algebra, cryptography, and related fields, as well as school 
teachers, general audience, and amateur mathematicians. 

Specifically, Chapters 2, 3, and 4 are accessible to undergradu- 
ate students and general readers of mathematics, while Chapter 5 is 
slightly more difficult. 

The book is so organized that it can be used as a source mate- 
rial for individual scientific work of university students and even, 
partially, of school students. In fact, the material of the book was 
already used for the preparation of bachelor’s and master’s theses of 
many students of Moscow State Pedagogical University. 
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Notations 


X —aset; X = {x1,...,2n} —a finite set; |X| =n — the number 
n of elements in the finite set X = {21,...,2n}. 

N = {1,2,3,...} — the set of positive integers (or natural 
numbers). 

Z={...,—3,—2,—-1,0,1,2,3,...} — the set of integers. 

Q — the set of rational numbers. 

IR — the set of real numbers. 

C={a+b-i:a,b€ R,i? = —1} — the set of complex numbers. 
b|a — a non-zero integer b divides an integer a: a = bc, where 
ceEZ, 

gcd(ay,...,@n,) — greatest common divisor of integers a1,...,@n, 


at least one of which is not equal to 0, i.e., the greatest integer 


dividing a,...,@n. If gcd(aj,...,@n) = 1, the numbers aj,..., an 
are called relatively prime or coprime; if gcd(a;,a;) = 1 for any 
distinct i,j € {1,...,n}, the numbers aj,...,@,, are called pairwise 
relatively prime. 

lem(aj,..-,;@n) — least common multiple of non-zero integers 
Q1,.--,@n, ie., the least positive integer divided by aj,...,@n. 
rest(a, b) — the remainder of an integer a after its integer division 


by a positive integer b: a = b-q+rest(a,b), where q, rest(a,b) € Z 
and 0 < rest(a,b) < b. 

P = {2,3,5,7,11,13,17,19,...} — the set of prime numbers, i.e., 
the positive integers having exactly two positive integer divisors; 
Dy Q) P1522) +++ 5Dky+++yQ1)Q2)+++54s,--- — prime numbers. 


xvii 
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en=pt-...-pe*, pi<-++< pee P, a1,...,a% € N — the prime 
factorization of a positive integer n > 1, i.e., its representation as 
a product of positive integer powers of different prime numbers 
P15+++5Dk- 

e S = {4,6,8,9, 10, 12,14,15,16,18,...} — the set of composite 
numbers, i.e., the positive integers having more than two positive 
integer divisors. 

e n= (CsCs—1--- C100) g = Cs9° +Cs-19* ) ++ +eig+co, 9 € N\{1}, 
0<aG<g-1,c, #0 — representation of a positive integer n in 
base g. 

e |x|, x € R — floor function: the largest integer less than or equal 
to x. 

e {x}, x © R — fractional value of x: {x} =a —|a]. 

e [x], « € R — ceiling function: the smallest integer greater than 
or equal to x. 

e ||z|| = min{{x},1— {a}}, « € R — the distance between x and 
the integer closest to x. 

e d(n), n € N — Euler’s totient function: the number of positive 
integers that are relatively prime to n: ¢(n) = |{a EN: a<n, 
gcde,n) = 1}. 

e X(n), n € N— Carmichael function: for prime p > 3 and positive 
integer a, A(p*) = (p%); for positive integer a > 3, A(2%) = 
2°-2, while A(2) = 1, and (4) = 2; moreover, A(p{?... pp") = 
lem(A(p%"), .-- APR). 

e u(n), n € N — Mobius function: w(1) = 1, w(n) = (-1)*, if 

=O 


nN =p,-...: pr is a product of & distinct primes, and p(n) 
n has repeated prime factors. 

en(xr) = Done 1, « € R,x > 0 — prime counting function: the 
number of primes less than or equal to a given non-negative real 
number 2. 

e t(n) = Dodie 1, n € N — tau function (or number of divisors 
function): the number of positive integer divisors of a positive 
integer n. 

© a(n) = Vand 2 EN — sigma function (or sum of divisors func- 
tion): the sum of positive integer divisors of a positive integer n. 
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a(n) = Dodin d*¥,n €N,k € C — divisor function: the sum of the 
kth powers of positive integer divisors of a positive integer n. In 
particular, o9(n) = 7(n) and o1(n) = o(n). 

s(n) = Vain, agnd, 2 € N — aliquot sum function (or restricted 
divisor function): the sum of all proper divisors of a positive inte- 
ger n, i.e., all positive integer divisors of n other than n itself. 
v(n) — the number of distinct prime divisors of a positive inte- 
ger n. 

A(n), n € N — Mangoldt function: A(n) = log p if n = p*, where 
p€Pandk EN, and A(n) = 0 otherwise. 

a = b(mod n) — an integer a is congruent to an integer b modulo 
n, Nn EN, ie., n|(a— bd). 

[Jn = a, = {@ € Z: 4 =al(mod n)} = {...,a-—2n,a—n,a,at 
n,a+2n,a+3n, ...} — residue class (of a) modulo n: the set of all 
integers congruent to a modulo n. Any representative rq of [a], is 
called residue of a modulo n. The smallest non-negative represen- 
tative of [a], is called smallest non-negative residue of a modulo 
n; it is the remainder rest(a,n) of a after its integer division by 
n. The smallest in absolute value representative of [a], is called 
minimal residue of a modulo n. 

(Z/nZ,+,-), where Z/nZ = {[0]n, [1n, [2]n,---,[n — 1]n} — the 
factor ring (or quotient ring) modulo n; for a prime number p, the 
ring (Z/pZ,+,-) is a (finite) field. 

(Z/nZ*,-), where Z/nZ* = {[1]n, [2]n,---, [2 — In} — the multi- 
plicative group of the factor ring (Z/nZ,+,°-). 

) — Legendre symbol: (4) = 1, if an integer a, relatively prime 
to an odd prime number p, is a quadratic residue modulo p (i.e., the 
congruence x? = a(mod p) has a solution 29 € Z), (5) = —lifan 
integer a, relatively prime to an odd prime number 9, is a quadratic 
non-residue modulo p (i.e., the congruence x? = a(mod p) does not 
have a solution), and (4) = 0 if pla. 

(2) = 7 ie -...+(54)* for odd positive integer n = a 
Jacobi symbol. When n is a prime, the Jacobi symbol (4) reduces 
to the Legendre symbol. 
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ord, a — multiplicative order (or modulo order) of an integer a, 
relatively prime to n, modulo n: the smallest positive integer expo- 
nent y for which a¥ = 1(mod n). 

indg a — index (or discrete logarithm) of an integer a with respect 
to the base g modulo n, i.e., the only integer 6 € [0, é(n) — 1] for 
which a = g°(mod n). Here, n € {2, 4, p%, 2p%}, where p € P\{2}, 
a € N, g — primitive root modulo n (i.e., ordn g = ¢(n)), and 
a — an integer, relatively prime to n. 


[@0,@1,---,@n,--.] =aAot+ —— — continued fraction: here, 
1 

ag € Z, ay,...,4n € N, and the last term Gn, if it exists, is greater 

than 1. 

0, = (66, @iyc.2 te = -— ,k =0,1,...,n,... — the convergants 

of the continued fraction [ag,a1,...,@n,...]. 

aj, dg = a, +d, a3 = agt+d =a, 42d, ..., dn = Gn_-1 +d = 

a, + (n—1)d, ..., where a,,d € R — arithmetic progression with 

difference d; ay +++: + ap, = see) 


bis by = by +g, bg = bog = by +9", 555 dp = bye g = big, was, 


where b;,q € R\{0} — geometric progression with common ratio 
q; ee a 
f(z) = co teat cot? +--+ + cpa" +++: a < r — generating 
function of the sequence co, C1, €2,---5C€n; +>: 
A= ((aij)), 1 < i,j <n — square n x n matrix with real entries 
a,j. The matrix A is called symmetric, if aj; = aj; for all 1,7 € 
{1,2,...,n}. The matrix A is called identity matriz and denoted 
by In, if ay = 1 and a;; = 0 for i # 7. The matrix AT = ((aji)) is 
called transpose of A. The matrix A~! such that A- A7! = I, is 
called inverse of A. 
det A or |A| — determinant of a given n x n matrix A = ((aj;)). 
For n = 2, it holds that det A = aj1a22 — a2 a1; for any n > 3, 
it holds that det A = ae i(-L)" a1; - det Ai;, where Aj; is the 
(n — 1) x (n—1) matrix, “obtained by deletion of the first row and 
the jth column of A. 

— factorial of a non-negative integer n: n! =1-2-...-n,n EN; 
Oh= i, 
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nt — primorial of a positive integer n: the product of all primes 
less than or equal to n. 

(Ga) — binomial coefficients, C/" — the number of combinations, 
i.e., the ways to choose an unordered pubes of m elements from a 
fixed set of n elements; y= Cr = IGEEIE 0<m<n. They 


form the Pascal’s triangle 


eh. 
@=1 @=2 Q=1 
=) G=e-Oa3 Oi 
@=1)=4@=68 @=4=1 


— number triangle, the sides of which are formed by 1, and any 
inner entry is obtained by adding the two entries diagonally above. 
f(x) = O(g(x)) — big O notation: for a complex-valued function 
f and a real-valued function g, g(a) > 0 for all large enough values 
of x, there exists a positive real number C' and a real number 29 
such that | f(x)| <C- g(x) for all x > xo. 

f(x) = o(g(x)) — small o notation: for a complex-valued function 
f and a real-valued function g, g(x) > 0 for all large enough values 
of x, limy +o —— = 0. 

f(x) ~ g(a): for a complex-valued function f and a real- 
valued function g, g(x) > 0 for all large enough values of 2, 


f(r) _ 


limy—s60 Cn i, 

e = 2.718281828... — the Euler’s number: e = limy+oo(1 + 4)n. 
A = 10: pie tenon — the Euler-Mascheroni constant: y = 
limn 00 (= 1 k — log n). 

log x = logx = log, x — natural logarithm of a positive real num- 
ber x: its logarithm to the base e. 


Li(n) — logarithmic integral: Li(n) = J, cae 
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Chapter 1 


Preliminaries 


1.1. Divisibility of Integers 


By positive integer (natural) numbers, we mean the numbers 
1,2,3,...; by integers, we mean the positive integers, the number 
zero, and the negative integers: ...,—3,—2,—1,0,1,2,3,.... 


Division algorithm 


1.1.1. The division algorithm (or integer division algorithm) is a the- 
orem in mathematics which precisely expresses the outcome of the 
usual process of division of integers. 


Theorem (division algorithm). For any a € Z and b €N, there 
exist unique integers q andr such thata = bq+r and0<r<ob. 
The number gq is called the quotient, r is called the remainder and 
is denoted by rest(a,6), b is called the divisor, and a is called the 
dividend. 
For example, —10 = 3- (—4) + 2; 22 =3-7+1; 100 = 20-5+0. 


Divisibility 


1.1.2. We say that an integer a is divisible by an integer b, b 4 0, 
and write bla, if there is an integer c such that 


a=b-e. 
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In this case, b is called a divisor of a and a is called a multiple of b. 

For example, 2|10, as 10 = 2-5; (—6)|42, as 42 = (—6) - (—7); but 
14 |/25, as there exists no integer c such that 14 = 25-c. 

Divisors can be negative as well as positive, although often we 
restrict our attention to positive divisors. 

The numbers 1 and —1 divide (are divisors of ) every integer, every 
integer (except 0) is a divisor of itself, and every integer is a divisor 
of 0, except by convention 0 itself. 

Numbers divisible by 2 are called even; numbers not divisible by 
2 are called odd. 

A divisor of n that is not 1, —1, n, or —n is known as a non-trivial 
divisor. 

For example, 6 is an even number, as it is divisible by 2; it has 


four trivial divisors +1, +6, and four non-trivial divisors, +2, +3; 


3 is an odd number, as it is not divisible by 2; it has only trivial 


divisors, +1, +3; 2 is an even number; it has only trivial divisors, 


1, +2; 1 is an odd number, as it is not divisible by 2; it has only 
trivial divisors, +1. 


A positive divisor of n which is different from n is called a proper 
divisor (or aliquot part) of n. 
For example, 6 has three proper divisors: 1, 2, and 3. 


Properties of divisibility 


1. If alb and alc, then a|(b +c); in fact, a|(mb+ nc) for all integers 
m and n. 

2. If alb and Ojc, then alc. 

3. If alb and bja, then a = b, or a= —b. 


For the proof of these properties and some additional information, 
see, for example, in [Buch09] and [DeKo13]. 


Prime and composite numbers 


1.1.3. Positive integers with non-trivial divisors are known as com- 
posite numbers, while prime numbers have no non-trivial divisors. 
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Formally, a positive integer p is called prime if it has exactly two 
positive integer divisors (which are 1 and the prime number itself). 

For example, 2 is a prime number, as it has exactly two positive 
divisors, 1 and 2; 3 is a prime number, as it has exactly two positive 
divisors, 1 and 3. 

The first 30 prime numbers are 2, 3, 5, 7, 11, 18, 17, 19, 23, 29, 
31, 37, 41, 48, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 
109, and 113 (see sequence A000040 in OEIS). 

The property of being a prime is called primality. 

A positive integer n is called composite if it has more than two 
positive integer divisors. 

For example, 4 is a composite number, as it has three positive 
divisors, 1, 2, and 4; 6 is a composite number, as it has four positive 
divisors, 1, 2, 3, and 6; 15 is a composite number, as it has four 
positive divisors, 1, 3, 5, and 15. 

The first 30 composite numbers are 4, 6, 8, 9, 10, 12, 14, 15, 16, 
18, 20, 21, 22, 24, 25, 26, 27, 28, 30 32, 33, 34, 35, 36, 38, 39, 40, 42, 
44, and 45 (see the sequence A002808 in the OEIS). 

The number 1 has exactly one positive divisor, 1 itself. It is the 
only positive integer which is neither prime nor composite. 

So, any positive integer is either a prime number or composite 
number or is equal to 1. 

Any composite number n can be represented as n = a- b, where 
Ll<a<b<n. 

For example, 4 = 2-2;6=2-3; 20=2-10=4-5. 

For any prime number, if p= a-b, then a,b € {+1, +p}. 


Any natural number n greater than one has a prime divisor; in 
fact, it is the smallest positive divisor of n greater than 1. 

For example, 2|4; 3]15; 5|5. 

The fundamental theorem of arithmetic (or unique factorization 
theorem) states that every positive integer larger than 1 can be written 
as a product of one or more primes in a unique way, 1.e., unique 
except for the order. 

For example, 4 = 2°: 5 = 5; 6 = 2-3; 600 = 28 «3-52. 

For additional information, see, for example, [Buch09], [DeKo13], 
[Ribe89], and [Sier64]. 
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Greatest common divisor and least 
common multiple 


1.1.4. Given integers aj,...,@,, not all equal to zero, the greatest 
common divisor gcd(a1,...,@n) of a1,...,@p is defined as the largest 
positive integer that divides all numbers aj,...,@n. 


For example, the set of divisors of the number 4 is {+1, +2, +4}; 
the set of divisors of the number 6 is {+1,+2,+3,+6}; so, the 
set of common divisors of the numbers 4 and 6 is {+1,+2}, and 
gcd(4,6) = 2. 

Given non-zero integers a1,...,@n, the least common multiple 


lem(ay,...,@n) of a1,..., Gn is defined as the smallest positive integer 
that is a multiple of all numbers ay1,...,@n. 

For example, the set of multiples of the number 4 is 
{+4,+8,+12,+16,+20,+24,...}; the set of multiples of the num- 
ber 6 is {+6,+12,+18, +24, +30, +36,...}; so, the set of com- 
mon multiples of the numbers 4 and 6 is {+12,+24,+36,...}, and 
lem(4,6) = 12. 


Properties of gcd and lcm 


1. Ged py ces  pe* pit mae - pee) =i) a a where a;, 3; > 0, 
and 9; = max{ o;, 6;}.7 = ee : 
2. lom(py* .< ek, pit S seeats - per) =p)'+...- py, where a4, 8; > 0, 


and 6; = min{a;, 8;), 0 = 1, 2,055.5 he: 
3. Every common divisor of a and 6 is a divisor of gcd(a, b). 
4. If gcd(a, b) = d, then there exist integers x and y such that ax + 
by = d (Bézout’s identity). 
. If albe and ged(a,b) = d, then $|e. 
gcd(m-a,m-b) =m- gcd(a,b) for any m EN. 
. gcd(a + m- b,b) = gcd(a, b) for any m € Z. 
a B) = gcd(a,b) 


m?>m m 


. gcd(a, b) -lem(a,b) = a- b for any positive integers a and b. 


. If mja and m|b, where m € N, then gcd ( 


CONAN 


It is useful to define gcd(0, 0) = 0 and Icm(0, 0) = 0 because the 
set of natural numbers then becomes a complete distributive lattice 
with gcd as meet or with Icm as join operation. 
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The greatest common divisor can more generally be defined for 
elements of an arbitrary commutative ring. 

For a proof of these properties and for some additional information 
see, for example, [Buch09], [DeKo13], and [Kost82]. 


Euclidean algorithm 


1.1.5. The Euclidean algorithm (also called Euclid’s algorithm) is an 
algorithm to determine the greatest common divisor of two integers 
by repeatedly dividing the two numbers and the remainders in turns. 


Theorem (Euclidean algorithm). For any integer a and any nat- 
ural number b which does not divide a, the greatest common divisor 
of a and b is equal to the last non-zero reminder r, in the following 
algorithm: 


a= bq Mea 
b=rigo+Te, 


Ts—2 =Ts-14s Ts, 
Ts—1 = TsQs + 0, 
where ry > rg >--: >7rs5 > 0. 
For example, as 
1071 = 1029 -1+ 42, 
1029 = 42-244 21, 
42 = 21-240, 
we obtain that gcd(1071, 1029) = 21. 

The Euclidean algorithm is one of the oldest known algorithms 
since it appeared in Euclid’s Elements around 300 BC. Euclid origi- 
nally formulated the problem geometrically, as the problem of find- 
ing a common “measure” for two line lengths, and his algorithm 


proceeded by repeated subtraction of the shorter from the longer 
segment. 
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However, the algorithm was probably not discovered by Euclid, 
and it may have been known up to 200 years earlier. It was almost 
certainly known by Eudoxus of Cnidus (about 375 BC); Aristotle 
(about 330 BC) hinted at it in his Topics. 

This algorithm can be used in any context where division with 
remainder is possible. This includes rings of polynomials over a field 
as well as the ring of Gaussian integers and, in general, all Euclidean 
domains. 

For a proof of the theorem and for some additional informa- 
tion see, for example, [Buch09], [DeKo13], [DeKo18], [Kost82], and 
[Stral6]. 


Coprime numbers 


1.1.6. Two integers a and b are called coprime (or relatively prime) 
if their greatest common divisor is equal to 1, i.e., they have no 
common factors other than 1 and —1. 

For example, 6 and 35 are coprime, as gcd(6,35) = 1, but 6 and 
27 are not because gcd(6, 27) = 3. 

The number 1 is coprime to every integer; 0 is coprime only to 1 
and —1. 


Properties of coprime numbers 


1. a and b are coprime if and only if there exist integers x and y such 
that ax + by = 1. 

2. If blac and gcd(b,c) = 1, then dja. 

. If bla, cla and gcd(b,c) = 1, then bcla. 

4. gcd(a,b) = 1 if and only if gcd(a”,b™) = 1 for any non-negative 
integers m and n. 


ww 


The first property gives a criterion of coprime numbers, see 
Bézout’s identity. The second property can be viewed as a gener- 
alization of Euclid’s lemma, which states that if p is a prime and 
p\bc, then either p|b or plc. 

In fact, we can easily check all the properties of coprime num- 
bers using the fundamental theorem of arithmetic, as two coprime 
numbers have no common prime divisors. 
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For a proof of these properties and for some additional infor- 
mation, see, for example, [Arno38], [BiBa70], [Buch09], [CoGu96], 
[DeKo13], [DeKo18], [Dick05], [Gelf98], [IrRo90], [Knut68], [Kost82], 
[Lege79], [Moze09], [Ore48], [Stral6], and [Wiki22]. 


Exercises 


1. Prove that any integer number can be represented as: 


(a) 6k, or 6K £1, or 64 2, or 64 +3, k € Z; 

(b) 7k, or Th 1, or 7k? or Th +3, k 6 Z; 

(c) 10k, or 10k+1, or 10k+2, or 10k+3, or 10k+4, or 10k+5, 
keZ,; 

(da) 12h, or 12k), or 12k42, or 12e-e3, or 12k 24, or lok 5, 
or 12k+6,k € Z. 


2. Prove that a perfect square cannot be represented as: 


(a) 3k —1; (c) 5k +2; (e) 6k 4 2; 
(b) 4k — 1; (d) 5k — 2; (f) 6k —1. 


3. Prove that a? + b? 4 c? for any odd integers a and b. 
. Prove that a? + b? 4 c? for any odd integers a and b. 
5. Prove that for any integer a, the following holds: 


id 


) 

) a® + 3a3 — 12 is divisible by 4; 
(c) a? — 7a + 18 is divisible by 6; 
(d) a’ — a —56 is divisible by 7; 

) a? — 17a? + 24 is divisible by 8; 

) a’ + 17a — 18 is divisible by 9. 


6. Prove that n-(n?+1)-(n?+4) is divisible by 5 for any integer n. 
7. Prove that 52"+1 . g7+2 4 3n+2. 92n+1 is divisible by 19 for any 
n> 0. 
8. Find the greatest common divisor of 11111111 and 111. ....... 111. 
100 unities 
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9. For any positive integer n, find greatest common divisor of: 


) n+11n one 6; 

) iy —1)-n?-(n? +1) and 60; 
(c) n° +4n and 10; 
(d) n° —5n4 + 4n and 10. 


(a 
( 


10. Prove that for any positive integer n, the following holds: 


n° — n is divisible by 60; 
n' — n? is divisible by 120; 


1.2. Modular Arithmetic 


Congruence relation 


1.2.1. Modular arithmetic (sometimes called modulo arithmetic) is a 
system of arithmetic for integers where numbers “wrap around” after 
they reach a certain value — the modulus. Modular arithmetic was 
introduced by C. F. Gauss in his book Disquisitiones Arithmeticae, 
published in 1801. 

Two integers a and 6 are called congruent modulo n, n €N, if a 
and b have the same remainder when divided by n or, equivalently, 
if n|(a — b). In this case, it is expressed as 


a = b(mod n). 


For example, 6 = 22(mod 4), as 4|(22 — 6); 2 = —7(mod 3), as 
3|(2 — (—7)); but 5=/ 12(mod 6), as 6 (5 — 12). 


Properties of congruence relation 


1. a=a(mod n) (reflexivity). 

2. If a= b(mod n), then b = a(mod n) (symmetry). 

3. If a = b(modn) and b = c(modn), then a = c(mod n) 
(transitivity). 
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4. Ifa = b(mod n), then f(a) = f(b)(mod n), where f(x) = aya”+ 
Ama"! +++-+a,x2+ap is a polynomial with integer coefficients 
Am;---,41,a40- 

5. a = b(mod n) if and only if k-a = k-b(mod k-n) for any positive 
integer k. 

6. a = b(mod n) if and only if k-a =k- b(mod n) for any integer k 
such that gcd(k,n) = 1. 

7. a = b(mod n;), i = 1,...,k, if and only if a = b(mod M), where 
M = lenalig,. «= 31s): 


It is easy to see from properties 1, 2, and 3 that the congruence 
relation = modulo n is an equivalence relation on the set Z of integers. 

For the proof of these properties and for some additional infor- 
mation, see, for example, in [Buch09], [DeKo13], and [Gaus01]. 


Congruence classes 


1.2.2. The set 
[aln = {a € Z: x =a(mod n)} 


= {...,a—3n,a—2n,a—n,a,a+n,a+t 2n,at+3n,...} 
of all integers congruent to a given number a modulo n is called the 
congruence class (or residue class) of a modulo n. 

The smallest non-negative representative of [a], is called smallest 
non-negative residue of a modulo n; it is the reminder rest(a, 7) 
of a after its integer division by n. The smallest in absolute value 
representative of [a], is called minimal residue of a modulo n. 

For example, 

[2)5 = {x € Z: x = 2(mod 5)} 
2S on Da Reh O05 OF 8 Oe 06955 Oa 8 5, 4h 
ee er ee fee ey aly ally Gomes 
The smallest non-negative residue of the class [2]5;, as well as its 
minimal residue, is 2. On the other hand, 
(19s ={x € Z: x2 =19(mod 5)} = {...,-6,—-1,4,9, 14,19, ,24,...}. 
The smallest non-negative residue of the class [19]; is 4, while its 
minimal residue is —1. 
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Properties of residue classes modulo n 


. [aln = {a + mt: t € Z}. 

. [a]n = [b]n if and only if a = b(mod n). 

There are exactly n residue classes modulo n. 

If x € [a|n, then gcd(x,n) = gcd(a,n). 

. A residue class [a], modulo n gives k residue classes [a] pn, [a+] kn, 
[a+ 2nlen,---, [a+ (K—1)n]pn modulo kn, k EN. 


One can define an addition and multiplication on the set 
Aint = {Ole (Uns 2lag<sx5 le — 1} 

of all equivalence classes modulo n by the following rules: 

[an + [bln = [a+], and [a]n- [bln = [a- b)n- 


In this way, Z/nZ becomes a commutative ring (Z/nZ,+,-) with n 
elements. For a prime number p, the ring (Z/pZ,+,-) forms a field. 


Fermat’s little theorem and Euler’s 
theorem 


1.2.3. A complex-valued function f(n) is called arithmetic function 
if the value f(n) is determined for any positive integer n. 
An arithmetic function f is called multiplicative if f(1) = 1 and 


f(m-n) = f(m)- f(r) 


for any coprime positive integers n and m. 

An multiplicative function f is called completely multiplicative if 
the condition f(m-n) = f(m)- f(n) holds for any positive integers 
m and n. 

For example, the function f(n) = n® is completely multiplicative 
for any real number a. The divisor function, the Modbius function, 
and the Euler’s totient function are multiplicative but not completely 
multiplicative. The prime counting function 7() is not a multiplica- 
tive function. 


1.2.4. Given a positive integer n, the Euler’s totient function $(n) 
is defined as the number of positive integers less than or equal to n 
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and coprime to n: 

go(n) = |{a EN: a <n, gcd(x,n) = 1}. 
For example, ¢(8) = 4 since exactly four numbers, 1, 3, 5, and 7, less 
than or equal to 8, are coprime to 8. 

The function ¢ is usually called the Euler’s totient (or Euler 
totient) after L. Euler who studied it. The totient function is also 
called Euler’s phi function, or simply phi function, since the letter ¢ 
is so commonly used for it. 


Properties of Euler’s totient function 


1. ¢(p) = p—1 for any prime p. 

2. o(p*) = p* — p*!, for any prime p and any positive integer a. 

3. The Euler’s totient function is multiplicative, ie., d(m-+-n) = 
o(m) - d(n) for any coprime positive integers m and n. 

4. Opt py ee) = OP HP ey pe ere py) 
for any primes p; < po < --- < ps and any positive integers 
1, 2,...,M%g. 


The Euler’s totient function is important mainly because it gives the 
size of the multiplicative group of integers modulo n. More precisely, 
@(n) is the order of the group of units of the ring (Z/nZ,+,-). 


1.2.5. Now, we consider two important theorems: the Fermat’s little 
theorem and its generalization the EFuler’s theorem. 


Theorem (Fermat’s little theorem). If p is a prime number, 
then, for any integer a, 
a? = a(mod p). 

It means that if you start with a number, initialized to 1, and repeat- 
edly multiply, for a total of p multiplications, p € P, that number by 
a, a € Z, and then subtract a from the resulting number, the final 
result will be divisible by p. 

A variant of this theorem is stated in the following form: if p is 
a prime anda is an integer coprime to p, then 

a?-' = 1(mod p). 

In other words, if p is a prime number and a is any integer that does 
not have p as a factor, then a raised to the (p—1)th power will leave 
a remainder of 1 when divided by p. 
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Fermat’s little theorem is the basis for the Fermat primality test 
(see Chapter 2, Section 2.3). 


1.2.6. The Euler’s theorem (also known as the Fermat-Euler theo- 
rem or Euler’s totient theorem) is a generalization of Fermat’s little 
theorem. L. Euler published a proof of this theorem in 1736. 


Theorem (Euler’s theorem). [fn is a positive integer and a is 
an integer coprime to n, then 


a?) = 1(mod n). 


Here, $(n) is Euler’s totient function. 
The Euler’s theorem may be used to easily reduce large powers 
modulo n. 


1.2.7. The Euler’s theorem is further generalized by the 
Carmichael’s theorem. 


Theorem (Carmichael’s theorem). [fn is a positive integer and 
a is an integer coprime to n, then 


aX") = 1(mod n). 
Here, A(n) is the Carmichael function, defined recursively: 


e for prime p > 3 and positive integer a, A(p*) = (p®); 

e for positive integer a > 3, (2%) = 2° ?, while \(2) = 1 and 
A(4) = 2; 

e and finally, A(p{" -...-pp*) = lem(A(pt*), ---,A(pp*))- 


For the proofs of these theorems and for some additional infor- 
mation, see, for example, [Buch09], [DeKo13]. [DeKo18], [Dick05], 
[IrRo90], [Lege79], [Moze09], [Ore48], [Sier64], [Step01], [Stral6], and 
[Wiki22]. 


Exercises 


. Is the congruence 10! = 7!(mod 1000) true? 

. Is the congruence () = ie (mod 5710) true? 

. Find rest(f (86), 11) if f(z) = 152? — 332? + 7. 

. Find the smallest four-digit positive integer congruent to 23 mod- 


ulo 101; modulo 100; and modulo 99. 


Ee wre eR 
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. Prove that 92+! + 8"*2 = 0(mod 73) for any n > 0. 
. For what value of n, the following holds: 


(a) 51-52-...-300 = 0(mod 11"); 
(b) 51-52-...- 300 = 0(mod 15”); 
(c) 31-32-...- 400 = 0(mod 7”); 

(d) 31-32-...- 400 = 0(mod 33”)? 


. Check that: 
(a) [73]5 = [-92]5; (c) [3!]s = [-2!]s; 
(b) [99s = [-87le; (d) [12!o = [15!p. 


. Find the result of the calculation: 


(a) [2]12 z [912 +2. [5] 12; 

(b) 3-[A]ia - [4]Jaa — 7 - [9]14; 

(c) 34- [4]i7 + [2]iz +5> ([A]a7)?; 

(d) 2- ([5Jo3)° — [18]23 — 69 - [5]o3 + [3]. 


. Find the reminder of the division: 
(ajo by 7 (ce) 31 by 16; 
(b) 24° by 7; (iE) 370° by 16: 
(c) 51 by 11; (g) 37° by 28; 
(d) 15°" by 11: (h) 317° by 28. 


Is it true that for f(x) = 292x181 — 1214199 + 2520122 — 1717141 — 
1332 + 3, the following holds: 


(a) f(24) = —2(mod 13); (c) f(—55) = —4(mod 13); 
(b) f(—24) = 2(mod 11); (d) f(55) = 4(mod 11)? 


Find rest(10100'", 71). 


1.3. Solution to Congruences 


1.3.1. Let f(x) = amx™ +--+ + a12 + a9 be a polynomial with 
integer coefficients and a,,=/ 0(mod n). If, for some 2g € Z, f(xo) = 
O(mod n), then for any y = xo(mod n), one has also that f(y) = 


O(mod n), and we say that the residue class [xo|n, i.e., the class 


x = xo(mod n), is a solution to the congruence f(x) = O(mod n), 


which is called a congruence of order m modulo n. 
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Linear congruences 


1.3.2. The linear congruence theorem states that the linear congru- 
ence ax + b = 0(mod n) has exactly one solution if gcd(a,n) = 1, 
exactly d solutions if gcd(a,n) = d, d\n, and no solutions otherwise. 


Theorem (linear congruence theorem). 


e If gcd(a,n) = 1, the linear congruence ax + b = O(mod n) has 
exactly one solution, x = x9(mod n); 

e If gcd(a,n) = d, d\n, the linear congruence ax + b = 0(mod n) 
has exactly d solutions, x = 19 + k- 4(mod n), k = 0,..,d — 1, 
where x = x9(mod %) is the only solution to the linear congruence 
S¢ + 5=0(mod 5); 

e If gcd(a,n) = d, d /n, the linear congruence ax + b = 0(mod n) 
has no solutions. 


The only solution x = xo(mod n) to a linear congruence ax +b = 
O(mod n), gcd(a,n) = 1, can be found: 


e by consideration of all representatives 0,...,n — 1 of the residue 
classes modulo n; 

e by the formula xp = —b- a®™—-!(mod n); 

e by consideration of congruences to = =btkn (mod i, & = 
0,1,...,a—1, ete. 


For example, a linear congruence 
lla — 5 = 0(mod 7) 
has the only solution (a residue class modulo 7), as gcd(11,7) = 1. 
It is equivalent to the congruence 4x = —2(mod 7). 

Checking the numbers 0,1,2,...,6, we obtain that 4-3 = 
—2(mod 7), i.e., the only solution to the congruence 4% = —2(mod 7) 
is the residue class x = 3(mod 7). 

On the other hand, using the formula 

4x = —2 + Tk(mod 7) 
for k = 0,1,2..., we obtain 
Ax = —2(mod 7), 4x = 5(mod 7), and 4x = 12(mod 7). 
Dividing the two sides of the last congruence by 4, we obtain that 
x = 3(mod 7). 
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Finally, using the Euler’s totient function and the fact that 
49(7)-1 — 45, we get the following congruence: 


a = —2-4°(mod 7). 
As 


4° = (-3)° = 9- (-27) =2-1=2(mod 7), 
we get that c = —2-2 = —4 = 3(mod 7). 
For the proof of this theorem and for some additional information, 
see, for example, [Buch09] and [DeKo13]. 


Chinese remainder theorem 


1.3.3. The Chinese remainder theorem states that the system of lin- 
ear congruences with pairwise coprime modules n; has exactly one 
solution, a residue class modulo N = lem(nj,...,N~) = 1+... + Nk. 


Theorem (Chinese remainder theorem). The system of linear 


congruences 
(x = c1(mod nq) 
( 2 = ce(mod nz) 
with pairwise coprime modules n1,...,n, has exactly one solution, 


i.e., the residue class modulo 

NN = (entliiscxe hip) = Ti? 2 He 
which has the form 

L= San See? ae ~cxyx(mod N); 


where y; is a solution to the linear congruence, Ny = 1(mod n,). 
a 
For example, consider a system of linear congruences: 


xz =A4 (mod 5) 
x = 1 (mod 12) 
x =0 (mod 7). 


It is easy to see that 
lem(5, 12,7) = lem(5, 2? - 3,7) = 2? -3-5-7 = 420. 
As x = 1(mod 12), we get x = 12t+1, wheret € Z. 
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Using the representation « = 12t+ 1 in the congruence 7 = 
O(mod 7), we get a new congruence 12¢ + 1 = 0(mod 7) with argu- 
ment t. It is easy to see that —2t = —1(mod 7), or —2t = 6(mod 7), 
or t = —3(mod 7). So, t = Tt; — 3, where t; € Z, ie, x = 
12(7ty _ 3) + 1= 84t, — 35, t, € Z. 

Using the representation x = 84t; — 35 in the congruence 7 = 
4(mod 5), we get 84t; — 35 = 4(mod 5) with argument tj. It is easy 
to see that 4t; = 4(mod 5), or ty = 1(mod 5). So, ty = 5t2 +1, 
tg € Z, ie, c= 84(5t2 + i) — 35 = 420t2 + 49, to € Z. 

We obtain that the only solution to our system is the residue class 
x = 49(mod 420). 

The original form of the theorem, contained in the third-century- 
book Sun-tzu Suan-ching by a Chinese mathematician Sun Tzu and 
later (1247) republished by Qin Jiushao, is a statement about simul- 
taneous congruences; the general form of the Chinese remainder the- 
orem can be formulated for rings and (two-sided) ideals. 

For the proof of the theorem and for some additional information, 
see, for example, [Buch09], [DeKo13], [Dick05], [Kost82], and [Ore48]. 


Congruences of order ™m 


1.3.4. Here, we consider a general algorithm of a solution to any 
congruence of order m, m > 1, composite modulo n. 
I. Given a prime p, the congruence 


f(x) = 0(mod p) 


of order m modulo p is equivalent to some congruence x* +--+ + 
bx + bo = O(mod p) of order s < p— 1 modulo n and has at most s 
solutions. 

One can find them by considering all representatives 0,...,p —1 
of the residue class modulo p. 

II. Given a prime p and a positive integer @ > 1, consider the 
congruence 


f(x) = 0(mod p*) 
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of order m modulo p®. We can use the following algorithm to find 
all the solutions to this congruence: 


e Consider the congruence f(x) = O(mod p), find all its solutions; 
let x = 21(mod p) be one of these solutions, i.e., f(x1) = 0(mod p) 
and x = 71 + pty, ti © Z. 

e Consider the linear congruence eau + f (21)t, = 0(mod p), find 
all its solutions; let t; = t' (mod p) be one of these solutions, i.e., 
t= t’ + ptg and x = 2% + p* to. 

e Consider the linear congruence = + f'(a2)t2 = 0(mod p), find 
all its solutions; let t2 = t’ (mod p) be one of these solutions, i.e., 
to =t +ptz and x = 273 + p°ts. 


e Consider the linear congruence MoU + f'(aq1)tat = 0(mod p), 


find all its solutions; let tg; = ti (mod p) be one of these solu- 

tions, i.e., tay = t + pty and © = %q + pte. 

Therefore, x = %_(mod p“) is one of the solutions of the congru- 
ence above, and all its solutions can be found in this way. 

III. Lastly, for a given composite number n = pf'-...-pp*, all 
the solutions of the congruence 


f(z) = 0(mod n) 


of order m modulo n can be found using the following property: 
f(x) = 0(mod n) if and only if 


(7@ = 0(mod p*:) 


7 


\ f(x) = (mod p;*). 


For the full explanation of the algorithm above and for many 
examples, you can see [Buch09] and [DeKo13]. For some addi- 
tional information, see, for example, in [Arno38], [BiBa70], [Dick05], 
[Gaus01], [IrRo90], [Lege79], [Moze09], [Ore48], [Stral6] and 
[Wiki22]. 
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Exercises 


1. Solve the congruence: 


(a) 3a” = 1(mod 7); (f) 78a = 102(mod 273); 
(b) i Ox = 21(mod 23); (g) 3152 = —10(mod 275); 
(c) 422 = 33(mod 90); (h) 76x = 232(mod 220); 
(d) 20a = 12(mod 48); (i) 452 = 75(mod 100). 
(e) se — 50 = 0(mod 35); 
2. Solve the system of congruences: 
x = 1(mod 5) 32 = 1(mod 10) 
(a) 4 2 = 2(mod 6) (f) ti = 3(mod 5) 
x = 3(mod 7); 2x = 7(mod 9); 
3x = 7(mod 10) 5a = 1(mod 12) 
(b) 4 2a = 5(mod 15) (g) { = 2(mod 8) 
7x = 5(mod 12); 7x = 3(mod 11); 
5a + 7 = 0(mod 12) 3x = 5(mod 2) 
(c) ie = 7(mod 8); (h) ‘ = —3(mod 5) 
4x = 3(mod 7) 4x = 7(mod 9); 
(d) ¢ 5a =4(mod 11) (i) i = —10(mod 15) 
1lz = 8(mod 13); 2x = —12(mod 10). 


(©) on = 226(mod 10) 


30x = 232(mod 24); 


3. Solve the congruence: 

(a) 23 + 2? — 22 +1 = 0(mod 5); 

(b) 1332° — 14824 + 85a3 — 982? + « + 6 = 0(mod 7); 

(c) 232x454 + 852225? — 1247202 — 7200 + 78 = O(mod 11); 

(d) 292218! —1291¢1934.2520)2? 171217! -1332°7+5 = 0(mod 13); 
(e) 3570427 — 811748 — 127231! + 45 = 0(mod 7); 

(f) 8832599 — 1060484 + 59x24! + 874743 + 84 = O(mod 5); 

(g) 4015410892 + 6052999? + 3652102 + 8889100! _ 24 = O(mod 11). 


4. Solve the congruence: 


(a) 3124 + 57x? + 96x + 191 = 0(mod 675); 
(b) 3a4¢ — 8x3 + 8x? — 32 + 3 = 0(mod 225); 
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(c) - + 6x + 7 = 0(mod 675); 

(d) 2 + - + 2x + 4 = 0(mod 675); 
(e) 2 —az ee 108); 
(f) 2° + 52? + 92 + 9 = 0(mod 108). 


1.4. Quadratic Residues, Legendre 
Symbol, and Jacobi Symbol 


Given an odd prime p, an integer a coprime to p is called a quadratic 
residue modulo p if 


x = a(mod p) 


for some integer xg. Otherwise, a is called quadratic nonresidue. 


Legendre symbol 


1.4.1. For any integer a coprime to an odd prime p, the Legendre 
symbol (named after A.-M. Legendre) (4) is defined by (3) =life 
is a quadratic residue modulo p and by eG = —1 if a is a quadratic 
nonresidue modulo p. If pla, one has (4) = 0. 


Properties of Legendre symbol 


1 l= a= (mod p) (Euler’s criterion). 


2. If a= b(mod p), then (S) = (2). 

3, (ab) = (2)(2), 

4, (<) = |: in particular, (5) =1 

a (=) — (a ies, (=) = 1 if p=1(mod 4), and (=) =—lif 
p= —1(mod 4) 

6 (9) = = A: x Le., (2) = 1 if p= +1(mod 8), and (2) =<] 1 


Downloaded from www.worldscientific.com 


20 Perfect and Amicable Numbers 


ie., (2) = (4) if p = L(mod 4) or q = 1(mod 4), and (£) = —(#) if 


p = —1(mod 4) and q = —1(mod 4) (law of quadratic reciprocity). 


For example, 


(sr) = (“a= ) = Ge) (a) = Ge) 


It means that —125 is a quadratic residue modulo 47. 


Jacobi symbol 


1.4.2. The Jacobi symbol is a generalization of the Legendre symbol. 
(Another generalization is the Kronecker symbol. Additionally, the 
Legendre symbol is a Dirichlet character.) 

Introduced by C. G. J. Jacobi in 1837, it is of theoretical interest 
in modular arithmetic and other branches of number theory, but its 
main use is in computational number theory, especially in primality 
testing and integer factorization. 

For any integer a and any positive odd integer n, the Jacobi symbol 
(+) is defined as the product of the Legendre symbols corresponding 


to the prime factors of n: for n = p{!-...-p?*, it holds 
inet fey 
n)— \pr  \ pr 
Like the Legendre symbol, if (+) = —1, then a is a quadratic 


nonresidue modulo n. 
But, unlike the Legendre symbol, if (+) = 1, then a may or may 
not be a quadratic residue modulo n. 
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Properties of Jacobi symbol 

1. If a= b(mod n), then (4) = (2). 
_ (2) = (2) (8) 
(y=). 


| (+) = (i, ie, (4) = 1 if n = 1(mod 4), and (=+) = -1 


o - Ww bv 
— 
us 
II 
Als 
= 
=) 
so 
ov) 
BS 
est 
me 
a 
c 
-_ 
2 
a 
ata 

RS|lR 
~~ 
| 
e 


—,ie., (2) =1 if n = +1(mod 8), and (2) = —1 if 
— +3(mod 8). 
7. For distinct odd positive coprime integers n and m, 


ago 


ie., (4) = (4) if n = 1(mod 4) or m = 1(mod 4), and (#) = 


— (+) if n = —1(mod 4) and m = —1(mod 4) (law of quadratic 
reciprocity). 


For example, 
(=s-) = Gs) = Ga) = Gs) = Ga) (a) 
=(-1)- (2) =C-(G)=Cy 1-1 


It means that —122 is a quadratic nonresidue composite odd 
modulo 45. 

For the proofs of the properties of Legendre symbol and Jacobi 
symbol as well as for some additional information, see, for example, 
[Buch09], [Gaus01], [DeKo13], and [IrRo90]. Historical aspects can 
be found in [Dick05], [Lege79], [Ore48], and [Wiki22]. 


Exercises 


1. Check that (=) =1, 
2. Find: 
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3. How many solutions has the congruence: 


(a) x? — 200 = 0(mod 79); (f) = 304(mod 299); 


(b) x? = 56(mod 87); (g) 2? — 990 = 0(mod 1787); 
(c) 2? = 555(mod 101); (h) 2? = 500(mod 1777); 

(d) x? = 15(mod 209); (i) 2? — 270 = (mod 2803)? 
(e) x? + 27 = 0(mod 91); 


4. Find the number of solutions to the congruence: 


(a) 2x? + 7x +5 = 0(mod 37); 
(b) 3x7 + 5a + 7 = 0(mod 87); 
(c) 2x* — 3a + 4= 0(mod 151) 
(d) 3a? — 2 +7 =0(mod 151); 
(e) 5x? + 22 — 5 = 0(mod 71); 
(f) 4x? — 22 + 9 = 0(mod 137); 
(g) 5a? + 32 + 25 = 0(mod 167); 


(h) 76x? — 77x + 36 = 0(mod 227). 
5. Find: 


(a) (AE); e) (Se); (i) (3e5); Gn) (438); 
(b) (4*);  (f) Ga) (i) (go3); s(n) CF) 
(c) (#2); (ge) (3); —(®) (8); sds (=). 
(d) (g77); (h) (3¢7); (Q) (4); 


6. Find all primes p such that 3 is a quadratic nonresidue modulo p. 
7. Find all prime divisors of the quadratic forms 2y?+10 and 3x?+15. 


1.5. Multiplicative Orders, 
Primitive Roots, and Indexes 


Multiplicative order 


1.5.1. Given a positive integer n and an integer a coprime to n, the 
multiplicative order ord, a of a modulo n is defined as the smallest 


positive integer y with 
a’ = 1(mod n). 


For example, ord; 4 = 2, as 47 = 1(mod 5), but 4'=> 1(mod5). 
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Similarly, ord;3 = 4, as 34 = 1(mod 5), and 3!=> 1(mod5), 
3°= 1(mod5), and 3?= 1(mod5). 

Finally, ordg 2 = 6, as 2° = 1(mod9), and 2'=> 1(mod9) and 
27+ 1(mod9), ..., 2°= 1(mod9). 


Properties of multiplicative order 


. Ifa = b(mod n), then ord, a = ord, b. 

. ordy, a\p(n); in particular, 1 < ord,a < ¢(n). 

= 1(mod n) if and only if ord, alo. 

a°® =a"(mod n) if and only if 6 = n(mod ord, a). 


The numbers a°,a!,a?,..., a2! 


oR WN 
i=) 
T 


represent different residue 
classes modulo n. 


order. as 0 = lem(ord,e1 G,...,0Trd,es a). 


ay) 

, Stiga’) = Fada 

If ordm @ = ¥1- 2, then ord», a” = 72. 

_ If ord,.a = ¥, then ord,sia € {7,7- p}; if orda = 4, 
ord, t+1 a = y+ p, and p* > 2, then ord, r+2 a = Y p?. 


COND 


For full proofs and examples, see [Buch09] and [DeKo13]. 


Primitive roots modulo n 


1.5.2. If ord, g = $(n), g is called primitive root modulo n. In this 
case, the numbers 

TO: cs 
give all representatives of residue classes modulo n coprime to n. 

For example, (5) = 4. As ords 3 = 4, the number 3 is a primitive 
root modulo 5; as ords 4 = 2, the number 4 is not a primitive root 
modulo 5. 

Similarly, ¢(9) = 6; as ordg2 = 6, the number 2 is a primitive 
root modulo 9; as ord 7 = 3 (7? = 1(mod9), but 7!= 1(mod5) and 
7?= 1(mod9)), the number 7 is not a primitive root modulo 5. 

Primitive roots exist only for n = 2,4, p%, and 2p°, where p is 
any odd prime number and a is any positive integer. 

For full proofs and examples, see [Buch09], [DeKo13], and 
[Vino03]. 
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Indexes 


1.5.3. If g is a primitive root modulo n, then, for any a coprime with 
n, we have a = g°(mod n), where 8 € [0,¢(n) — 1]. The number £ 
is called index (or discrete logarithm) of a modulo n with base g. In 
this case, we write 6 = inda = ind, a. 

For example, the number 3 is a primitive root modulo 5; in 
this case, the index of the number 4 modulo 5 with base 3 is 2, 
as 4 = 37(mod5). Moreover, as 3° = 1(mod5), 31 = 3(mod5), 
3? = 4(mod5), and 3° = 2(mod5), we get ind1 = 0, ind2 = 3, 
ind3 = 1, and ind4 = 2. 


Properties of indexes 


1. If a= b(mod n), then inda = ind b(mod $(n)). 

2. inda-b=inda+indb(mod ¢(n)). 

3. inda* = k- inda(mod ¢(n)) for any non-negative integer k. 
4 


nm 
- ordn @ = Sanda, dA)’ 


Discrete logarithms are quickly computable in a few special cases. 
However, no efficient method is known for computing them in gen- 
eral. Several important algorithms in public-key cryptography base 
their security on the assumption that the discrete logarithm problem 
over carefully chosen groups has no efficient solution. 

For the proofs of the properties of multiplicative orders, primitive 
roots and indexes, as well as some additional important information, 
see, for example, [Arno38], [BiBa70], [Buch09], [DeKo13], [DeKo18], 
[Dick05], [Gaus01], [Gelf98], [IrRo90], [Knut68], [Kost82], [Lege79], 
[Moze09], [Ore48], [Stra16], [Vino03], and [Wiki22]. 


Exercises 
1. Find: 


) ordg5az4 17; (f) ordageos 125; (k) 
) ord33a368 (—17); (g) ordaszes 81; (1) ordy2009 3; 
c) ordgozs 8; (h) ordzo3056 125; (m) ordygo9 343; 
) ordges 625; (i) ordgoo00 81; (n) ordg3o72 49; 
) ordyes7s 64; (j) ordgg225 16; (0) ordgs3 3°°"*?. 


ord,,50 5°°; 
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. Find all primitive roots modulo: 


. Find all residue classes: 


(a) [x]13, for which ordi3 x = 4; 
(b) [x]17, for which ord7 x = 8; 
(c) [x]19, for which ordyg9 x = 3; 
(d) [x]43, for which ord43 x = 6. 


. Find all indexes 11 modulo 5; modulo 7; and modulo 17. 
. Find the length of the period of the representation # = 


6 
(Gi cuidieena gilt 


_ 221 _-#, a_ _ 28 _ 9. 
= 39000007 9 = 7 (c) $ = 9990 9 = 3; 
225 a 
b 


: 4 
70000 9 = 45 (d) To g 


a 
b 
a 
b 


(b) 


. Find rest(3732"", 11) using properties of indexes. 
. How many solutions has the congruence: 


(a) x1? = 1(mod 77); (g) 21° = 1(mod 143); 
(b) 2!” = 1(mod 91); (h) 2® = 79(mod 97); 
(c) 2!” = 1(mod 143); (i) 218 = 1(mod 77); 
(d) 3x1? = 31(mod 41); (j) 28 = 1(mod 91); 
(e) 2 = 1(mod 451); (k) 218 = (mod 143); 
(f) 2 = 1(mod 287); (1) 2° = 17(mod 97)? 
Find 

(a ordy7.445.47 7; (e or dy7.133.53 7 

(b or dy7.133.29 11; (f or dy5.33.g9 125 


) 
) 

(c) ordye.73.31 3; or dy5.33.33 (—7); 
) 


(g 
(d ordy5 443.414 3} (h 
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1.6. Continued Fractions and 
Their Applications 


Definition and simple properties 


1.6.1. A continued fraction |ao,...,@n,...] is defined as ag + 
1 


a, +—+.— 
a ae 


, where ao is some integer and all a,, n € N, are posi- 


tive integers (the last number, if it exists, 4 1). 
The rational numbers 6, = [ao,...,ax] = He. Ke = Opeaa gp ttpncs 
are called convergents of the continued fraction |ag,...,@n,.-.]. 


1.6.2. For example, consider a fraction os and use for the numbers 
173 and 281 the following Euclidean algorithm: 


173 = 281-04 173; 281 = 173-1-+4 108; 173 = 108-1 + 65; 
108 = 65-14 48; 65 = 43-1-+4 22; 43 = 22-14 21; 
22=21-1+17; 21=1-21+0. 


It is easy to see that 


173 4 1 281 4 1 
say Ot oe? qa 
281 Ta 173 cae 
6 ,,1 4 _,,1 2 4,1 
m tte a tte Ita 
22 5T 21 sr 21 21 
Therefore, 
Le ce | Pee ee 
981 _ 14 + ? ? 9 ? ? ? ? 7 
oT 


The convergents of the continued fraction [0,1,1,1,1,1,1,21] are: 

§o = [0] = 0; 51 = [0,1] = 0+ ¢ = 1; &2 = [0,1,1] =0+ 4 = 045 = 
1 

53 03 = (O24) — 3; a (0,1,1,1,1] = _ 3; 505 = (0,1, 1,1,1,1) — 3; 

dg = [0,1,1,1,1,1,1] = §; and 67 = (0,1, L 1,1,1,1,21) =< 


Der ° 
For the decomposition of © av we use a generalization of the 
Euclidean algorithm. 


As 6 < V45 < 7, we obtain for IVE = = ives the following 


estimation: —3 < 1=3v5 ce 1e., ag = seav8) = = —3. Then, 
ag = foes = —3+=, where = = 1-3¥3 ave — (-3) = ibs 
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Therefore, a, = ne = ee _ OD = ae = 
Weekes 

As 6.5 < NE) < 7, we get a1 = (ae = 6 and a, = 
143v5 — Seed = = Higvs _ ¢ = =b13v5 

Ge QQ = =a = aa _ ee, = 


2(5+3V/5) _ (5+3v/5) 
2. 10. ° 


As 1.1 < ae) < 1.2, then ag = posed = 1 and ag = 


a =—1++, where + = Hav5 -l1= =543V8, 
a3? a3 
= 10 _ 10(—5— av5) — 10(—5-3V5) 
Therelore, 43 = Ery8 — Cervo) 


HOST) es — (5+38V5) ne) 


As 5S < Gr3v>) 35) < 6, then az = | G#3¥)| = 5 and a3 = 43% = 
1 5+3 —543V5 
5+ 1, where db = S9v5 _ 5 — =843v5, 


0, = = =~ , 1€., @4 = ag. Therefore, a4 = BABV5 =1+s, where 
ie 22 =5iav5 = =) ol 
oo In ri a4 = ag, and ae ee Le., a5 = ag. 
Similarly, a = a3 and — = + ie, ag = a4; in the same way, 


a4? 
a i.e., = = a5, etc. 


So, we get the decomposition 


dg = a4 and = = 


eae = [ao, 41, 42,43, a4,..-] = [-3,6,1,5,1,5,1,5,...] 
= [—3, 6, (1, 5)]. 
The convergents of the continued fraction [—3 p88; Si eee 
are: dg = [—3] = ee [-3,6] = -3+} = ait — 
[-3,6, 1] = ar = 3+ 7 = -7, 63 = [-3,6,1,5] = — Fy, 
64 = [—3,6,1,5,1] = — 182, etc. 


1.6.3. Continued fractions are motivated by a desire to have a 
“mathematically pure” representation for the real numbers. 


a ae of continued fractions 


1. If 6, = ae * then Py = ao, P) = ayanp+1, and P, = a, Py_1+Pr_2 
for any n > 2. 
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2. If dO, = a, then Qo = 1, Qi = a1, and Qn = anQn—1 + Qn—2 for 
any n > 2. 

. gcd( Py; Qn) =, 

1=Q<Q1<Q2<::-. 

. If P>1, then P| > Pp > P3>---. 

é — (1) 

i en ro Pa 

. 09 < 09 < +++ < 63 < 04. 


. Every finite continued fraction is rational, and every rational 


ONA TK w 


number can be represented in precisely one way as a finite con- 
tinued fraction. 

9. Every infinite continued fraction is irrational, and every irra- 
tional number can be represented in precisely one way as an 
infinite continued fraction. 

10. A continued fraction is periodic if and only if it is the 
continued fraction representation of a quadratic irrational, 
that is, a real solution to a quadratic equation with integer 


coefficients. 
nPn— WE = 
Thy, [agssee phys = OO? where Q,, = [@n,...]. 
12. If a = [ao,...,@n,...], then ja —d,| < OnOnar in particular, for 


any n > 1, d, is the best rational approximation for a. 


Applications of continued fractions 


Continued fractions have some important applications. 


1.6.4. They can be used for rational approximations of a given real 
number. Moreover, using continued fractions, one can obtain the so- 
called best rational approximations. 

In fact, we define a best rational approximation to a real number 
a as arational number ¢, b > 0, that is closer to a than any approx- 
imation with a smaller or equal denominator. In other words, if ¢ is 
a best approximation to a, then the condition |a— a < |a—$| holds 
only for rational numbers = with y > 6. 

The continued fraction a = [ao,@1,...,@n,-..] for @ can be used 
to generate all of the best rational approximations for a. In fact, 
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any convergent 6, = [ao,a1,---, az], k = 1,2,..., is a best rational 
approximation to a. 

In order to get a best approximation with a given accuracy A, we 
consider the denominators Qo, Q1, ---; Qn, Qn+1, --. of convergents 
09; 015 -«+ On, Oni) +-.0f decomposition a = [a9,@1,.-.5 Qn; Qn4i5-++|- 
If QnQnii > A7!, we use as the best approximation with a given 
accuracy A the nth convergent 6p: @ © dn: as |a—dn| < |dn41—5n| = 
Tne and QnQn+1 > Au', then 


la — dn| < A. 


For example, if we are going to find the best approximation of 
15 with the accuracy A = 107°, we should find the decomposition 
—vy15 into a continued fraction: 


ag=-vl1 =-4+2, where ~ = 4— v1 


a, =4+Vv1 B= 7+ ap, where ap = aa 5; 
ag = ays = 1+ ag? where — = 35. 
a3 =3+V15=6+24 where 2 94/16 


So, —V15 = [—4,7, a. 6)]. 


Find the smallest index n such that Qn41-Qn = x = 10°. 


| m |-2|-1] 0 [1/2] 3] 4 | 
fan] [| [-4i7faf 6 [| 


9 0 
On 


As 1-7 < 10°, 7-8 < 10°, and 8-55 < 103, while 55 - 63 > 10°, 
we should stop at Q4 = 63 (see the table above). So, n = 3, and 
we a as the best approximation to —V/15 the third convergent 
63 = >. For calculating P3, use the following table. 


2 


aa 
po ara} or 
anft fof 7 Ps [55 [8 | 


Therefore, a © as with accuracy 107°. 
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1.6.5. Continued fractions play an essential role in solving some 
Diophantine equations. 

The simplest Diophantine equation, e.g., a linear Diophantine 
equation, takes the form 


ax + by =c. 


This Diophantine equation has a solution (where x and y are integers) 
if and only if c is a multiple of the greatest common divisor of a 
and b: gcd(a,b)|c. Moreover, if (29, yo) is a solution, then the other 
solutions have the form «2 = x + seatayt Y=Yor CRORE where t 
is an arbitrary integer. 

Without loss of generality, let gcd(a,b) = 1 (otherwise divide all 
three coefficients a, b, and c of the equation ax+by = c by the number 
gcd(a, b)). In this case, decompose the rational number ¢ into a finite 
continued fraction [ag,a1,...,@n]. As P;Qs_-1 — QsP.-1 = (—1)*"1, 
then for s = n, we get the equality P,Qn—1 — QnPn—-1 = (-1)""1. 
As == a and gcd(a, b) = 1, then a = P, and b= Qn, ie., aQn-1 — 
bP,—-1 = (—1)""!. Using a multiple (—1)"~'c, we get 


a((—1)""*e+ Qn-1) + B((—1)"e- Py-1) = 6, 


ie., find a solution (xo, yo) = ((—1)""te - Qn_1, (—1)"e - Pa_i) of 
the equation ax + by = c. Therefore, all solutions of the equation 


ax + by = c can be now expressed as x = Xp + bt, y = yo Fat, where 
te Z. 

For example, consider the equation 33a + 5ly = 21. 

It is equivalent to the equation lla + 17y = 7, where 
gcd(11,17)=1. Get the decomposition of the number 4 into a finite 
continued fraction: 


17=11-1+6; 
11=6-1+5; 
6=5-14+1; 
5=1-5+4+0. 


So, # = [1,1,1,5]. 
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Find the convergents of [1,1,1,5] using the following table. 


CARER BOE 


As P;Qs—1 — QePs—-1 = (—1)*"1, then for s = 3, we get that 
17-2—11-3 = 1, or 11-(—3)4+17-2 =1. Hence, 11-(—21)+17-14 = 7. 
Therefore, we get a solution (xo, yo) of the equation 1lxz + 17y = 7 
in the form (—21, 14). In this case, all the solutions to the equation 
1llx+17y = 7 can be obtained as x = —21+417t, y = 14—11t, where 
te Z. 


1.6.6. Continued fractions are used in solving the Pell’s equation, 


a? — Dy? = +1, where D is a positive integer, which is not a perfect 
square. 

In fact, if VD has the continued fraction’s decomposition JD= 
(ao, (€1,@1,---,@p—1,2a9)] with period k, then all positive integer 


solutions of the Pell’s equation 2? — Dy? = 1 have the form x = 
Pren—-1, ¥ = Qrn—1, where n € N and kn is even. So, the equation 
x? — Dy? = 1 has infinitely many solutions [Buch09]. 

Similarly, all positive integer solutions of the Pell’s equation 
x? — Dy? = —1 can be found by the formulas = Pyn—1, y = Qen—1; 
where n € N and kn is odd. So, the equation x? — Dy? = —1 
has infinitely many solutions for odd & and no solutions for even 
k [Buch09]. 

For example, try to find the first four solutions of the equations 
g? — 3y? = 1 and x? — 3y? = —1. 

For that, find the decomposition of the number V3 into a contin- 
ued fraction: 

ap = V3=1+5, where > = —1+ V3; 

a, = 1+v3 =1+ = where = = aly. 

og =1+V3=2+ 4, where 2 =-14+ V3. 

So, V3 = [1, (1, 2)], i-e., the length k of the period of decomposi- 
tion of V3 is 2. 


Downloaded from www.worldscientific.com 


32 Perfect and Amicable Numbers 


Therefore, all positive integer solutions of the equation x? — 3y? = 
1 can be found as © = Po,_1, y = Qan_1, where n € N. The first 
four solutions (P;,Q1), (P3,Q3), (Ps,Qs5), and (P7,Q7) are obtained 
for n = 1,2,3, and 4. 

Find these solutions using the following table. 


[Lm [= 2]—1)0]1 2/3] 415 16 | 7 | 
fan] | [tft f2fap 2 fa | 2] 1 | 


PPO [1 |B [r|19]26) 71/97 
nf Po PE BETTS 56 


So, the first four solutions of the equation x? — 3y? = 1 are 
(Pi,Q1) = (2, 1), (P3, Q3) = (7,4), (P53. 0s) = (26, 15), and 
(Pr, Q7) = (97, 56). 


All positive integer solutions of the equation 2?— Dy? = —1 should 
have the form 7 = Prpn-1, Y = Qren—1, where n € N and kn is odd. 
In our case (k = 2), it is impossible, and the equation x? — 3y? = —1 


has no solutions. 


1.6.7. In algebraic constructive methods of computations of amica- 
ble numbers, we often should consider bilinear Diophantine equations 
of the form 


ary — b(a@ + y) =c, gcd(a,b,c) = 1. 


(See, for example, [Yan96].) 

Solutions of such equations can be found by using the continued 
fraction method above and after solving a quadratic equation to get 
x and y. 

But in this case, the most systematic method to solve the equation 
axy—b(a+y) =c, gcd(a,b,c) = 1 is the integer factorization method 
via some combinatorial computations. It is easy to see that in this 
case, we get the equation 


(ax — b)(ay —b) = w, w=ac+ 0’. 


Factoring w and writing it as a product w = uv, we get u = ax — b, 


v = ay — b, and hence, 7 = utd y= ot Usually, w can be written 
as w = uv in many ways, and there is a good chance to get new 


amicable pairs [Yan96]. 
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For the proof of the properties of continued fractions and for 
some additional information, see, for example, [Buch09], [Dave99], 
[DeKo13], and [Khin97]. The historical aspect of the question can 
be found in [Dick05] and [Ore48]. Some number-theoretical applica- 
tions are provided by [DeDe12]. 


Exercises 


1. Find the decomposition into a continuous fraction: 


on 5 i O ae 
(b) TS (d) 306 (f) 36823" 


2. Find the decomposition into a continuous fraction: 


Qe ie @) et 


g) = j) 2, 


ho 


(b) ABE: (0) HE, (hy) SVE, () BOE, 
(¢) NE, HME, SVE, () eve 


3. Find the decomposition into a continuous fraction: 


=1oi, : 37 
(a) — S. (b) eel (c) be . 


4. Find the rational number represented as: 


(a) [1,2,3,4, 6]: (e) [-2, 1,3, 7]; 
(6) 1-271, 1,3) (f) [-3,1,3, 9,5]; 
(c) [—2, 3,3, 10]; (g) [1,2 3, 4,6): 
(d) [-1, 2,3, 10}; (h) [0,8,1,6, 2,2]. 


5. Find the irrational number represented as: 


(a) [1, (2)]; (h) [8, (16)]; (0) [4, (2, 8)]; 
(b) [2, (4)]; (i) [2, (1, 4)]; (p) [8, (10, 5)); 
(c) 3, (6)]; (j) 2, (2, 4)]; (q) 3 (1p5)]e 
(d) [4, (8)]; (k) [8, (1, 6)]; (r) [8, (4, 1)]; 
(e) [5, (10)]; (1) [8, (2, 6)]; (s) [5, (2, 10)]; 
(f) 6, (12)]; (m) 3, (3 ,6)}; (t) —3, ,(1,5)]. 
(g) [7, (14)]; (n) [4, (1,8)]; 
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6. Find a rational approximation of Y10 with accuracy A = 
55.10". 
7. Find a rational approximation of /21 with accuracy A = 07‘. 


8. Find the best approximation of — (+) by the fraction ¢ 
with 6 < 100. Find the accuracy of his approximation. 
9. Solve the equation: 
(a) 3lla + 28y = 2; (c) 2532 — 449y = 3; 
(b) 262 + 91y = 11; (d) 73a + 85y = 7. 
10. Find the first four positive integer solutions of the equation: 
(a) 227-—5y2=1; (c) 2? —19y? = 1; 
(b) 2? -—5y?=—-1; (d) 2? —19y? =-1. 
11. Find the smallest positive integer solution to the equation: 
(a) 2% —41y? =1; (c) x? — 13y? = -1; 
(b) go = Ay == 1; (d) x? — 13y? = —1. 
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Chapter 2 


Arithmetic Functions 


2.1. Additive and Multiplicative 
Functions 


2.1.1. A complex-valued function f(n) is called an arithmetic func- 
tion (or arithmetical function or number-theoretic function) if the 
value f(n) is determined for any positive integer n. 

Some authors include in this definition the requirement that an 
arithmetic function “expresses some arithmetical properties of n.” 

Over the last 400 years, number theorists have studied dozens of 
different arithmetic functions. Prominent examples include the divi- 
sor function, the Euler’s totient function, the Mobius function, the 
Liouville function, Dirichlet characters, the prime counting function, 
the von Mangoldt function, and partition functions. 

Arithmetic functions describe number-theoretical (arithmetic) 
properties of numbers and are widely used in the field of number 
theory. 

Arithmetic functions are different from typical functions in that 
they cannot usually be described by simple formulas, so they are 
often evaluated in terms of their average or asymptotic behavior. 

This is partially motivated by historical connections with the 
prime number theorem as well as proving theoretical guarantees for 
cryptographic applications, which usually rely on very large numbers 


35 


Downloaded from www.worldscientific.com 


36 Perfect and Amicable Numbers 


to provide security. The two main methods of analyzing arithmetic 
functions are asymptotic analysis and average order analysis. 

Arithmetic functions have applications in combinatorics, count- 
ing, and probability theory and analysis, in which they arise as coef- 
ficients of power series. 


2.1.2. Most of the important arithmetic functions exhibit convenient 
behavior under addition or multiplication. This is not too surpris- 
ing since arithmetic functions describe properties of positive inte- 
gers which are closed under addition and multiplication. Arithmetic 
functions that exhibit these properties under addition are known as 
additive functions, while those under multiplication are known as 
multiplicative functions. 

An additive function is an arithmetic function f(n) of the posi- 
tive integer n with the property that the function of a product of 
coprime positive integers m and n is the sum of the functions on 
those integers: 


f(mn) = f(m) + f(a) if ged(m,n) = 1. 
An arithmetic function f(n) is said to be completely (totally) addi- 
tive if f(mn) = f(m) + f(n) holds for all positive integers m and n, 
even when they are not coprime. 

An arithmetic function f is called multiplicative if f(1) = 1, and 


the function of a product of coprime positive integers m and n is the 
product of the functions on those integers: 

fimeon) =f Fn) MW ecdin,n) =. 
A multiplicative function f is called completely multiplicative if the 
condition f(m-n) = f(m)- f(m) holds for any positive integers m 
and n. 

For example, the function f(n) = n® is completely multiplicative 
for any real number a. The divisor function, the Mobius function, 
and the Euler’s toient function are multiplicative but not completely 
multiplicative. The prime counting function 7() is not a multiplica- 
tive function. 


2.1.3. Examples of additive and multiplicative functions include 
many functions of importance in number theory, such as: 
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v(n): the number of distinct primes dividing n; additive function; 


e the sum of the distinct primes dividing n; additive function; 
e Q(n): the total number of prime factors of n, counting multiple 


factors multiple times (the big omega function); completely addi- 
tive function; 

the multiplicity of a prime factor p in n, that is the largest expo- 
nent m for which p™ divides n; completely additive function; 

the sum of primes dividing n counting multiplicity (the potency of 
n or the integer logarithm of n); completely additive function; 
@(n): the Euler’s totient function, counting the positive integers 
coprime to (but not bigger than) n; multiplicative function; 

u(n): the Mobius function related to the number of prime factors 
of square-free numbers; multiplicative function; 

gcd(n,k): the greatest common divisor of n and k, where k is a 
fixed integer; multiplicative function; 

T(n): the number of positive divisors of n; multiplicative function; 


e a(n): the sum of positive divisors of n; multiplicative function; 
e o,(n): the sum of the zth powers of all the positive divisors of n 


(where x may be any complex number); in special cases, we have 
oo(n) = T(n) and o1(n) = o(n); multiplicative function; 

1(n): the constant function, defined by 1(n) = 1 for any positive 
integer n; completely multiplicative function; 

1c¢(n): the indicator function of the set C, containing 1 (of squares, 
or cubes, or fourth powers, etc.); 1l¢(n) = 1, ifn € C, and 1l¢(n) = 
0 otherwise; completely multiplicative function; 

Id(n): identity function, defined by Id(n) = n for any positive 
integer n; completely multiplicative function; 

Id,(n), « € C: the power function, defined by Id,(n) = 
any positive integer n; as special cases, we have Ido(n) = 1(n : he 
Id\(n) = Id(n); completely multiplicative function; 

e(n): the function defined by e(n) = 1 if n = 1, and e(n) = 0 
if n > 1, sometimes called multiplication unit for Dirichlet con- 
volution (or simply the unit function); completely multiplicative 
function; 

(2): the Legendre symbol, where p is a fixed odd prime number; 


completely multiplicative function; 
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e \(n): the Liouville function, defined as \(n) = (—1)°™, where 
Q(n) is the number of prime factors of n, counted with multiplicity; 
completely multiplicative function; 

e 4(n): the function, defined by y(n) = (—1)”™, where the additive 
function v(n) is the number of distinct primes dividing n; com- 
pletely multiplicative function; 

e Dirichlet character modulo m; completely multiplicative function. 


Examples of a non-additive and a non-multiplicative function are 
given by the prime counting function n(x) = Do peapers 
number of primes less than or equal to given positive real x; by 
the Mangoldt function A(n), equal to logp for n = p* p€ Pra e 
N, and equal to 0 otherwise; by restricted divisor function s(n) = 
Dan, din 4, n € N; ete. 

For example, consider an arithmetic function r2(n), giving the 


giving the 


number of representations of n as a sum of squares of two integers, 
positive, negative, or zero, where in counting the number of ways, 
reversal of order is allowed. As 1 = 17 +0? = (-1)? +0? = 0741? = 
0? + (—1)?, then r2(1) = 4 4 1. This shows that the function is not 


multiplicative. However, ei) is multiplicative. 


2.1.4. In the following, we list several well-known properties of addi- 
tive and multiplicative functions, which are important for our further 
consideration. 


Properties of multiplicative functions 


1. If f and g are multiplicative functions, then f-g is a multiplicative 
function. 

2. If f is a multiplicative function, then for a given n = pf! - ps? - 
...- pes, it holds that 


s 


S> f(a) = [ [+ Fs) + fF (pt) +--+ + FS). 


din i=1 


3. If f is a multiplicative function, then h(n) = )/q,, f(a) is a 
multiplicative function. 
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. If f and g are two multiplicative functions, then the Dirich- 


let convolution f * g of f and g, defined by (f * g)(n) = 
Dain f (d)g(Z), is a multiplicative function. 


. A multiplicative function f is completely determined by its values 


at the powers of prime numbers: f(p{' -p5?-...-p%s) = f(pt")- 
f (pp?) +.» + F(p3*). 


. A completely multiplicative function f is completely determined 


by its values at the prime numbers: f(pf! - p5?-...- p%) = 


fis 7 a) +20 fe). 


. An additive function f is completely determined by its values at 


the powers of prime numbers: f(p{! -p5?-...- p%) = f(pt!) + 
F(po*) eee + f(pS*) 


. A completely additive function f is completely determined by its 


values at the prime numbers: f(p{? - p5?-...- p%*) = f(pi)™ + 
F(p2)°? +--+ + f(ps)™. 


. If f is a multiplicative function and a,b are any two positive 


integers, then f(a) - f(b) = f(gcd(a, b)) - f(lem(a, 6)). 
If f(n) is a (completely) additive function, then g(n) = (—1)/™ 
is a (completely) multiplicative function. 


Consider, for example, the proof of the third property. If m 


and m are coprime, then for any divisor d of mn, one can write it 
as d = d,d2, where d, and dz are coprime and d,|m, d2|m. Then, we 
have that 


h(mn) = 3° f(d)= So fl(dide) 


d|mn di|m,d2|n 
=S0 f(dy) So fl) = h(m)a(n). 
d,|m dz|n 


Moreover, prove property 4 for the Dirichlet convolution h(n) = 


fxg(n). Let gcd(m,n) = 1. If d|mn and since (m,n) = 1, there exist 
unique integers a,b such that alm, b|n, and d = ab. Therefore, 


a(n) = S> Fo (=) = 2 Flad)g (=). 


d|mn alm b|n 
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Since gcd(m,n) = 1, then (a,b) = 1. Furthermore, gcd(“, #) = 1. 
Since f and g are multiplicative, we have that 


YY f@s(9 (=) 9 (F) 


alm d\n 


h(mn) 


= > Flag (=) > f)9 (5) = h(m)h(n). 
bln 


alm 


Therefore, h is multiplicative. 
With the operation of the Dirichlet convolution f *« g, the set of 
all multiplicative functions turns into an abelian group; the identity 


element is e. 


2.1.5. The additive and multiplicative properties of certain arith- 
metic functions greatly simplify their analysis since they are deter- 
mined only by their values at primes and prime powers. The average 
and asymptotic behavior of prime numbers has been well studied, so 
additive and multiplicative functions are more easily analyzed than 
non-additive and non-multiplicative arithmetic functions. 

In addition, many series of the natural numbers can be simpli- 
fied when factored into a product over the primes. One example is 
the Euler product, which expresses a Dirichlet series as an infinite 
product over the primes, assuming the series terms have certain mul- 
tiplicative properties. The Euler product is historically important as 
it was introduced by Leonhard Euler in his proof of the connec- 
tion between the Riemann zeta function and the prime numbers (see 
Section 2.5 of this chapter). 

Furthermore, the values of additive or multiplicative functions can 
be efficiently calculated in computational number theory using mem- 
orization for arguments which are smooth numbers. This is especially 
useful for functions which might otherwise take linear time in naive 
implementations, such as Euler’s totient function. 

The computational convenience of such functions is central to the 
development of modern cryptographic methods. Specifically, many 
cryptographic applications rely on using very large numbers (often in 
the hundreds of digits) to encode information, and their security often 
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depends on the difficulty of inverting the value of certain arithmetic 
functions. These functions are often chosen to be multiplicative since 
this allows fast and memory-efficient computation on very large val- 
ues, crucial to applications such as network encryption. However, 
because these functions are easy to compute given the prime fac- 
torization of a number, they are also relatively easy to invert given 
the prime factorization. Luckily, determining the prime factorization 
of a large number is difficult, so cryptographic methods can utilize 
the strengths of multiplicative functions without succumbing to their 
weaknesses. 

In this chapter, we consider history, main properties, and most 
important applications of some classical arithmetic functions. The 
main goal is to study the divisor function and its relatives, as this 
function plays an important role in the definition and investigation 
of all classes of special numbers under our consideration. 

For additional information, see, for example, [DeKo18], [Dick05], 
[Ore48], [Salo90], [Sier64], [Prim22], and [Wiki22]. 


Exercises 


1. Prove that the function f(n) = n? is completely multiplicative; 
what can be said about the function g(n) = log f(n)? 

2. For n = 1,2,3,..., 20,100, 2000, find v(m), the number of distinct 
primes dividing n; prove that v(n) is an additive function; is it 
completely additive? What can be said about the function y(n) = 
(=1)? 

3. For n = 1,2,3,...,20,1000, 2000, find the sum of the distinct 
primes dividing n; prove that it is an additive function; is it com- 
pletely additive? 

4. For n = 1,2,3,...,20,100, 2000, find Q(n), the total number 
of prime factors of n, counting multiple factors multiple times; 
prove that Q(n) is an additive function; is it completely addi- 
tive? What can be said about the Liouville function, defined as 
An) = (—1)%)? 

5. For n = 1,2,3,...,20, 100, 2000, find the multiplicity of the small- 
est prime factor p in n, that is the largest exponent m for which 
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p™ divides n; prove that it is an additive function; is it completely 
additive? 

6. For n = 1,2,3,...,20,100,2000, find the integer logarithm of 
n, ie., the sum of primes dividing n counting multiplicity (the 
potency of n, or the integer logarithm of n); is this function addi- 
tive? is it completely additive? 

7. Prove that f(n) = gcd(n,k) (the greatest common divisor of n 
and k), where k is a fixed integer, is a multiplicative function; is 
it completely multiplicative? 

8. Let 1¢(n) is the indicator function of the set C containing 1: 
I¢(n) = 1 if n € C, and lc(n) = 0 otherwise. Find 1¢(1), 
1¢(100), 1¢(1000), if C = {1,2,...,10}; C = {2k — 1]k € N}; 
C = {k3|k © N}. Prove that 1¢(n) is a completely multiplicative 
function. 

9. Let ro(n) gives the number of representations of n as a sum of 
squares of two integers, positive, negative, or zero, where in count- 
ing the number of ways, reversal of order is allowed. Prove that 


r2(n) is not multiplicative but ra(n) is multiplicative. 


2.2. Floor Function and Its 
Relatives 


2.2.1. The floor function |x|, x € R, is defined as the largest integer 
less than or equal to a given real number «. 

The function {x}, x € R, is the fractional value of a given real 
number z: {x} =2-—-|z|. 

The ceiling function [x], x € R, is defined as the smallest integer 
greater than or equal to x. 

The function ||z|| = min{{r},1 — {x}}, x € R, is the distance 
between a given real number «x and the integer closest to x. 

For example, |2.9| = 2, |—2| = —2, and |—2.3| = —3; {2.9} = 
0.9, {-2} = 0, and {—2.3} = 0.7; [2.9] = 3, [-2] = —2, and 
{—2.3] = —2; ||2.9]| = 0.1, || — 2|| = 0, and || — 2.3]| = 0.3. 


2.2.2. Consider a list of the simplest properties of floor function and 
its relatives. 


Downloaded from www.worldscientific.com 


Arithmetic Functions 43 


Properties of floor function and its relatives 


iP 


10. 


da, 
12: 
13. 
14. 
15. 


CON on 


|x| <a < |x| +1 for any real x; |x| = x if and only if z is an 
integer. 


. |k+a2)=k+ || for any integer number & and any real 


number zx. 


. For any real xz and any integer n, it holds that n < x if and only 


if < |e, 

{n €N:n < 2,d|n}| = |4| for any positive real x and any 
positive integer d. 

eel | = i | for any real x. 

for any positive real x and any positive integer d. 
[a] + ne <[e+y] < |e] + ly] +1, where 2,y ER. 

|-2 2 = 0 or 1 for any real x. 


. p;,", where p; are all prime numbers less than or 
equal to n, and 


o- [al Lal Lal 


0 < {x} < 1 for any real number z; {x} = 0 if and only if z is 
an integer. 

{k +x} = {x} for any integer number & for any real number z. 
|x|| = |e + 0.5], where z ER. 

[x] = —|—a], where cx ER. 

x ae where x ER. 


< [a 
EI + [3] =k, where k € Z. 


Prove, for example, property 4. In order to prove the formula 


l{n € N: n < x,d\n}| = |4], one can consider the numbers d, 2d, 


On the other hand, it holds thatk <5 <k+1,ie, k= |5|. 


,kd <a < (k+1)d. It is easy to see that 


l{n EN: n<az,d|n}| =k. 


2.2.3. In this chapter, we are going to solve several important equa- 


tions connected with the considered arithmetic functions. 


Downloaded from www.worldscientific.com 


44 Perfect and Amicable Numbers 


For example, let us solve the equation |x| = 1+ 2{z}. 

It is obvious that 1+ 2{2} is an integer, hence {x} = 0 or {7} = 
0.5. In the first case, |x| =1,ie., z= |2|+{z}=1+0=1. In the 
second case, |t| = 2,ie, c= |z|+{c} =24+05=2.5. 

So, we find all solutions of the equation |x| = 1+2{x}: They are 
1 and 2.5. 


2.2.4. It is easy to show that for any continuous function f(x), non- 
negative on the segment [a,b], the number of points (x,y) with pos- 
itive integers x, y in the domain with the borders « = a, x = b, 
y = 0, and y= f(z) is )oo<,<, | f(x)|, where the summation is over 
all integers x from the segment [a, b]. 

In particular, the number of points (x,y) with positive integers 
x, y under the hyperbola xy = n is 


2S [ela 


0<a</n 


where the summation is over all positive integers x less than or equal 
n,neN. 

Such considerations lead to asymptotic formulas for mean values 
of well-known arithmetic functions. We use these and other consid- 
erations in Section 2.6. 

For the detailed proofs of the above properties, examples of solu- 
tions to the problems, and some additional information, see, for 
example, [Buch09], [DeKo13], [Chan70], [Ingh32], and [Step01]. 


Exercises 


1. How many positive integers less than 200 are not divisible on 2 
and not divisible on 5? How many positive integers less than 100 
are not divisible on 2, not divisible on 3, and not divisible on 5? 

2. How many positive integers less than 300 are relatively prime 
to 225? How many positive integers less than 100 are relatively 
prime to 36? How many three-digit positive integers are rela- 
tively prime to 1000? 
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3. How many zeros are there in the end of the representation of n 


in the base g: 
n= 1994!, g = 10; 
n =200!, g = 10; 


3 


= 2010!, g = 6; 


4. Is it true that: 


(a) 500! is divisible by 22°°; 
(b) 100! is divisible by 30°°; 


5. Solve the equation: 


(a) [2] =—3: 
(b) [20] =2; 
(c) |2? -—4r+7| =3 
(d) | 3a? —z| =x2+1; 
(e) {x} = 0.2; 
(f) {3x} = 0.9; 
(g) {x? +5} =0; 
(h) {x} = | + 15]; 
(i) [vw] +5 = 2{x}; 
Gi) {z} = [2]; 
(k) [v7] +5 = {zx}; 
(1) 3+ = {2}; 
(m) 23 = 2{z}; 


6. Solve the inequality: 
(a) |1-—a?| > -4; 
(b) {1 — 27} > 0.5; 
(c) |sin2a —4] < —3.5; 


(g) n= gon 9 =6; 
(h) n= anno g = 10; 
(i) n= gor, g = 13; 
(i) 2 = soso, 9 = 60; 
(k) n= 7g 9 =8 
(1) n= gan, g = 20? 


(c) ant is divisible by 100"; 
(d) net is divisible by 207°? 


(x) 45 = 3{2}; 

(0) |x| — 3{x} = 22 +1; 
(p) la] + 2{a} = 2a — 1; 
(q) {2} = 0.4; 

(r) {2 + 5} =0.3; 

(s) |a —3| = —3; 

(ti). (eso | = 5: 

(u) [1-27] =0; 

(v) |2?-—2] =-1; 

(w) |sinz| =—1; 

(x) |cosx| =0 

(y) [loga+1)=—<-1; 

(z) |2—log3z| =4. 


(d) {sin 2x — 4} < 0.5; 
(e) [logs x] > 0; 
(1) {loge a} > 0.2. 
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7. Find: 


—k |<|, where x CR, k EN; 
—x|, where z ER. 


8. Find | v1 + |/2] + + | vn? + 1], where n € N. 
9. Prove that |x| + oo +0. re |2x|, where c ER. 
10. Prove, that |z]+|a+z¢]+---+|a+ Rt = |kx|, where z ER, 
re N, 
11. Prove that || + | =| free jee = eon) where 
m,n éN,(m,n) =1 


12. Prove that )lin>1 (|2|- |*+]) =2eneP. 


2.3. Mobius Function 


2.3.1. The Mébius function (mn) is defined for any positive integer n, 
taking only the values {—1,0,1}: y(n) = 1 if n is square-free number 
with an even number of prime divisors; j4(n) = —1 if n is square-free 
number with an odd number of prime divisors; u(n) = 0 if n is not 
a square-free number. 

Recall that a square-free integer is an integer which is divisible by 
no perfect square other than 1. That is, its prime factorization has 
exactly one factor for each prime that appears in it. For example, 
10 = 2-5 is square-free but 18 = 2- 3? is not because 18 is divisible 
by 9 = 37. The smallest positive square-free numbers are 1, 2, 3, 5, 
6, 7, 10, 11, 13, 14, 15, 17, 19, 21, 22,...(sequence A005117 in the 


OEFIS). 
In other words, 
(1, ifn=1, 
} (—1), ifn =p,-...+ps, where p; € P, 
win) = 4 ee 
and p; # p; for i F j, 
(0, if pe P: p*|n. 


For example, j4(6) = 1, as 6 = 2-3 is a square-free number having two 
prime divisors; 4(70) = —1, as 70 = 2-5-7 is a square-free number 
having two prime divisors; (50) = 0, as 50 = 2-5? is divisible by 
the square of a prime number 5 and hence is not square-free. 
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2.3.2. Consider some properties of the Moébius function, which are 


important for our further consideration. 


Properties of the Mobius function 


1. 


The Mobius function is multiplicative, i.e., it holds that (1) = 1, 
and u(m-n) = u(m)- u(n) for any coprime positive integers 
n and m. 


2. Vain H(d) = 1 for n = 1, and >7 4, u(d) = 0 for n > 1. 
3. F(n) = lain f(a) if and only if f(n) = Van Ma) F (4) (Mobius 


inversion formula). 


. Dain A = 1 for n = 1, and lain H(d)d = (i-4)- (1-4). 


(1-2) (or w=p taae pes 


8 


1. The first property is obvious. It should be checked only in the 


case of two coprime square-free numbers n and m. But in this case, 


N=P1*...*Ps,M=Q"-.-° MH, Pi F Gj, and we have 
pln-m) = (pr: ...* Pes G1 +--+ Ge) = wp... + Da) 
“(qr --- + Gt) = wm) - w(m). 
2. In order to prove the second property, note that an Hd) = 


p11, Ean - 1, then wep)" >... =pe*, aud 


3. 


s 


> u(d) = [[G + ws) + em?) +--+ + ue) 


din i=1 

s 
=|[G-1+0+---+0)=0. 

i=1 


The proof of the Moébius inversion formula is as follows: 


YuWF (4) = ud SFO 
d\n 


d\n e|F 


=Su@fO => fO S- wd) = f(n). 
d|® 


cd|n c\n 
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On the other hand, 
Y fa = Dator (2) =D rw yd ful = Fo 
d\n d\n cld c k|n c 


4. As the functions f;(n) = p(n) and fo(n) = + are multiplicative, 


the function f(n) = 4 we) ; is multiplicative as the product of the func- 
tions fi(n) and fo(n). "Then, 


dl f(d -Tk 1+ f(pi) + fp?) +--+ F@PP)) 


i=1 
for n = py! -...- p%*. In other words, 
d 7 2 oa 
ee T+ 4 H(i) fe HO: ‘) 
ie = Pi P; P; 
s 
- (1 ~ 404-4 0) 
i=l si 
So, for n = pf -...+p%*, we have the formula yale ula) = (1 — a) : 
(1- =) -(1l- et) For n = 1, the result is en 


The alaseia Mabius i inversion formula was introduced into number 
theory during the 19th century by the German mathematician and 
theoretical astronomer, August Ferdinand Mobius (1790-1868). The 
Mobius inversion formula is also correct if F and f are functions 
from the positive integers into some abelian group. In the language 
of the Dirichlet convolution *, the equality F(n) = >/ 4, f(d) may 
be written as F = f * 1, where 1 is the constant function: 1(n) = 1 
for any positive integer. The f(n) = ian, MOF (4) is then written 
as f = Fx uw. So, the Mobius inversion formula takes the form 


F=feloef=F xu. 


2.3.3. Consider some equations involving the Mobius function. 

For solving the equation p(2x) = p(3xr), x € [1,20], consider 
positive integer x as x = 2°3°y, where a and # are non-negative 
integers, and the positive integer y is not divisible by 2 and 38, Le., 
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(2,y) = (3,y) = 1. In this case, p(2r) = p(2°+")u(37) u(y) and 
u(3x) = (2%) u(3°*") u(y). If u(y) = 0, ie., if y is divisible by the 
square of a prime number, this equality holds. If u(y) 4 0, i-e., if y 
is square-free, we obtain the equation p(2°+!) (3°) = (2%) u(3°*"). 

Ifa>1or 6 >1, then we obtain 0 = 0. 

If a =0 and 6 = 0, then we obtain (2) = (3), ie., —1 = —-1. 

If a=0, 6 = 1, then we obtain 1 = 0, a contradiction. 

If a=1, 6 = 0, then we obtain 0 = 1, a contradiction. 

If a=1 and 6 = 1, we obtain 0 = 0. 

So, the set of solutions of the equation y(2x) = pu(3x) is formed 
by all positive integers except square-free numbers of the forms 2y 
or 3y, where (y,2) = (y,3) = 1. In the segment from 1 to 20, they 
are 2, 3, 10, 14, and 15. 

So, all solutions of the equation (27) = pu(3x) on the segment 
[1,20] are 1, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 16, 17, 18, 19, and 20. 

For the proofs of these and other properties, examples of solutions 
of problems, and some additional information, see, for example, in 
[Apos86], [Buch09], [DeKo13], [Gaus01], [HaWr79], [MSC96], and 
[Wiki22]. 


Exercises 
1. Calculate: 


(a) 1(65); (c) lu lu 
(b) (66); (d) (330); (f) (135); (hb) (250). 


2. Calculate: 
(a) w(o(14)); (b) w(7(10)!); (c) #(G(15)); (a) (3). 
3. Solve the equation: 


(a) w(5x) = w(32x), x € [5,25]; (c) w(8x) = u(7a), « € [40, 70); 
(b) u(2x) = u(7x), x € [10,30]; (d) u(5x) = u(7x), x € [40, 60]. 


4. Check the identity }7q),, H(d)o(q) =n for n € {1, 5, 10, 20}; prove 
it for any positive integer n. 
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. Find the values of Mertens function M(n) = 7, w(n) for all 


WEA ua. D0}. 


. Let v(n) be the number of distinct prime divisors of a positive 


integer n and Q(n) be the number of all possible prime divisors 
of n, counting with repetitions. Prove that y(n) = (=e) = 
(—1)2 if v(n) = Q(n) and p(n) = 0 otherwise. 


. Find the sum: 


(a) 7 8, (4) © p(a)3", 


d\n d|n 


(b) ome (e) De (4) (-3); 


d\n d|n 
(c) Du (4) (-7)"9; (f) alae 
d\n a 


. Prove that Van, |H(@)| = geie) 


2.4. Euler’s Totient Function 


2.4.1. For a given positive integer n, the Euler’s totient function 


@(n) is defined as the number of positive integers less than or equal 


to n and coprime to n: 


a(n) =l{a2 EN 22 < n, (2,0) = 1}. 


For example, ¢(8) = 4, as there exist exactly four positive integers 


less than 8 and coprime with 8: 1, 3, 5, and 7. 


2.4.2. Consider a list of well-known properties of the Euler’s totient 
function. 


Properties of the Euler’s totient function 


1. 
2. 
3. 


o(p) = p—1 for any prime p. 

¢(p*) = p* — p*! for any prime p and any positive integer a. 
The Euler’s totient function is multiplicative, i.e., ¢(1) = 1, and 
o(mn) = ¢(m)¢(n) for any coprime positive integers m and n. 
OT Py exe BE) Sl Og? ee 1) 
1)-...+(ps— 1), where pi,...,p; are distinct prime numbers and 
Q1,.--,a, EN. 
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5. Dian P(d) = n (Gauss identity). 
6. O(n) = dian M(@)G- 


The first property is obvious, as from p positive integers less than 
p, only p itself is not coprime with p. 

Similarly, from p® positive integers 1,2,...,p°, there are exactly 
p*—' numbers (in fact, p, p?, p®,...,p%) not coprime with p*. 

To prove the multiplicativity of the Euler’s totient function, we 
consider two relatively prime numbers m and n and make a rectan- 


gular table of the numbers 1 to mn with m rows and n columns as 


follows: 
1 m+1 2m+4+1 --- (n-1)m+4+1 
2 m+2 I%m4+2 --- (n-—1)m+2 
3 m+3 2m4+3 --- (n-—1)m4+3 
m 2m 3m see nm. 


The numbers in the rth row of this table are of the form km +r as 
k runs from 0 to m — 1. 

Let d = gcd(r,m). If d > 1, then no number in the rth row 
of the table is relatively prime to mn since d|(km +r) for all k. 
So, to count the residues relatively prime to mn, we need only to 
look at the rows indexed by values of r such that gcd(r,m) = 1, 
and there are ¢(m) such rows. If gcd(r,m) = 1, then every entry in 
the rth row is relatively prime to m since gcd(km+r,m) = 1 by the 
Euclidean algorithm. The entries in this row form a complete residue 
system modulo n (see Chapter 1). Thus, exactly ¢(n) of them will 
be relatively prime to n and thus relatively prime to mn. 

We have shown that there are ¢(m) rows in the table which 
contain numbers relatively prime to mn, and each of those contain 
exactly (nm) such numbers. So, there are, in total, ¢(m)d(n) num- 
bers in the table which are relatively prime to mn. This proves the 
result. 
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Property 4 follows now from properties 2 and 3. It can be rewrit- 
ten in the following form: 


oin)=n (1-2) (1-2)... (1-5) 


for n = pi - p5?-...- pes. As for property 6, we can see that (1 — 
+) ro. (1 +) - Hn) for n = pf... - p%; so, we get the 
formula Salis ) = oo). it follows now from property 4 of the 


Mobius function. 


2.4.3. Consider some equations connected with the Euler’s totient 


function. 

Let us solve the equation ¢() = §. 

It is obvious that « ~ 1. In this case, x has a prime decomposition 
z=pf'-...-pp*, and $(z) = «(1 — x) -(1L- ae In other words, 
we get the equation (1— x) -(1- =) = 3. Considering all possible 
8, ... of the left part of the equation, we can 
see that the fraction $ can be obtained only as the product of the 
fractions 5 and z. So, z = 2”. 38, where a, 8 EN. 

Solve the equation $(2x7) = (32). 


Consider a positive integer x as x = 2%3°y, where a and 6 are 


multipliers 5, z, 4, 


non-negative positive integers, and positive integer y is not divisible 
by 2 and by 3, i-e., gcd(2, y) = gcd(3, y) = 1. In this case, 


(2x) = o(2°*1)9(3")d(y), (3x) = o(2%)4(3°*")4(y), 


and the equation ¢(27) = ¢(3x) obtains the form ¢(2°+!)¢(3°) = 
(27) (394). 

As $(2°+!) = 2% and 4(3°+1) = 2-3°, we obtain the equation 
2°(3") = 2 -3°¢9(2°). 

If a=0, 6 = 0, then we get 1 = 2, a contradiction. 

If a=0, 6 £0, then we get 2-3°-! = 2-3, a contradiction. 

If a 40, 8 = 0, then we get the identity 2% = 2-2°-!, which is 
true for all such a and f. 

Ifa40, 6 £0, we get 2%-2-38-1 = 2.38 .2°-1, a contradiction. 
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So, the set of all solutions of the equation ¢(2x) = $(3z) consists 
of the positive integers of the form 2°y, where a € N, and positive 
integer y is not divisible by 2 and 8, i.e., is coprime with 6. 

Solve the equation ¢(x) = 2. 

It is obvious that « 4 1. In this case, x = pf -...-pp*, and 


p(x) = ptr? -...- pe (py — 1) +++ (pe — 1). 


Let ¢(#) = 21, where / is an odd number. As for an odd prime 
number p, the number p-— 1 is even, we get that in the prime decom- 
position of x, there is less than or equal to m odd prime multipliers. 
In other words, & < m-+1. Moreover, if k =m-+1, then p; = 2. 

In our case, m= 1, ie., k < 2, and if k = 2, then p; = 2. 

Let k= 1, ie, 2 =p. 

If p = 2, then ¢(x2) = $(2%) = 2°"1, and we get the equation 
ge-1 = 9. In this case; c= 2 and ¢@=2? = 4, 

If p A 2, then ¢(x) = ¢(p%) = p* !(p—1), and we get the equation 
p*—l(p — 1) = 2. In this case, p— 1 = 2 and p®-! = 1. So, p = 3, 
a=1,andz2=3. 

Let k= 2) 16.9 = 2, 

Then, 6(2) = 6(2%p*) = 2°-1p%-1(p—1), and we get the equation 
g2-T oP -1 (9 — 1) = 2. In this case, p—1= 2, 2°-* = 1 and p?-* = 1, 
So, p=3,a=8=1,andr=2-3=6. 

Therefore, we get all the solutions to the equation ¢(x) = 2: the 
positive integers 3, 4, and 6. 


2.4.4. A totient number is a value of the Euler’s totient function: 
that is, an m for which there is at least one n such that ¢(n) = m. 
The valency (or multiplicity) of a totient number m is the number of 
solutions to this equation. 

As the equation ¢(x) = 2 has exactly three solutions, 3, 4, and 6, 
we get that 2 is a totient number of valency 3. 

The following sequence presents for n = 1,2,3,... values (7), 
i.e., count numbers less then or equal to n and coprime to n. So, it 
presents all totient numbers with their valencies: 1, 1, 2, 2, 4, 2, 6, 
4, 6, 4, 10, 4, 12, 6, 8,... (sequence A005277 in the OEIS). 
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It is easy to see that 


e there are infinitely many totient numbers. 


In fact, all numbers of the form p—1, p € P are totient, as 


o(p) =p-1. 
Also, 


© a pronic number p(p — 1) with prime p is totient. 


It is certainly true since ¢(p?) = p(p — 1). 
Moreover, it is easy to show that 


e ifn is a totient, then n- 2" is a totient for all positive integers k. 


In fact, if an odd m is a solution to the equation ¢(a) = n, then 
9k+1 


m is a solution to the equation ¢(2) = n- 2*. If an even m is 
a solution to the equation ¢(x) = n, then m = 2°1 with odd I. It is 
easy to see that in this case, 2*+1m = 2*+*+!] is a solution to the 
equation 6(a) = n- 2". 

Ford (1999, [Ford99]) proved that 


e for every integer k > 2, there is a totient number m of 
multiplicity k. 


That is, for every integer k > 2, there exists a number m for 
which the equation ¢(n) = m has exactly & solutions. This result 
had previously been conjectured by Wactaw Sierpitiski. 

However, no number m is known with multiplicity & = 1. 
Carmichael’s totient function conjecture is the statement that there 
is no such m. 


2.4.5. A non-totient number is a positive integer which is not totient, 
ie., it is not in the range of the Euler’s totient function. That is, the 
equation ¢(a) = n has no solution. In other words, n is a non-totient 
if there is no integer x that has exactly n coprimes below it. 

For example, one can easily check that the equation ¢(x) = 3 has 
no solution, so the number 3 is non-totient. 

The first few non-totient numbers are 3, 5, 7, 9, 11, 18, 14, 15, 
17, 19, 21, 23, 25, 26, 27,... (sequence A007617 in the OEIS). 
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It is easy to see that 


e all odd numbers are non-totients except 1. 


Since the equation ¢(n) = 1 has the solutions x = 1 and x = 2, the 
number 1 is totient. For all positive integers n > 3 the value ¢(n) 
is even; if there is an odd prime p, divided by n, then p — 1 divides 
¢(n); otherwise, n = 2%, a > 2, and 2°! divides ¢(n). 

As the simple consequence of this fact, we can state that 


e there are infinitely many non-totient numbers. 


However, there are also even non-totients, the first is 14. More- 
over, it is proven ([Zhan93], [MSC96]) that 


e there are infinitely many even non-totients, 
and indeed, 
e every positive integer has a multiple which is an even non-totient. 


The first few even non-totients are 14, 26, 34, 38, 50, 62, 68, 74, 
76, 86, 90, 94, 98, 114, 118,... (sequence A005277 in the OEIS). 
For more information, we list the following sequences: 


e the least & such that the totient of k is n for n = 1,2,3,... are (0 
if no such k exists) 1, 3, 0, 5, 0, 7, 0, 15, 0, 11, 0, 13, 0, 0, 0,... 
(sequence A049283 in the OEIS); 

e the greatest k such that the totient of k is n for n = 1,2,3,... are 
(0 if no such k exists) 2, 6, 0, 12, 0, 18, 0, 30, 0, 22, 0, 42, 0, 0, 0, 

. (sequence A057635 in the OEIS); 

e the number of ks such that ¢(k) = n for n = 1,2,3,... are 2, 3, 
0, 4, 0, 4, 0, 5, 0, 2, 0, 6, 0, 0, 0,... (sequence A014197 in the 
OEIS); according to Carmichael’s conjecture, there are no ones in 
this sequence. 


2.4.6. A cototient number is a positive integer n that can be 
expressed as the difference between a positive integer m and the num- 
ber of coprime integers below it. That is, the equation x — ¢(x) =n 
has at least one solution. 
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It is easy to check that 1 is cototient, as ¢(p) = p— 1 and hence 
p — o(p) = 1; so, the valency of 1 is the infinity. As $(4) = 2, then 4 
is cototient. 

The following sequence presents for n = 1,2,3,... values n—¢(n), 
i.e., all cototient numbers with heir valencies: 0, 1, 1, 2, 1, 4, 1, 4, 3, 
6, 1, 8, 1, 8, 7,... (sequence A051953 in the OEIS). 


2.4.7. A non-cototient number is a positive integer n that cannot 
be expressed as the difference between a positive integer m and the 
number of coprime integers below it. That is, the equation x—¢(x) = 
n has no solution. 

It is easy to check that the smallest non-cototient number is 10. 
The sequence of non-cototients starts from 10, 26, 34, 50, 52, 58, 86, 
100, 116, 122, 130, 134, 146, 154, 170,... (sequence A005278 in the 
OEIS). 

It is conjectured that 


e all non-cototients are even. 


This can follow from a modified form of the slightly stronger version 
of the Goldbach conjecture: If the even number n can be represented 
as a sum of two distinct primes p and q, then 


pa — o(pq) = pq— (p—1)(q-1)=p+q-l=n-1. 


It is expected that every even number larger than 6 is a sum of 
two distinct primes, so probably no odd number larger than 5 is a 
non-cototient. The remaining odd numbers are covered by the obser- 
vations 


1=2-¢4(2), 3=9-¢(9), 5 =25— (25). 
For even numbers, it can be shown that 
2pq—$(2pq) = 2pq—(p—1)(q—-1) = pq+p+9q—1 = (pt+1)(q+1)-2. 
Thus, 


e all even numbers n such that n+2 can be written as (p+1)(q+1), 
where p,q primes are cototients. 
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For more information, we list the following sequences: 


e the least ks such that the cototient of k is n for n = 1,2,3,... are 
(0 if no such k exists) 1, 2, 4, 9, 6, 25, 10, 15, 12, 21, 0, 35, 18, 33, 
26,... (sequence A063507 in the OEIS); 

e the greatest ks such that the cototient of k is n for n = 1,2,3,... 
are (0 if no such & exists) oo, 4, 9, 8, 25, 10, 49, 16, 27, 0, 121, 22, 
169, 26, 55,... (sequence A063748 in the OEIS); 

e the number of ks such that k — ¢(k) is n for n = 1,2,3,... are co, 
1, 1, 2,1, 1, 2, 3, 2, 0, 2, 3, 2, 1, 2,... (sequence A063740 in the 
OEIS). 


Erdés (1913-1996) and Sierpinski (1882-1969) asked 
e whether there exist infinitely many non-cototients. 


This was finally answered in the affirmative by Browkin and Schinzel 
(1995, [BrSc95]), who showed that every member of the infinite fam- 
ily 2" . 509203 is an example (509203 is the first Riesel number). Since 
then, other infinite families of roughly the same form have been given 
by Flammenkamp and Luca (2000, [FlLu00}). 

For additional proofs, examples of solutions of similar prob- 
lems, and some other facts, see, for example, in [AbSt72], [BrSc95], 
[Buch09], [CoGu96], [DeKo13], [DeKol8], [Dick05], [Ford99], 
[FILu00], [Gaus01], [GKP94], [Guy94], [HaWr79], [Lege79], [Ribe96], 
[Ore48], [Sloa22], and [Wiki22]. 


Exercises 


1. How many zeros are there in end of the representation of the 
given number n in the base g: 


(a) n= 0(528)!, g=15; — (d) n=(4N)!, g = 20; 
(b) n = 4(30)!, g = 12: (e) (528)! g = 12: 
(c) n= 4(6(13))!, g= 14; (£) (400)! g = 48, 


2. Find the number of positive integers n less than 200 such that 
(n, 200) = 4. Find the number of positive integers n less than 500 
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such that (n, 500) = 10. Find the number of positive integers n 
less than or equal 1000 and coprime with 77. 

. Find the number of positive integers n less than or equal 2°? — 1 
and coprime with 2!° — 1. Find the number of positive integers 
n less than or equal to 8! and coprime with 6! 

. Find the number of all proper simple non-reducted fractions with 
the denominator: 

(a) 90; Ce). 12h (e) p, where p€ P. 
(b) 114; (d) 15!; 

. Find the number of all proper simple non-reducted fractions with 
the denominator n dividing 2002? 

. Solve the equation: 

(a) d(x) = 3; (m) (x) = 6; 
(b) (x) = TF; (n) (x) = 10; 
(c) O(x) = § (0) o(2) = 3; 
(d) d(x) = 35: (p) o(x) = 4; 
(e) 76(x) = 42; (q) o(x) = 8; 
(f) 7o(x) = 3x; (r) d(x) = 12; 
(g) 7o(x) = 2x; (s) O(a) = 14; 
(h) bola) = Ag: (t) o(e) = 16; 
(i) G22) = (52); (u) (x) = 20; 
(j) e832) = oa); (v) o(@) = 24; 
(k) (132) = 6(172); (w) (x) = 40: 
(1) (2x) = ¢(312); (x) (x) = 50. 

. Find all even positive integers n < 50 such that the equation 
(x) = n has no solutions. 

. Solve the equation ¢(px) = (qx) if p and q are distinct prime 
numbers. Solve the equation ¢(”) = —— if p is a prime 
number. 

. Find a positive integer n if n = 3%- 5°, and $(n) = 600. Find a 


positive integer n if ¢(7") = 705894; if (3”) = 162. 
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(a) o(4n) = 26(2n); 

(b) ¢(4n + 2) = d(2n 4+ 1); 
(c) n>1=> 4|d(n? + 1); 
(d) alb > $(4)|9(); 


(€) (a,b) =d > saya = ata 

(f 

(g >t>1s f= o 

(h) p,2p+1¢€ P= ¢(4p4 2) = d(4p) +2 


) 

) 

) 

) (a, 

) (a,b) > 1+ (a)d(b) < o(ab); 
)s 

) 

(i) D1 o(k) 2) = 2S, 

(j) pe 1(n, k) = dn 40(7): 


2.5. Prime Counting Functions 


Prime numbers 


2.5.1. Any natural number p which has exactly two natural divisors 
is called a prime number or simply a prime. 

The set of prime numbers is denoted by P.S0, P = 
(0.3: 527 14: 13,17, 19,93: 90... ¥, 

A natural number n which has more than two natural divisors is 
called a composite number. 

The set of composite numbers is denote as S$. S50, S = 
{4,6,8,9, 10, 12, 14, 15,16, 18,... }. 

As the unity has exactly one positive integer divisor, i.e., neither 
prime nor composite, we obtain that N= PUSU {1}. 


2.5.2. Over two thousand years ago, Euclid showed that 
e there are infinitely many prime numbers. 


The Euclid’s proof is as follows. 


Suppose that there are only finite number of primes, and P = 
{pi,..-,pz} are all the primes. Let FE = p,...py +1 and let p be 
a prime dividing E. Then, p cannot be any of pj,..., pz, otherwise 
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p would divide the difference E' — p,... px = 1, which is impossible. 
So, this prime p is still another prime, and pj,...,p,; would not be 


all the primes. 

Euler gave an analytic proof of this fact. 
In fact, if P = {p1,...,pz} are all the primes, consider the 
rational number X = tt — a As the value (1 — ie is the 


sum 1+ ca + a +.--- of infinite geometric progression 1, oe am ess 
4 Fi 4 7 


we obtain that ‘ 


(5) -HO+atat~) 


1 Pi i=l 


co 1: : ‘i Pi : 7 
But }op2,= is the harmonic series, which is divergent, a 


contradiction. 


Primes are more than just oddities: They have become extremely 
important in cryptography because it is difficult to factor a large 
composite number into primes. In fact, for general numbers that are 
a few hundred decimal digits long, factorization is nearly impossible; 
this gave rise to the RSA cryptosystem. 


How to recognize whether a natural 
number is a prime? 


The problem of distinguishing prime n from composite num- 
bers is known to be one of the most important and useful in 
Arithmetic. 

— Gauss, 1801 


2.5.3. An easy method of finding consecutive prime numbers was 
given by the Greek mathematician Eratosthenes. 

We consider the sequence 2, 3, 4,.... Then, since 2 is the first 
prime number p;, we remove from the sequence all the numbers 
greater than p; and divisible by 7, i.e., starting with 2, each second 
number of the table. The first of the remaining numbers is 3 = po. 
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Now, we remove all the numbers greater than pg and divisible by 
p2, 1.e., starting with 3, each third number of the table. The first 
of the reminding numbers is 5 = p3 and so on. Thus, we obtain 
Pi = 2, po = 3, ps = 5, pa = 7, ps = 11,.--, Piooo = 7917, 
pgo00000 = 104395301,.... Here, p, means the nth prime number. 

Modern sieves include the Brun sieve, the Selberg sieve, and the 
large sieve. 


2.5.4. A primality test is a test to determine whether or not a 
given number is prime, as opposed to actually decomposing the 
number into its constituent prime factors (which is known as prime 
factorization). 

The simplest primality test is as follows: Given an integer n, we 
see if any integer m from 2 to n—1 divides n. If n is divisible by any 
m, then n is composite, otherwise it is prime. 

Rather than testing all m up to n — 1, we need only test m up to 
Jn: If n is composite, then it has a prime divisor p < \/n. 

A good way to speed up these methods (and all the others men- 
tioned in the following) is to precompute and store a list of all primes 
up to a certain bound (such a list can be computed with the Sieve 
of Eratosthenes). Then, before testing n for primality with a serious 
method, one first checks whether n is divisible by any prime from 
the list. 

Primality tests come in two varieties: deterministic and 
probabilistic. 

Deterministic tests determine with absolute certainty whether a 
number is prime. Examples of deterministic tests include the Lucas— 
Lehmer test and elliptic curve primality proving. 

Probabilistic tests can potentially (although with very small prob- 
ability) falsely identify a composite number as prime (although not 
vice versa). 

Most popular primality tests are probabilistic tests. These tests 
use, apart from the tested number n, some other numbers a which 
are chosen at random from some sample space; the usual randomized 
primality tests never report a prime number as composite, but it 
is possible for a composite number to be reported as prime. The 
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probability of error can be reduced by repeating the test with several 
independently chosen as. 


2.5.5. The simplest probabilistic primality test is the Fermat pri- 
mality test. It is only a heuristic test; some composite numbers 
(Carmichael numbers) will be declared probably prime no matter 
what witness is chosen. Nevertheless, it is sometimes used if a rapid 
screening of numbers is needed, for instance in the key generation 
phase of the RSA public key cryptographical algorithm. 

The Fermat primality test uses the Fermat’s little theorem. 


Theorem (Fermat’s little theorem). [fp is a prime and a is an 
integer coprime to p, then 


a?-! = 1(mod p). 


Let us prove this theorem by induction. 


For a = 1, one has 1? = 1(mod p). 
Going from a to a+ 1, we obtain 


@+ipaars (Tartana (oP 


as the binomial coefficients G) = 0(mod p) fork = 1,...,p—1. 


ar =a+1(mod p), 


In fact, if we want to test if n is prime, then we can pick random 
a in the interval [2,n—1] and see if the equality holds. If the equality 
does not hold for a value of a, then n is composite. If the equality 
does hold for many values of a, then we can say that n is a probably 
prime or a pseudoprime. 

More exactly, a composite number « is called a Fermat pseudo- 
prime to base a if the number a is coprime to x, and it holds that 
#1 = 1(mod =). 


A Poulet number is a Fermat pseudoprime to base 2. 


a 


The smallest Poulet number is 341. It is not a prime since it 
holds 341 = 11-31, but it satisfies Fermat’s little theorem: 24° 
1(mod 341). 

The first few Poulet numbers are 341, 561, 645, 1105, 1387, 1729, 
1905, 2047, 2465, 2701, 2821, 3277, 4033, 4369, 4371,... (sequence 
A001567 in the OEIS). 
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A number z that is a pseudoprime for all values of a that are 
coprime to x is called a Carmichael number. 

In fact, a positive composite integer n is a Carmichael number if 
and only if n is square-free, and for all prime divisors p of n, it is 
true that p— 1 divides n — 1 (Korselt, 1899). 

Korselt was the first who observed these properties, but he could 
not find an example. In 1910, Carmichael found the first and smallest 
such number, 561. (That 561 is a Carmichael number can be seen 
with Korselt’s theorem. Indeed, 561 = 3-11-17 is square-free and 
2/560, 10|560, 16/560.) 

The next few Carmichael numbers are: 1105 = 5-13-17, 1729 = 
7-13-19, 2465 = 5-17-29, 2821 = 7-13-31, 6601 = 7-23-41, and 
8911 = 7-19-67. (See sequence A002997 in the OEIS.) 

There exist infinitely many Carmichael numbers (Alford, 
Granville, and Pomerance, 1994). Specifically, for sufficiently large 
n, there are at least n2/7 Carmichael numbers between 1 and n. 
This makes tests based on Fermat’s little theorem slightly risky. 

Still, as numbers become larger, Carmichael numbers become very 
rare. For example, there are 1401644 Carmichael numbers between 
1 and 10'8 (approximately one in 700 billion numbers). 

2.5.6. The Solovay—Strassen primality test, developed by Robert 
M. Solovay and Volker Strassen, is a probabilistic test to determine 
if a number is composite or probably prime. 

Euler proved that 


e for a prime number p and any a € [1,p — 1], it holds that 
(2) =a'2 (mod p), 

Pp 
where (s) is the Legendre symbol. 


The Jacobi symbol (4), defined by 
ay 
S| a as 
—)= _ for odd n= fs 
€ Il (=) I] 

is a generalization of the Legendre symbol; here, n can be an arbi- 
trary odd integer. The Jacobi symbol can be computed in time 
O((logn)*) using the law of quadratic reciprocity. 


Downloaded from www.worldscientific.com 


64 Perfect and Amicable Numbers 


Thus, if we have a value n and want to determine if it is prime, we 
can check many random values of a and make sure the above equality 
holds. If it does not hold for some a, we know that n must not be 
prime. Much like with the Fermat primality test, however, there are 
liars. 

A value a is known as an Euler liar if the congruence (2) = 


a"> (mod n) holds, but n is composite. 

Unlike the Fermat primality test, for every composite n at least 
half of all a € [1,p — 1] are Euler witnesses. Therefore, there are 
no such values that are guaranteed to be liars all the time like 
Carmichael numbers are for Fermat test. 

So, the test declares a composite n as probably prime with a 
probability at most 2~*, where k is the number of different values of 
a we test. 


2.5.7. Just like with the Fermat and Solovay—Strassen tests, with 
the Miller—Rabin test, we rely on an equality or a set of equalities 
that hold true for prime values and then see whether or not they 
hold for a number that we want to test for primality. 

The original version of the Miller-Rabin primality test, due to 
G. L. Miller, was deterministic, but it relies on the unproven gen- 
eralized Riemann hypothesis, M. O. Rabin modified it to obtain an 
unconditional probabilistic algorithm. 

The Miller-Rabin primality test is based on the following 
statement: 


e For a given odd number n, for which n—1 = 2* -d, if we can find 
ana such that 


ata 1(mod n), and a? 44 —1(mod n) for all r € [0,n — 1], 
then n is composite. 


In this case a is called a strong witness for the compositeness of n. 
Otherwise, n can be prime, but can also be composite. If n is a 
composite number such that 


at =1(mod n), or a” 4=—1(mod n) for some r € [0,n— 1], 
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the base a is called a strong liar, and n is a strong probable prime to 
base a. 

The smallest odd composite strong probable primes (SPRPs) are 
the following: 


e 2047 = 23-89 is a 2-SPRP; e 781 = 11-71 is a 5-SPRP; 
e 121 = 11-11 is a3-SPRP; e 25=5-5 is a 7-SPRP. 


For every odd composite n, there are many witnesses a. In fact, 
for a given composite number n, at least 3 of numbers a € [2,n — 1] 
are witnesses of compositeness of n. However, no simple way of gen- 
erating such an a is known. The solution is to make the test prob- 
abilistic: We choose a randomly and check whether or not it is a 
witness for the compositeness of n. If n is composite, most of the 
numbers a are witnesses; thus, the test will detect n as composite 
with high probability: The test declares a composite n as probably 
prime with a probability at most 4~", where k is the number of 
different values of a we test. 


2.5.8. However, there exist several classical criterions of primality 
of a given positive integer n. 

A well-known criterion of primality is given by the Wilson’s the- 
orem (also known as Al-Haytham’s theorem). 


Theorem (Wilson’s theorem). A positive integer p is a prime 
number if and only if 


(p — 1)! = —1(mod p). 


The simplest proof uses the fact that if p is an odd prime, then 
the set of residue classes Z/pZ* = {[1]p, [2]p,...,[p — 1]p} forms a 
group under multiplication modulo p. 


This means that for each element [a], € Z/pZ*, there is a unique 
inverse element [b], € Z/pZ* such that ab = 1(mod p). 
If a = b(mod p), then a? = 1(mod p), which forces 


o? —1 = (a+1)(a~1) = O(mod p), 
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and since p is prime, this forces 
a=1, or a=~—1(mod p), 


ie., a = [1], or a = [p — 1p. 

In other words, [1], and [p — 1], are each their own inverse, but 
every other element has a distinct inverse, and so, if we collect the 
elements from Z/pZ* pairwise in this fashion and multiply them all 
together, we get the product —1. 

For example, if p = 11, we have 


10! = (1- 10)(2 - 6)(3 - 4)(5 -9)(6- 8) = —1(mod 11). 


If p = 2, the result is trivial to check. 
For a converse, suppose the congruence 


(n — 1)! = —1(mod n) 


holds for a composite n, and note that then n has a proper divisor d 
with l<d<n. 
Clearly, d divides (n — 1)!. But by the congruence above, d also 
divides (n — 1)! +1 so that d divides 1, a contradiction. 
Unfortunately, Wilson’s theorem is useless as a primality test 


since computing (n — 1)! is difficult for large n. 
The following criterion of primality for a given positive integer n 
is more effective: 


e A positive integer n > 2 is a prime number if and only if there 
exists some positive integer a, 1<a<n, such that 


a"-1=1(mod n), and a?= 1(mod n) 


for all positive integers y|(n — 1). 


In fact, by multiplicative order’s properties, we obtain from the 
condition a”~! = 1(mod n), that ord, a|(n—1), and from the second 
condition, it follows that ord,a = n-— 1. As ord, al¢(n), then n — 
1|¢(n); as d(n) < n for n £1, then ¢(n) =n—-1, ie. ne P. 


Conversely, if n is a prime number, then there exists a primitive 


root g modulo n. It is a generator of the group Z/nZ*. Such a gen- 
erator has order |Z/nZ*| = n—1 and both equivalences will hold for 
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any such primitive root: 
g” | =1(mod n) and g?= 1(mod n) 


for all positive integers y|(n — 1). 


Of course, there is no need to check all positive integer exponents 
y|(n — 1). It is enough to check only 7 of the form a for all prime 
divisors of n. So, we get the following criterion of primality: 


e A positive integer n > 2 is a prime number if and only if there 
exists some positive integer a, 1<a<n, such that 
n—1 
a"-1=1(mod n), and a @ = 1(mod n) 
for any prime factor q of n. 


This result was obtained by the French mathematician Francois 
Edouard Anatole Lucas (1842-1891). In computational number the- 
ory, the corresponding test is called the Lucas test. 

It is a deterministic primality test which can be applied to any 
positive integer n > 2. However, it requires that all prime factors of 
n — 1 to be known. 


Formulas of primes 


A formula for primes is a formula generating the prime numbers 
exactly and without exception. No such formula is known. 


2.5.9. It was proven (Goldbach, 1752) that 


e no non-constant polynomial f(x) with integer coefficients can give 
a prime for all integers values of x. 


Legendre showed that 
e there is no rational algebraic function which always gives primes. 


Using more algebraic number theory, one can show an even 
stronger result: 


e No non-constant polynomial f(n) exists that evaluates to a prime 
number for almost all integers n. 
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However, there exist polynomials which can give many prime 
numbers. So, the Euler polynomial (Euler, 1772) f(x) = a27+2+41 
gives a prime for all non-negative integers less than 40. For n = 40, it 
produces a square number, 1681, which is equal to 417, the smallest 
composite number for this formula. 

The quadratic polynomial x? — 2 + 41 (Legendre, 1798) gives the 
same prime numbers for « = 1,...,40, and gives composite numbers 
for 41 and 42. 

The polynomial g(x) = x? — 79x + 1601 gives primes for x = 
0,...,79, corresponding to the 40 primes given by the above formula 
taken twice each. 

It is known, based on Dirichlet’s theorem on the existence of 
primes in a given arithmetic progression (Dirichlet, 1837), that 


e the linear polynomial function f(x) = ax + b produces infinitely 
many primes as long as a and b are relatively prime. 


In particular, there are infinitely many primes of the form 4a — 1, 
4x +1, 62 — 1, and 6a 4+ 1. 

It is not known, however, whether there exists a polynomial of 
degree greater than one that assumes an infinite number of val- 
ues that are prime. In particular, it is not known whether there are 
infinitely many primes of the form ax? + bx + c and, especially, of 
the form «? + 1. 


2.5.10. After the simplest algebraic function, a polynomial, it is 
natural to consider the exponential function, f(n) = k” or, as the 
value &” cannot give infinitely many primes, the variant of it of the 
form 


f(n) = hoop". 


As for any positive integer n, one has 
kn _ pr - (k = b)(k"—4 mi kr 25 + senaaal k2pr-2 +4 py, 


then k” — b” can be prime only in the case k —-b=1 ork =b+1. 
In the simplest case, we have b = 1, i.e., 


f(n) =k" - 1. 
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The same choice of 6 gives us in the case k” + 6” the function 
faa. 


For k”™ + 1 to be prime, & must be even and the exponent m 
must be a power of 2. The simplest case k = 2 gives us the Fermat 
numbers: 


F, = 27" +1, n=0,1,2,3,.... 


If k’ —1 is a prime, then ks = 2 and m is a prime, so the problem is 
reduced to that of Mersenne numbers: 


MM, = 2? —1, pe P. 


Fermat numbers 


2.5.11. The Fermat numbers F, = 2?" + 1, n = 0,1,2,3,... were 
studied by the 17th century French mathematician Pierre Fermat 
(1607-1665), who conjectured (1640) that they would always give a 
prime for n = 0,1,.... The first five Fermat numbers are primes: 
Fo = 3, Fi = 5, Fo = 17, Fs = 257, and Fy = 65537 (see sequences 
A019434 and A000215 in the OEIS). But in 1732, Euler found that 
Fs is a composite number: 


fs= 2?” 4+ 1 = 4294967297 = 641 - 6700417. 


To show it, consider 222 + 1 = 24. 228 + 1 and write 641 = 54+ 
24 = 5-2’ 41. Therefore, 54 = —2*(mod 641), and 5-2" = 
—1(mod 641). Then, we obtain that 54+ - 278 = 1(mod 641), or 
—24 . 2?8 = 1(mod 641), or 2°? + 1 = 0(mod 641). 

So, Fermat’s conjecture that F,, is always prime is clearly f alse. 
Beyond /4, no further Fermat primes have been found. In fact, F, 
is a composite number for all n from 5 to 32 and for many higher 


values of n, although for some composite Fermat numbers, not all 
the factors are known. 

In general, as of 2021, more than 300 Fermat numbers are 
known to be composite. The largest known composite Fermat num- 
ber (proper, Reynolds, Penné, and Fougeron, 2020) is Fig2339543 it 
has the prime factor p = 7 - 218293956 + 1, 
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The Fermat numbers have an interesting connection with the clas- 
sical problem of constructing a regular polygon by Euclidean meth- 
ods, i.e., by the use of an unmarked ruler and a compass. In 1796, 
Gauss, at the age of 19, proved that 


e a regular n-gon can be constructed by Euclidean methods if and 
only if 
n= 2" pl +... + De, 


where p; are distinct Fermat primes, i.e., n is a power of two times 
a product of distinct Fermat primes. 


Open questions 


1. Are there infinitely many composite Fermat numbers? 
2. Are there infinitely many Fermat primes? 
3. Is there at least one Fermat prime > Fy? 


Mersenne numbers 


2.5.12. Mersenne numbers are integers of the form M, = 2” — 1 
(many authors require that the exponent n bea prime). The first few 
Mersenne numbers are 1, 3, 7, 15, 31, 63, 127, 255, 511, 1023, 2047, 
4095, 8191, 16383, 32767,... (sequence A000225 in he OEIS). 

They are of interest because the Mersenne primes (prime 
Mersenne numbers) are among the oldest and most studied of all 
primes. 

Although numbers of the form 2”—1 had been investigated before 
the 17th century, they are named after Martin Mersenne (1588— 
1648), a French monk and mathematician, because he discussed them 
in his work Cogita Physico Mathematics and stated conjectures about 
the number’s occurrence. One of his most famous conjectures was 
that 2” — 1 is prime for n = 2,3,5,7,13,17,19, 31, 67, 127, 257 and is 
composite for all other integers 2 <n < 257. 

It is obvious that Mersenne could not have tested all of these num- 
bers. It took three centuries and several mathematical discoveries 
(such as the Lucas—Lehmer test), before the exponents in Mersenne’s 
conjecture had been completely checked. It was determined that he 
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had made five errors (three primes omitted, two composites listed), 
and the correct list is: n = 2, 3,5, 7,13, 17, 19,31, 61, 89, 107, and 127. 

So, the Mersenne conjecture was not completely correct, but his 
name is still attached to the numbers. 

The Mersenne numbers give us most of prime number records. For 
example, in 1999 (Hajratwala, Woltman, Kurowski et al.), the first 
prime with more than 1000000 decimal digits (in fact, more than 
2000000) was obtained. It is the 38th Mersenne prime, Mgg972593; 
it has 2098960 decimal digits. In 2018 (Laroche, Woltman, Blosser 
et al.), the last known (in fact, the 51st known) Mersenne prime, 
M2589933, was obtained. It has 24862048 decimal digits. 

Similar to Fermat numbers, Mersenne numbers are connected to 
a very old mathematical problem. Due to the Euclid—Euler theorem, 
any even perfect number has the form 


n = 2P-1(2P — 1), 


where 2? — 1 is a Mersenne prime. So, we obtain new perfect number 
if and only if we obtain a new Mersenne prime. As for odd perfect 
numbers, mathematicians cannot find one. If odd perfect numbers 
exist, they should be very large and very special. 


Conjectures and unsolved problems 


1. Are there infinitely many Mersenne primes? (Equivalently, we 
could ask: Are there infinitely many even perfect numbers?) 

2. Are there infinitely many Mersenne composites (i.e., composite 
numbers M, = 2? — 1 with prime index p)? 

3. Is every Mersenne number M, square-free? 


We consider these and other questions in Chapter 3. 


Prime number theorem 


2.5.13. As we studied in the previous sections, there are no good 
candidates to arithmetic functions which can be used as formulas of 
primes. 

Moreover, the irregularity of the distribution of prime numbers 
on the number line is well known. On the one hand, 
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e for a given N, there exists an interval of length N which does not 
contain prime numbers. 


In fact, the number (N + 1)! +4 2 is divisible by 2, (N+ 2)!4+3 
is divisible by 3,..., (NV +1)!+ (NV + 1) is divisible by (N + 1). 
On the other hand, there exist the so-called twin primes: If you 


look down the list of primes, you will quite often see two consecutive 
odd numbers: 3 and 5, 5 and 7, 11 and 13, 17 and 19,.... We call 
these pairs of prime numbers, {p,p + 2}, twin primes. This name 
was coined by Stackel in 1916. The first such pairs are: (3, 5), (5, 
1); (ll, 13) .(1 7, 19), (29,31), (41, 43), (9, 61), (71,72); (101, 103). 
(107, 109), (137, 139), (149, 151), (179, 181), (191, 193), (197, 199), 
... (sequence A077800 in the OEIS). 
A question to which the answer is not known is 


e whether there exist infinitely many twin primes, 


though it has been proved by Brun in 1919 that the series of the 
reciprocals of the prime numbers of the pairs of twin primes is finite 
or convergent. 

For all these reasons, the best arithmetic function, which is used 
for the study of distribution of prime numbers, is prime counting 
function. 


2.5.14. For any positive real number «, let the prime counting func- 
tion m(x) be the number of primes not greater than z: 


cs) = oa d.. 
pSu 

We have aU) = 0, 4/2) = 1, 4(38) =a(4) = 2, ab) = 96) =; 
..., (100) = 25, 7(1000) = 168, 7(10000) = 1229, 7(10°) = 9592, 
m(10°) = 78498, 7(10’) = 664579, 7(10°) = 5761455, and 7(10°) = 
50847534 (see sequence A006880 in the OEIS). 

In 1972, Bohman calculated that (10°) = 455052511. 
Lagarias, Miller, and Oleyzko have computed the value 7(10!6) = 
27923834033925. 

At present, we know that (102°) = 15758926927597341041273 
9598 (Baugh and Walisch, 2020). 
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Obviously, we have that (pp) = n. 
From the Euclid’s theorem, it follows that 


1(x) + 00 aS ZOO. 


Another proof of Euclid theorem was given by Euler in 1737. He 
considered the series 


(oe) 


1 1 Sl 
eg a =a 
n=1 


for s € R,s > 1. He evaluated the sums ¢(2k) for every k > 1; in 
2 A 

particular, the values ¢(2) = 4 and ¢(4) = 4 were obtained. 

Euler noticed that 


oo -1 
1 1 1 1 
n=1 pEeP pEP 


Due to this observation, he gave an analytic proof of the infiniteness 
of prime numbers. 
In fact, he proved that 


e the sum + of the inverses of the prime numbers is divergent: 
pEP p 


1 
Ss — = loglog xz + O(1). 
Pp 
Euler also proved that 


z 3 7 
Te) SOF) 18, im a 0. 


2.5.15. In 1792, Gauss had conjectured that there exists such an 
asymptotic formula for the function 7(z): 


1 (2x) 


Later, he refined this estimate to 


* du 
a ~f log u’ 


Gauss did not publish this result, which he first mentioned in 1849 
(in a letter to Encke). It was subsequently posthumously published 
in 1863. 


— , as LOO. 
og x 
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Legendre, 1808, conjectured a similar result: 
m(x) 


xv 
log z — 1.08366" 


2.5.16. The first essential success in this problem was achieved by 
Chebyshev in 1850. He found the following boundaries for the func- 
tion 1(x): 

x 


<n(n) <b 


"Toga log x’ 


1/221/351/5 : 
Z an =, and b = Sa; hence, the new boundaries 


for the nth prime number p, were found: 


where x > 2,a= 


0.91-nlogn < py, < 1.7-nlogn. 


Chebyshev also proved the well-known Bertrand’s postulate: 


e Ifn is a natural number > 1, then between n and 2n, there is at 
least one prime number. 


2.5.17. The fundamental contribution to further investigations on 
the problem of distribution of primes was made by Riemann in 1859. 
He returned to Euler’s proof of infiniteness of primes and introduced 
the function 


oe) 


C(s) = Salt gttae 
n=1 

as a function of a complex variable s = 0 + it, 0 > 1. This sum 
absolutely convergent for Re s = o > 1 and represents an analytic 
function in this region. Riemann showed that ¢(s) is analytically 
continuable on the whole complex plane and has a simple pole with 
the residue 1 at the point s = 1. 

Moreover, Riemann showed that the zeta function satisfies a func- 


tional equation from which it follows that it has zeros at 
$= —2,—4,...,—2n,... 


(the so-called trivial zeros) and that all other zeros lie in the strip 
0 < Res < 1, the so-called critical strip. The Riemann hypothesis 
asserts that 
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e all the non-trivial zeros of the zeta function actually lie on the 
critical line Re s = z 
The conjecture currently remains unproven. Numerical computa- 
tions have been made to check the Riemann hypothesis for the first 
1.2 - 1018 zeros. 


2.5.18. Riemann first realized the connection between the distribu- 
tion of primes and the distribution of the non-trivial zeros of the 
zeta function. Further progress led to the proving of the prime num- 
ber theorem in 1896, independently by Hadamard and de la Vallée 
Poussin. 


Theorem (prime number theorem). I[t holds that 


£ Hi . , 1(x) 
= —_ —_ .., lim —~——=1 
me) +0(4). Oe x/log x 
The main part of the proof was establishing that ¢(1 + it) 4 1 for 
any t€ R. 


More exactly, Vallée Poussin (1899) showed that for some constant 
a it holds that 


= 73 T p-avloge 
n(x) = Li(x) +O (ae ) ; 


In 1901, Koch showed that if the Riemann hypothesis is true, then 
n(x) = Li(x) + O(V/z log z), 
which can be written in the slightly weaker form 
a(x) = Li(x) + O(a/?**), 


So, from the Riemann hypothesis, we can obtain a good estimation 
for 7(x) with an error term of the order \/z. The best bounds known 
today are far from this result. 

As a consequence of the prime number theorem, one gets an 
asymptotic expression for the nth prime number: 


Dn ~ nlogn. 
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A better approximation is 
py = mlogn +n togogn +0 ( ~ loglogn) 


2.5.19. The Riemann zeta function ¢(s) is defined for any complex 
number s = o + 7t with real part o > 1 by the following Dirichlet 
series: 


It is well known that 


e in the region Re s > 1, the infinite series \~”° 
defines an analytic function. 


roy as converges and 


We know that e = cos¢ + ising, ie, |e?| = 
cos? ¢ + sin? ¢ = 1. Then, 
ae J itlogn = i 
ns ne no 


As the series )7°°, 4+ 


‘Saar _ is uniformly convergent in any domain 0 > 1+, 6 > 0; 


hence, in this domain, the sum of the series is an analytic function. 


is convergent for o > 1, then the series 


As 6 is any positive number, the last proposition is true in the domain 
o>. 
Using this fact, we can show that 


e for Res=oa >1, one has 


In fact, 


The connection between zeta function and prime numbers was 
already realized by Euler: He proved (for real s > 1) that 


os) = [TT 5. 


pEP 
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where we have an infinite product extending over all prime numbers 
p. This equality is called the Euler product formula. It converges 
for Re s > 1. It is a consequence of two simple and fundamental 
results in mathematics: the formula for the geometric series and the 
fundamental theorem of arithmetic. 

Each factor (for a given prime p) in the product above can be 
expanded to a geometric series consisting of the reciprocal of p raised 


to multiples of s, as follows: 


ee Te 
Tape pe pe 

When Re s > 1, this series converges absolutely. Hence, we may take 
a finite number of factors, multiply them together, and rearrange 
terms: 


(By the fundamental theorem of arithmetic, the partial product when 
expanded out gives a sum )>* consisting of those terms s, where n 
is a product of primes less than or equal to X.) 

As X — oo and O*, + is absolutely convergent, then 


neX w 7 Oand >” + — 0, so the above formula holds. 
The following sketch of an another proof only makes use of simple 


algebra that most high-school students can understand. In fact, this 
was originally the method by which Euler discovered the formula. 
There is a certain sieving property that we can use to our advantage: 
1 1 1 1 
Saree and pe os ee 
By subtracting the second from the first, we remove all elements that 
have a factor of 2: 
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Repeating for the next term, 
1 1 1 1 
e(-g) =p gt 


and subtracting again, we get 


(1-5) (i-s)c-5+5+ + - 


It can be seen that the right-hand side is being sieved. Repeating 
infinitely, we get 


(1-1-2) (0-Bew=2 


Dividing both sides by everything but ¢(s), we obtain 


((s) = : 

OG a 
This can be written more concisely as an infinite product over all 
primes p. 

To make this proof rigorous, we need only observe that when 
Res > 1, the sieved right-hand side approaches 1, which follows 
immediately from the convergence of the Dirichlet series for ¢(s). 


The Euler result is a particular case of a general formula of such 
kind: 


e Let f be completely multiplicative function, and >>-_, f(n) is abso- 
lutely convergent for Re s > 1; then, 


Ye) = Ta 10. 
n=1 Pp 


The following are values of the zeta function for the first few natural 
numbers: 


e ¢(1) =; this is the harmonic series; 

e ¢(2) = § = 1.645... (the demonstration of this equality is known 
as the Basel problem); 

e ¢(3) = 1.202... (this is called Apéry’s constant); 

© ¢(4) = © = 1.0823... 
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2.5.20. Consider now the von Mangoldt function — an arithmetic 
function named after the German mathematician Hans Carl Friedrich 
von Mangoldt (1854-1925). 

The von Mangoldt function A(n) is defined as A(n) = logp if 
n = p* for prime p and positive integer k and A(n) = 0 otherwise. 

It is an example of an important arithmetic function that is nei- 
ther multiplicative nor additive. 

It is easy to show that 


e the von Mangoldt function satisfies the identity 


logn = > A(n) 


din 


In fact, for n = 1, we have the identity 0 = log1. For n £1, we 
obtain 


SS A(d) = logp}* ...pp® = logn. 


The summatory von Mangoldt function, ~(2), known as the 
Chebyshev function, is defined as 
=>) A(n) 
n<ax 
The von Mangoldt function plays an important role in the theory 
of Dirichlet series and, in particular, the Riemann zeta function. It 
is easy to prove that 


e for Res >1, one has 


(8s) AM) 
aay 
Really, it holds that log ¢(s) = )/,, log(1 — p *°)~+; therefore, 


eee py ee Ae) 


p k=1 wl] 


The formula is at 


There are a number of similar relations involving various well- 
known multiplicative functions. 
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So, the reciprocal of the zeta function may be expressed as a 
Dirichlet series over the Mobius function: 


ee Or en 

Gy 2 on 

The second degree of the zeta function is connected with the divisor 
function T(n) = Van h: 


te fact) CG) = Seige asta = De Ge 
pea 1), where k = nm. 


In general, 


, Res>l, 
n 


CF(s) = — Taln) 


where 7}(n) = )¢n—ny..n, 1 is the number of representations of a 
given positive integer n as a product of k positive integers. 

For the proof of the prime number theorem, it is important to 
use the following fact about a similar behavior of the prime counting 
function 7(x) and the Chebyshev function 7(x). It is not so difficult 


to show that 
e the three following propositions are equivalent: 


1. m(a) ee t O(teeg), where n(x) = dince 1 


~ loge Tog a 
2. p(x) =x + o(x), where W(x) = Vince A(M) = Vink <x log P: 
3. w(x) = a+ o(x), where w(x) = fy vO at = Vinx A(n) log 2. 


Ra 


Dirichlet’s characters and L-functions 


2.5.21. Dirichlet characters are certain arithmetic functions that 
capture some important properties of the cyclic group. They are 
named in honor of a German mathematician Johann Peter Gustav 
Lejeune Dirichlet (1805-1859). 
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A complex-valued arithmetic function y : Z — C is called a 
Dirichlet character modulo n, where n is a positive integer if for 
all integers a and 6 it holds that 


) 
a) = 0 for every a with gcd(a,n) > 1; 
ab) = x(a)x(b); 

) 


Condition 1 says that the character is periodic with period n. Con- 
ditions 3 and 4 say that characters are completely multiplicative. 

The principal character modulo n, denoted by yo, is defined as 
xo(a) = 1 if gcd(a,n) = 1 and as xo(a) = 0 if gced(a,n) > 1. 


Properties of Dirichlet characters 


The number of characters modulo n is ¢(n). 

x(a) is an ¢(n)-root from the unity. 

Ix(a)| <1. 

dy X(@) = O(n) if a = 1(modn), and = 0 otherwise. 
oo<acm X(@) = &(n) if x = xo and = 0 otherwise. 

| oa<e X(@)| <n for x # Xo. 


OP -OE ae Gombe) = 


2.5.22. Dirichlet characters are used to define Dirichlet L-functions, 
which are meromorphic functions with a variety of interesting ana- 
lytic properties. 

For a given n and a given Dirichlet character y(n) modulo n, the 
Dirichlet L-function L(s, x) is defined for Re s > 1 as the following 
Dirichlet series: 


It is easy to show that the L-functions have many properties 
similar to the properties of the Riemann zeta function. In fact, 
¢(s) = L(s,xo0), where xo is the only character which is modulo 
1, i.e., xo(a) = 1 for any positive integer a. 
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Properties of D-functions 


1. For Re s > 1, one has L(s, x) = [],(1 — X{P))—1, 


pe 
2. For Re s > 1, one has —L'(s,x) = oP°, x(n) lon 
3. For Re s > 1, one has eee = xn) Alm) 
s L(s, xo) = C(s) Mein — eal 


Dirichlet characters and their L-series were introduced by 
Dirichlet in 1831 in order to prove Dirichlet’s theorem about the 
infinitude of primes in arithmetic progressions. He only studied them 
for real s and especially as s tends to 1. The extension of these 
functions to complex s in the whole complex plane was obtained by 
Bernhard Riemann in 1859. 


Proof of the Dirichlet’s theorem for 
the simplest cases 


2.5.23. In this section, we consider the proof of the Dirichlet’s theo- 
rem on primes in arithmetic progressions for the simplest arithmetic 
progressions 47 + 1 and 4x — 1. 

We use the fact that for n = 4, there are exactly two characters: 
xo(n) = 1 for odd n and xo(n) = 0 otherwise; yi(n) = 1 for n = 
1(mod 4), x1(n) = —1 for n = —1(mod 4), and x1(n) = 0 otherwise. 


Theorem (Dirichlet’s theorem on primes in the arithmetic 
progressions 4% +1). The sets of primes of the forms 4k — 1 and 
4k +1 are infinite. 


I. Elementary proof 


For the case of the numbers of the form 44 — 1, we can apply 
the Euclidean method. In fact, any number of the form 4k — 1 has 
a prime divisor of the same form: such a number ¥ | and is an odd 
number and, hence, has a prime divisor which cannot be 2, so should 
be of the form 4k — 1 or of the form 4k 4+ 1. If all prime divisors of 
n are of the form 4k + 1, then n should be of the form 4k +41, a 
contradiction. 
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Suppose that the set of primes of the form 4k — 1 is finite and 
that p,,...,p% are all such primes. 
Consider 


E=4p,...p,—1. 


This number has the form 4m-— 1 and, hence, has the prime divisor p 
of the same form. Then, p = p; for some p; and, therefore, p|p; ... px, 
i.e., pil, a contradiction. 

For the prime numbers of the form 4k + 1, the Euclidean method 
does not work, as some numbers of the form 44 + 1 have only prime 
divisors of the form 4k —1, for example, the number 25. In this case, 
suppose that the set of the primes of the form 4k + 1 is finite and 
that qi,..-,@s are all such primes. 

Consider 


B=4(q,...,9%)° +1. 


Let p|E. Then, p # 2 and (2q,...,qs)* = —1(mod p), ie., —lis a 
quadratic residue modulo p; therefore, p = 1(mod 4). Then, p = q; 
for some i = 1,...,8, and p|q....qs, i.e., p|1, a contradiction. 


II. Analytic proof 
Consider the functions L;(s) = S~°° xu) for 7 = 0 and 1, ie., 


n=1 ns ? 
7 love) 1 _ ioe) (—1)4 
Lo(s) =). Gea and Ly(s) = 2. Bese 


It is easy to see that both series are absolutely convergent for Re s > 
1, and the second is convergent for Re s > 0. 
Moreover, 


Hh oll 
In) =e tee ela eG: 


ie.; £4(1) = const #0. 
On the other hand, 


ef ee = ee ee if 
0 


Lo(s) 2 Qz+1* 2 1-s °  2%s—1)’ 


=o 
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and WaT) — > ooass— 14, i.e., Lo(s) > co ass 14. As 


SS xi(n) _ 


Pp p 
then 
“e k 
log (s) = — Yo oatt 2) = Dy OEY 
p p k=1 
and 
Li(s) _ > A(n)x(n) 
~ Li(s) - d ne 
Therefore, 
Li(s) _ yo logpx(p*) _ log rx(p igs Pxlp 
~ Tals) ae prs a Ly ee 


For the absolute value of the second sum (for all k > 2), it holds that 
a PX(P 108 p i) 1 
ps ayy oe pet pet 


p k=2 p k=2 
=z $23 low rags = O11): 


= ie 


Therefore, 
xi(p) _ Li(s) 
] = —~ + O(1), 
Le BG 
or 
1] 1] Li 
yee ty A ay, 
Pp p> — Los) 
p=1(mod 4) p=—1(mod 4) 
and 


3 logp _ 3 logp _ Fils) 5 gry, 


p=1(mod 4) p=—1(mod 4) y Ey(s) 
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Therefore, we obtain that 


3 log p _ =; (2 o(s) i — +O(1), and 


p=1(mod 4) pe Lo(s)  Li(s) 
logp _ 1 (Lo(s) _ L4(s) 
pp 2 (2 oa + O(1). 


p=3(mod 4) 


As I1(s) = O(1) for s > 14, and L1(s) > oo for s > 14, then 
the right-hand parts of both equalities above — oo for s + 1+, and 
both series, De oer meat and aa 4) EP. are divergent, 
i.e., there are infinitely many primes of the form 4k + 1, and there 
are infinitely many primes of the form 4k — 1. 


For the full proofs of all properties and theorems, as well as 
many examples and some additional information, see, for exam- 
ple, in [Apos86], [Dave47], [Buch09], [DeDe12], [DeKo13], [Deza17], 
[Deza21], [Deza18], [Dick05], [Eule48], [HaWr79], [Hool76], [Ingh32], 
[Ivic85], [Kara83], [Lagr70], [Luca75], [Sier64], and [Wiki22]. See also 
references to Chapter 2 in [Deza21]. 


Exercises 


1. Prove that any composite number n has a prime divisor p < \/n. 

2. Prove that for a given n > 3 between n and n!, there exists at 
least one prime number; prove that there exist infinitely many 
prime numbers. 

3. Prove that there are infinitely many primes of the form 6k — 1. 

4. Prove the following fact: If p is a prime number, and p— 1 = 2*d, 
where d is an odd number, then for every a coprime with p, it holds 

that a? = 1(modp) or a?’4 = —1(modp) for some r € [0,...,k—1]. 
(See Rabin—Miller strong pseudoprime test.) 

5. Prove that there are infinitely many primes of the form x? — y?. 

. Prove that (Fn, Fm) = 1; Fr #pt+q; and F,| Fri — 2. 

7. Prove that Mn|Mnm; Mn—m|Mn —-— Mm; and gced(M,,Mm) = 
Mgeca(n,m)- 

8. Prove that for a given prime p, the Legendre symbol G) is a 
Dirichlet character. 


D 
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9. Construct all Dirichlet characters modulo 4, modulo 5, and mod- 
ulo 6. Construct all Dirichlet L-functions modulo 4, modulo 5, 
and modulo 6. Prove the Diriclet’s theorem for the progressions 
5a+1 and 6r+1. 


2.6. Divisor Functions 


Basic notions 


2.6.1. A divisor of an integer n is an integer m that may be mul- 
tiplied by some integer to produce n, i.e., there exists an integer k 
such that n = k-m. 

In this case, one also says that n is divisible by m, n is a multiple 
of m, and m is a factor of n. This is written as m|n. If m does not 
divide n, then the notation is m |/n. 

1 and —1 divide (or are divisors of) every integer. Every non-zero 
integer is a divisor of itself. Integers divisible by 2 are called even, 
and integers not divisible by 2 are called odd. 

1,-—1,n, and —n are known as the trivial divisors of n. A divisor 
of n that is not a trivial divisor is known as a non-trivial divisor 
(or strict divisor). A non-zero integer with at least one non-trivial 
divisor is known as a composite number, while the units —1 and 1 
and prime numbers have no non-trivial divisors. 

A positive divisor of n which is different from n is called a proper 
divisor (or an aliquot part) of n. 

For example, the number 6 has exactly eight divisors 1,—1, 
2, —2, 3, —3,6, and —6, four non-trivial divisors 2, —2,3, and —3, and 
three proper divisors 1, 2, and 3. 

In our book, we consider only positive divisors of positive integers. 


2.6.2. The divisor function (or, more exactly, the sum of the xth 
powers of the divisors’ function) o,(n), for a real or complex number 
x, is defined as the sum of the «th powers of the positive divisors 
of n: 


é(it) = se. 


d\n 
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In particular, the function o9(n) = dia, 1 = 7(n) is tau function 
(or the number of divisors’ function): the number of positive integer 
divisors of a positive integer n; the function o1(n) = qj, d = a(n) is 
sigma function (or the sum of divisors’ function): the sum of positive 
integer divisors of a positive integer n. 

For example, o9(12) = 7(12) is the number of the divisors of 12: 


o9(12) = 19+ 2° +394 4° +6° + 12° 


=1+1+1414+14+1=6; 


o1(12) = o(12) is the sum of all the divisors: 


oi (12) =1'+2'+3'4+4'+6' +12! 
=1424+34+44+6412 = 28; 


02(12) is the sum of squares of all the divisors: 


og (12) = 1? 4.2? 2 9? a? 6? 4 19" 
=14+4+9+16+36 + 144 = 210. 


The values of oo(n) for n = 1,2,3,... are 1, 5, 10, 21, 26, 50, 
50, 85, 91, 130, 122, 210, 170, 250, 260,... (sequence A001157 in 
the OEIS). See also A001157—A001160 for x = 3,4,5, and A013954— 
A013972 for « = 6 to 24. 

The divisor function appears in a number of remarkable identi- 
ties, including relationships on the Riemann zeta function and the 
Eisenstein series of modular forms. Divisor functions were studied 
by Ramanujan, who gave a number of important congruences and 
identities. 


2.6.3. Consider a list of simple properties of the function o,(n). 
Properties of the function o,(n) 
1. oz(p) = p® +1 for any prime p. 


2. og(p*) =1+p * +p +---+p%= ala for any prime p and 


any positive integer a. 
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3. The divisor function o,(n) is multiplicative: o,(mn) = 


o2(m)oe(n) if ged(m,n) = 1. 
(ayt)2_4 (agt)2_4 (astl)e_4 
AOE eis es BS) ge ge ee 
d,(n) >n for alln > 1,¢> 1. 


6. o-2(n) = 22, 


ne 


The proof of the first property is obvious, as any prime p has 


exactly two positive integer divisors, 1 and p. 

The second property follows from the fact that all positive divisors 
of p® are 1, p,p’,...,p%. For the summation, one should just use the 
formula of the sum of the geometric progression. 

For a proof of the third property, we can note that for a multi- 
plicative function f(n) =n, it holds that o,(n) = dla f(d), and 
S80, O(n) is multiplicative. Now, the fourth property can be obtained 
as the combination of the previous two properties. 

However, we can just consider two coprimes m and n and note 
that in this case, one has 


= Ss" d® = » did = So di > a5 =, jog): 


djnm dydz\nm dijn_ — dg|m 


Lastly, we can use also the formula Pdi. pe* f(@) =T10d+ 


f (pi) + f (p?) +--+ + f(pe")) for a multiplicative function f(n) =n. 
In fact, 


OG, tact) = pa d” 


=I 1+ f(pi) + FZ) +--+ + F@F)) 


8 poe = 


~[Ju+z+ + (pf)? +++ + (p7)™) =] IA 
1=1 i=1 


So, we get the fourth property and, as a corollary, property 3. 
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For a proof of the last property, one should note that 


This concludes the proof. 
The sequences A017665—A017712 give the numerators and 


denominators of ontn ) 


for k = 1,...,24. For example, the numer- 
a(n) 


ators of the sums of reciprocals of the divisors of n, i.e., of ——, 


n = 1,2,3,..., are 1, 3, 4, 7, 6, 2, 8, 15, 13, 9, 12, 7, 14, 12, 8... 
(sequence A017665 in the OEIS), while the denominators of the sums 
of reciprocals of the divisors of n, i.e., of em n= 1,2,3,..., are l, 
2, 3, 4, 5, 1, 7, 8, 9, 5, 11, 3, 13, 7, 5,... (sequence A017666 in the 
OEFIS). 

It is a conjecture (Zhi-Wei Sun, 2015) that 
e for each k = 2,3,..., all the rational numbers outa) = Pais _ 


(n = 1,2,3,...) have pairwise distinct fractional parts. 


Number of divisor function 


2.6.4. The number of divisors function (or tau function) counts the 
number of divisors of an integer (including 1 and the number itself). 
So, the number of divisors function T(n) = o0(n) is defined as 


Tt) = S- ie 
d\n 


The notations 7(n) (for the German word Teiler which means 
divisors) or d(n) are commonly used to denote the number of divisors 
function instead of g9(n). 

For example, 7(18) is the number of divisors of 18: 


eg) 1? 4.0" 4.3? 4G 8" 
=14+14+14+14+1=5. 
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On the other hand, 7(13) = 2, as the number 13 has exactly two 
positive integer divisors, 1 and 13. 

The values of r(n) for n = 1,2,3,... are 1, 2, 2, 3, 2, 4, 2, 4, 3, 4, 
2, 6, 2, 4, 4,... (sequence A000005 in the OEIS). 


2.6.5. Consider the well-known properties of T(r), which are impor- 
tant for our further consideration. 


Properties of the function 7(n) 


1. r(p) = 2 for any prime p. 

2. T(p*) = a+ 1 for any prime p and any positive integer a. 

3. The function r(n) is multiplicative: r(mn) = t(m)r(n) if 
gcd(m,n) = 1. 

. T(py) + py? --..- ps?) = (a1 +1): (ag +: 1)-...- (as +1). 

. T(Pn#) = 2” for the primorial p,#. 

1< (na) < n for all 2 > 2. 

. T(n) is odd if and only if n is a square. 

Dan H(d)r() = 1 

. T(1)+7(2) +---+7(n) = [4)4+ 13) 4+---4+ LE]. 

10. r(m) is the number of ways to write n as a product n = zy, 

l<a<n,l<y<n. 


CON Aap 


The first property is obvious, as any prime p has exactly two 


positive integer divisors, 1 and p. The second property follows from 
the fact that all positive divisors of p® are 1,p,p?,...,p®. 

For a proof of the third property, we can note that for a multi- 
plicative function f(n) = 1, it holds that 7(n) = diy, f(d), and so, 
T(n) is multiplicative. Now, the fourth property can be obtained as 
the combination of the previous two properties. 

However, if gcd(m,n) = 1, it holds that 


T(nm) = yo is > i=} 1) term rim). 


djnm didz|nm di|n_ d2\m 


Finally, we can also use the formula yo alp®?...-p& f(@) = [j-10+ 
f (pi) + f (p?) +--+ + f(pe)) for a multiplicative function f(n) = 1. 
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TO, Song = > 1 


d|p{1 pss 


= [ [G+ fs) + F@) +--+ + £@®) 


i=1 
s 


= [[c +1+cdots+1)= [[@ +1). 
i=1 i=1 


So, we get the fourth property and, as a corollary, property 3. 
This result can be also directly deduced from the fact that all 
divisors of n are uniquely determined by the distinct tuples 


(Di Bd y<cs yp. 224 %g) 


of integers with 0 < x; < a; (i.e., a; + 1 independent choices for 
each 2;). 

For a non-square integer n, every divisor d of n is paired with 
divisor 4 of n, and T(n) is even; for a square integer, one divisor /n 
is not paired with a distinct divisor, and t(n) is odd. This proves 
property 7. 

Property 8 is just the Dirichlet convolution formula for F(n) = 
T(n) and f(n) =1. 


2.6.6. Consider some equations connected with the number of divi- 
sors function. 

Solve the equation r(x) = 33, 24|x. 

As the number 33 can be represented as a product of several 
positive integers, not equal to 1, by exactly two ways, i.e., as 33 (one 
multiplier) or as 3-11 (two multipliers), then the positive integer 
x has one or two prime divisors. In the first case, we have x = p® 
and T(z) = a+ 1. So, a+1 = 33, ie, a = 32 and x = p*. In 
the second case, we get x = p%q? and r(x) = (a+ 1)(6 + 1). So, 
(a+1)(8 +1) =3-11, ie, a= 2, 8 = 10, and x = p*q’”. Therefore, 
all solutions of the equation T(x) = 33 are the numbers p*’, p € P, 
and pq", p,qe P, p# 4. 
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As 24|x, then in the prime factorization of x, there are the num- 
bers 2° and 3. So, x = 37-2!" ie., e = 9216. 

Solve the equation 7(2x) = r(3z). 

Represent a positive integer + as x = 2°3°y, where a and 6 
are non-negative integers and the positive integer y is not divisible 
by 2 and by 3, ie., ged(2,y) = gcd(3,y) = 1. In this case, (2x) = 
7 (2°+1)7(3)r(y) and 7(3x) = 7(2%)7(3°+")7(y), and after reduction 
by 7(y), we obtain from the equation 7(2x) = 7(3x), the equation 
7(2°+1)7(3°) = 7(2%)7(3°*"). Therefore, we get the equality (a + 
2)(6 +1) = (a+ 1)(8 + 2) or, equivalently, the equality a = £8. 

So, all solutions of the equation 7(2x) = r(3z) are positive inte- 


gers 2°3°%y, where a is a non-negative integer, and the positive integer 
y is not divisible by 2 and by 3. 


2.6.7. The function 7(n) is a well-known arithmetic function which 
takes values from 2 for any prime number p € P till n* for some 
special positive integers. So, the asymptotic behavior of T(n) is very 
strange. 

In fact, the divisor function satisfies the following inequality: 


for alle >0, T(n) =o(n*‘). 
More precisely, Severin Wigert showed that 


log T(n) yee 


limn+o0 


log n/ log logn 
On the other hand, since there are infinitely many prime numbers, 


lim oT (2) = 2. 


However, Dirichlet showed that on average the order of the divisor 
function is x log x: 


For all x > 1, a T(n) = xvlogx + (2y—1)r+ O(V2), 


N<ax 


where 7¥ is the Euler-Mascheroni constant: y = Titi 56 5) ace — 
logn). Improving the bound O(,/z) in this formula is known as 
Dirichlet’s divisor problem. 
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Sum of divisors function 


2.6.8. The sum of divisors function (or sigma function) counts the 
sum of positive integer divisors of a positive integer n (including 1 
and the number itself). So, the sum of divisors function a(n) = o1(n) 


a(n) = S> d. 


d\n 


is defined as 


For example, o(18) is the sum of the divisors of 18: 
o(18) =14+2+34+6+18 =30. 


On the other hand, (13) = 14, as the number 13 has exactly two 
positive integer divisors, 1 and 13. 

The values of o(n) for n = 1,2,3,... are 1, 3, 4, 7, 6, 12, 8, 15, 
13, 18, 12, 28, 14, 24, 24,... (sequence A000203 in the OEIS). 


2.6.9. Consider a list of the simplest properties of a(n), which are 
important for our purposes. 


Properties of the function o(n) 


1. o(p) = p+ 1 for any prime p. 


2. o(p*) =1l+ptp?t+---+p%= a for any prime p and any 
positive integer a. 
3. The function o(n) is multiplicative: o(mn) = o(m)o(n) if 
gcd(m,n) = 1. 
. peitt_y pe2tt_y ast1_y 
. o(pt' py? ieee ‘pe ) — eel a1 a 


4 

5. o(n) > n for alln > 1. 

6. o(n) is odd if and only if n is a square or twice a square. 
7. o(kn) > ko(n) for any k > 2. 

8. Vain M(d)o(G) =n. 

9. o(1) +0(2)+---+o(n) =1-|#) +2- [3] +---4+n- [8]. 


10. o(n) is the total number of parts in the partitions of n into equal 
parts. 


In fact, for prime p, the result is obvious, as any prime p has 


exactly two divisors 1 and p. For any prime p and any natural a, the 
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divisors of p® are 1,p,p”,...,p%. In this case 


yert 1 
o(p?) =1+ pte ++ +p? = — 


For a proof of the third property, we can note that for a multiplicative 
function f(n) = n, it holds that o(m) = dJq, f(d), and so, a(n) 
is multiplicative. Now, the fourth property can be obtained as the 
combination of the previous two properties. 

However, we can just consider two coprimes m and n and note 
that in this case, one has 


o(nm)= So d= So didg=S ody So dz = o(n)o(m). 


d|jnm dydz|nm di|n dz\m 


Finally, we can use also the formula Ddlp?}...-p f(id) =[[-,0+ 


f (pi) + f (p?) +--+ + f(pf)) for a multiplicative function f(n) =n. 
In fact, 


a= S «= So 1 


d|py!+...p3s d|ppt-...pes 


= [ [0+ fs) + f@)) +--- + £@%) 


i=1 

8 8 pone =f 
= 1 zl, Oj) i 

II + pet pt too tet) Il Foi 


So, we get the fourth property and, as a corollary, property 3. 
For a proof of property 6, it is sufficient to note that for any odd 
prime p and any even a, the sum 1+ p+p?+---+ p® is odd; as for 
the only even prime 2, the sum 14+ 2+ 2? + ---+ 2° is odd for any 
positive integer a. 
Property 8 is just the Dirichlet convolution formula for F(n) = 
o(n) and f(n) =n. 


2.6.10. Consider some equations connected with the sigma function. 
For example, solve the equation o(x) = x + 3. 


Downloaded from www.worldscientific.com 


Arithmetic Functions 95 


It is easy to see that « #1. Then, we have at least two positive 
integers divisors of x: 1 and xz. As the sum of divisors of x is x + 3, 
the number «x has exactly one additional positive integer divisor 2. 
It is possible only in the case x = 4. 

So, the only solution of the equation o(#) = x + 3 is the 
number 4. 


2.6.11. The behavior of the sigma function is irregular. The asymp- 
totic growth rate of the sigma function can be expressed (Gronwall, 
1913) by 
oe = é", 
n log logn 

where ¥ is the Euler—-Mascheroni constant. 

In 1915, Ramanujan proved that under the assumption of the 
Riemann hypothesis, the inequality 


a(n) < e’nlog log n, 


(Robin’s inequality) holds for all sufficiently large n. The largest 
known value that violates the inequality is n = 5040. 

In 1984, Robin proved that the inequality is true for all n > 5040 
if and only if the Riemann hypothesis is true. This is Robin’s theorem 
and the inequality became known after him. 

Robin also proved, unconditionally, that the inequality 


0.6483 
a(n) < e’nloglogn + eae 
log log n 
holds for all n > 3. (See [Rama00] and [Robi84].) 


a 2 . 2 
On average, the order of the sigma function is a": 


2 
S/ a(n) = ae +O(xlogx) for all x > 1. 


n=1 


We prove this result later. 


Aliquot sum function 


2.6.12. The aliquot sum function (or aliquot sum, restricted divisor 
function) s(n) of n is the sum of the proper divisors (that is, the 
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divisors excluding n itself): 


s(n) = x d. 


d\n, dAn 


In other words, s(n) = o(n) — n. 

This function is the one used to recognize perfect numbers which 
are the positive integers n for which s(n) = n. If s(n) > n, then n is 
an abundant number, and if s(n) <n, then n is a deficient number. 

For example, the aliquot sum s(12) of proper divisors of the num- 
ber 12 is 


s(12)=142+3+44+6=16. 


On the other hand, s(18) =1+2+3+6= 12. 
The values of s(n) for n = 1,2,3,... are 0, 1, 1, 3, 1, 6, 1, 7, 4, 8, 
1, 16, 1, 10, 9,... (sequence A001065 in the OEIS). 


2.6.13. It is easy to obtain some values of s(n): 


e For any prime p and any positive integer a, it holds that s(p) =1 
and s(p*) = a. 
In particular, 

© ifn =2*, then s(n) =n—-1. 


This property makes n almost perfect. 
It is obvious that 


e the function s(n) gives the total number of parts in all partitions 
of n into equal parts that do not contain 1 as a part. 


In fact, if d is a proper divisor of n, then n = dk and, therefore, 
n can be represented as a sum of d equal parts: n =k+k+---+k. 
Asd#n, then k £1. 

As s(1) = 0, we can state that 


e the function s(n) is not multiplicative. 


The function s(n) is also used to define the aliquot sequence of a 
number. 
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An aliquot sequence of a given positive integer n is a sequence of 
non-negative integers in which each term is the sum of the proper 
divisors of the previous term. 

In terms of the aliquot sum function s(n), the aliquot sequence of 
a number n is defined in the following way: 


s°(n) =n, s'(k) = s(n),...,s*(n) = s(s*-1(n)),.... 


For example, the aliquot sequence of 10 is 10, 8, 7, 1, 0 because 
s(10) =54+2+1=8, s(8) =4+2+4+1=7 and s(7) = 1, s(1) = 0. 
We consider these and other questions in Chapter 5. 


Unitary divisor function 


2.6.14. A unitary divisor of a positive integer n is defined as a pos- 
itive integer divisor d of n for which gcd(d, 4) = 1. 

For example, the divisors of 12 are 1,2,3,4,6,12, so the unitary 
divisors are 1,3, 4,12. 


The unitary divisor function (or the sum of the «th powers of the 


* 


*(n) is the analog of the divisor function 


unitary divisors function) 7. 
o,(n) for unitary divisors. It counts the sum of the xth powers of 


unitary divisors d* of a positive integer n: 


oz(n) = do (a*)’. 


d*|n 


As in the case of the usual divisor function, 09(n) is commonly writ- 
ten as T*(n), while oj (n) is commonly written as o*(n). 

For example, having four unitary divisors 1,3, 4, and 12 of 12, we 
get 0§(12) = 4, while of (12) = o* (12) =14+3+4+412 = 20. 

The numbers 7*(n) of unitary divisors of n = 1,2,3,... are 1, 2, 
2,2, 2,4, 2,2, 2,4, 2,4, 2,4, 4,... (sequence A034444 in the OEIS). 

The sums o*(n) of unitary divisors of n = 1,2,3,... are 1, 3, 4, 
5, 6, 12, 8, 9, 10, 18, 12, 20, 14, 24, 24,... (sequence A034444 in the 
OEIS). 

The sums 03(n) of squares of unitary divisors of n = 1,2,3,... 
are 1, 5, 10, 17, 26, 50, 50, 65, 82, 130, 122, 170, 170, 250, 260, 
... (sequence A034676 in the OEIS). 
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2.6.15. Given the prime factorization n = pf! - p5?-... +p? of n, 
the divisor d = pe s pe? -...+ pe* of n is a unitary divisor of n if each 
6; is O or aj. 
For a prime p, the unitary divisors are 1 and p, so 
on(p) =1+p"*, 


in particular, 7*(p) = 7(p) = 2, and o*(p) = o(p) =p+1. 
For a prime power p®, the unitary divisors are 1 and p* (Cohen, 
1990), so 


op )=p +1, 


in particular, 7*(p*) = 2, while o*(p*%) = p® +1. 
It is easy to check that 


e the function o%(n) is multiplicative. 


In fact, for any coprime m and n, it holds that 


ox(nm) = So (d*)* = So (di)*(a) 


d*|nm d}d3|nm 
= SOG) SOD” = oF (n)oz(m). 
dyn dim 


So, now we can state that 
e o;(n) can be computed using the formula 
op(py’ +... ps?) = (1+ py). + pg) + (1 + p9™*). 
In particular, 
Tay wee ae 


i.e., the number of unitary divisors of n is given by 2°, where s is 
the number of different primes dividing n. 


Moreover, 
o* (pf +... + pos) = (1 + py")(1 + po?) «+ (1. + 9°). 


If n is square-free, then any divisor of n is a unitary divisor, and so, 
—_ ok 
x(n) = 03(n). 
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One can state that 7*(n) gives also the number of square-free 
divisors of n. 


2.6.16. A positive integer divisor d of a positive integer n is called 
a bi-unitary divisor if the greatest common unitary divisor of d and 
4 is 1. The function o}*(n) is defined as the sum of xth powers of 


bi-unitary divisors d** of n: 
s(n) = (ey 
d**|n 
For a prime power p®, the bi-unitary divisors are the powers 
1,p,p?,...,p%, except for p? when a is even (Cohen, 1990, [Cohe90]). 
The sum o;*(n) of x-powers of bi-unitary divisors d** of n is 
_ protl_j 


aT if a is odd and 
*K proeti_y 


ox (p*) = = p? if a is even. In particular, 


a multiplicative function with o%*(p%) 


T*(p*) =a4+1 fora=2k+1, 


and 7*(p*) =a for a = 2k; 


port = 
ag) = a= fora = 2k+1, 
getty eo 
and o**(p*) = ————— — p?,, for a = 2k. 
p-l 
The numbers of the bi-unitary divisors of n = 1,2,3,... are 1, 
2, 2, 2,2, 4, 2, 4, 2, 4, 2, 4, 2, 4, 4,.... (sequence A286324 in the 


OEIS). 

The sums of the bi-unitary divisors of n = 1,2,3,... are 1, 3, 4, 
5, 6, 12, 8, 15, 10, 18, 12, 20, 14, 24, 24,... (sequence A188999 in 
the OEIS). 


Mean values of divisor functions 


2.6.17. In number theory, there are many famous arithmetic func- 
tions which play important role in arithmetic, number theory, and 
discrete mathematics in general. But, as a rule, the behavior of an 
arithmetic function f is very irregular, and researching the asymp- 
totic behavior of most arithmetic functions is difficult. 
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But we can obtain useful information about the asymptotic 
behavior of f “on average,” which means by research of the function 


S> f(r) 


l<n<a 


which is called the mean value of the function f on the interval [1, z]. 
As arule, this function behaves more smoothly. 

Recall that f(x) = O(g(x)) if for some xo, we have for any x > 
xo, the function g(x) > 0 and |f(a)| < Cg(a) for some positive 
constant C’. 


2.6.18. For the sum of divisors function a(n), we can obtain the 
following result. 


Theorem (mean value of o(n)). For a given positive integer N , 


one has 
N 
So a(n = Ey! + O(N log N). 
n=1 
We have 
N N N - N 7 
d d 
n=1 n=1 d\n n=1 din d=1 n<N,d\|n 
As 


n=1 
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“1 
ga =F and 


<2 (era) ~~ O(n) 


nmi? 


we obtain that 


N 
So a(n ) = NF +0 Weg). 


n=1 


This concludes the proof. 


So, we have obtained that “on average” the sum of divisors func- 
tion a(n) behaves as Cn, where the constant C = aw ~ 0.82246. 


2.6.19. In order to obtain the mean value of the function 7(n), we 
need an additional result about the mean value of the arithmetic 
function f(n) = +: 


nm 
e For any positive integer N, it holds that 


N 
= log N + O(1). 
k=1 


It is easy to see that 
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Theorem (mean value of 7(n)). For any positive integer N, it 


holds that 
N 
T(n) = NlogN + O(N). 
n=1 
We have 
N N 
N 
r= Y= Daisy |Z 
n=1 n=1d|N nm<N 1<k<N 


| 
= 


k=1 


This concludes the proof. 


N 
» + O(N) = Nlog N + O(N). 


2.6.20. In a similar way, we can obtain better results on the mean 


values of + and r(n), but the proofs become more complicated. In 


fact, 


e for any positive integer N, it holds that 


ea 1 
= {een ae 
2a 5 og +7+0(5), 


where y = lite sof —_ fo dz) = 0.57721... 


n=l n 
Mascheroni constant. 


It is easy to see that 


is the Euler— 
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So, as N — oo, the value a — ii it = y iz — log N is 


convergent to some constant y. Now, we can write that 
N 
1 © dz 
S = =logN+7+0O 2 cf 
k N41 & 
k=1 k=N+41 


where the last error term is, in view of the previous consideration, 
Ox wo) Le., Ox di 


Theorem (mean value of 7(n)-I). For any positive integer N, it 
holds that 


N 
S/ r(n) = Nlog N + (27-1) + O(VN). 


n=1 
We have 
N N ‘ 
foe) >) l= > So =| Lv 
n=1 n=1 d|N nm<N 1<k<J/N 


aD 
k 


ener 


= NlogN + (27-1) + O(VN). 


This concludes the proof. 

So, we have obtained that “on average,” the number of divisors 
function T(n) behaves as log n. 

This classical result was obtained by P. Dirichlet in the middle of 
the 19th century (1849), and the problem to determine the precise 
order of magnitude of the error term A(x) = )0,,-,,T(n) as  —> +00 
is known as Dirichlet divisor problem. 7 


2.6.21. Note that the mean value of r(n) is the number of positive 
integer points under the hyperbola 2,22 = x. Hence, the Dirichlet 
divisor problem is an example of a problem about calculating the 
amount of integer points in some region. One of the most famous 
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examples in this area is the Gauss circle problem concerning the 
calculation of the amount of integer points in a circle. 

The classical result by Gauss gives the asymptotic formula for the 
amount of integer points in the circle of radius \/z: 


So 1l=22+ O(V2). 


24 2 
up t+xgcx 


2.6.22. Consider now one more arithmetic function, 


Th(n) = S- 1, 
N1..Np=n 
which is the number of representations of positive integer number n 
as a product of k positive integer factors. 

We can see that for k = 2, the function 72(n) coincides with the 
function T(n), and hence, the function 7(n) is a generalization of 
the divisor function. 

Consider the function 


D@=S a= S| 1 


N<au TH. NB 


— the mean value of the function 7(n). It is the amount of positive 
integer points under the hyperbolic surface x1 ...7%, = x. 

Elementary arguments allow us to obtain this asymptotic formula 
for D,(x): 


=> ten) = «P,,(log x) + A;(x), 


now 


where Py, is a polynomial of degree k —1, and A;(«) is an error term. 

The estimation of the error term is known as the multidimensional 
Dirichlet divisor problem. An extension of Dirichlet’s method gives 
such a value of A;(x): 


A; (x) = O(x'~/* log*-? x). 
For detailed proofs, references, and additional information, see, 
for example, [Apos86], [Buch09], [Cohe60], [Cohe90], [Deza18], 


[Deza21], [DeKo13], [DeKo18], [Dick27], [Guy94], [HaWr79], 
[MSC96], [Ivic85], [Rama00], [Robi84], [Sloa22], and [Wiki22]. 
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Exercises 
1. Calculate: 
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(a) r(100);  (d) r(o(3!)); (g) o(s); — G) a(r(8!)); 
(b) o(50); — (e) r(ser); (nh) o (2%); (kK) or (10))); 
(c) r(o(12)!); (£) 7 (ar): 


. Check if the divisibility exists: 


— 
© 

ae 
| 

on, 


(o(37))! by (o(11))"; (ce) o(r(12)!) by (7(7))"°; 
(b) r(a(41))! by (o(7))°; (4) o(r(24)!) by (7(4))”?. 


. Solve the equation: 


(a) r(x) = 2; (m) 7(3x) = 7(132); 
Gs) eg ce ee Oe (a) 7(ba) = (17a): 
(eo) 7a) = i (a) (lie) = r(13a): 
(d) r(x) = 17; (p) (3x) = r(7x); 
(e) r(x) = 101; (q) T3a) = r(5a); 
(f) r(x) =p; (t) T(px) = r(qx); 
(g) r(x) =6; (s) o(x) = 3; 

(h) r(x) = 10; (t) o(a) =4; 

(i) r(x) = pa; (u) o(x) =6; 

(j) T(x) = 20; (v) o() =x +6; 
(k) Ge) = 50; (w) o(a) =a+5; 
(1) r(@) = pa’; (x) o(@) =a+7. 


. Find a positive integer n such that n = p%q°, t(n) = 


6, 


and o(n) = 28. Find a positive integer n such that n = 32pq and 
o(n) = 3n. Find a positive integer n such that n = 32pq and 


a(n) = ao Find r(n?) if r(n7) = 15, 


. Find the smallest positive integer having 10 positive integer divi- 


sors and all two-digit positive integers having 10 positive integer 


divisors. 
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6. Prove: 


7. Prove: 


(a) 2|r(n) > n 4a? 


(a,b) > 1 > o(a)a(b) > o(ab); 
(2) Tad = 209". 
8. Find all n such that n is product of all its proper divisors. Prove 
that n € {p?, pq}. 
9. Prove that T(mn) < T(m)r(n). 
10. Let ox(n) = dlan d®, k € N. Find o9(6), 03(5). Prove that 
prritie_y (ost1)k_4 
Cp pe) = eqs a = ae Prove that o,(mn) < 
1 8 
a1. (m)o;, (7). 
11. Let 7% (n) = Yon=ny-...n, 1: Find 72(3), 73(6), and 74(5). Prove 
that 72(n) = 7(n). Check for n = 1,2,3,...,20 that 7(py?-...- 


as) — (o1t+k—1)! (astk—1)! 
Ps ) ="Geatieat °° ea 
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Chapter 3 


Perfect Numbers 


3.1. History of the Question 


3.1.1. Many ancient cultures were concerned with the relationship 
of a number with the sum of its divisors often giving mystic inter- 
pretations. Here, we are concerned with one such relationship. 

A perfect number is a positive integer that is equal to the sum of 
its positive divisors, excluding the number itself, i.e., as the sum of 
its proper divisors. 

For instance, 6 has divisors 1, 2, and 3 (excluding itself), and 
1+2+3=6, so 6 is a perfect number. 

The number 12 has proper divisors 1, 2, 3, 4, and 6, and 1 + 2+ 
3+4+6 > 12; it means that 12 is an abundant number. 

The number 4 has proper divisors 1 and 2, and 1+ 2 < 4, so 4 is 


a deficient number. 

It is easy to check that 6 is the first perfect number. 

The second perfect number is 28: 28 =1+2+4+7+4 14. 

The next two are 496 and 8128: 496 =14+24+4+8+4164+31+4+ 
62+ 124+ 248; and 8128 = 1+24+4+4+8+16432+4 644 1274 254+ 
508 + 1016 + 2032 + 4064. 


3.1.2. There is not much information regarding the discovery of per- 
fect numbers. It is said that perhaps the Egyptians may have discov- 
ered them. Despite knowing the existence of perfect numbers, it was 
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only the Greeks who were eager to study more about these numbers. 
Perfect numbers were studied by Pythagoras and his followers. 

However, the Pythagoreans were most interested in the occult, 
mystical, and numerological properties of the perfect and other 
classes of numbers, and they did little of mathematical significance 
with them. 

It was around 300 BC when Euclid wrote his Elements that 
the first real result was obtained. Although Euclid concentrated on 
geometry, many number theoretical results can be found in his text. 

In fact, in Euclid’s Elements (VII.22), the first formal definition 
of perfect numbers appeared; in this book, a perfect number is called 
perfect, ideal, or complete number. 

Moreover, Euclid proved that 2?~!(2?—1) is an even perfect num- 
ber whenever 2? — 1 is prime (Elements, Proposition IX.36). 

Later, Nicomachus from Gerasa (circa AD 60-120) and Alhazen 
(circa AD 1000) conjectured that every even perfect number is of the 
form 2?-!(2? — 1), where 2? — 1 is prime, but they were not able to 
prove this result. 

It was not until the 18th century, over two millennia after Euclid, 
that L. Euler (1707-1783) proved that the formula 2?~1(2? — 1), 
2? — 1 € P will yield all the even perfect numbers, i.e., that all even 
perfect numbers are of this form. This is known now as the Euclid— 
Euler theorem. 

The first four perfect numbers are generated by the formula 
2P-1(2P — 1), with p a prime number, as follows: 


for p = 2: 2" (2? — 1) } 2:36; 

for p= 3: 272° — 1) =4-7 = 28; 

for p= 5: 24(2° — 1) = 16-31 = 496; 
for p= 7: 28(27 — 1) = 64-127 = 8128. 


There four numbers were the only ones known to early Greek 
mathematics. 
They were given in the Arithmetic of Nicomachus of Gerasa. 
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Nicomachus noted 8128 as early as around AD 100. He stated also 
(without proof) that every perfect number is of the form 2”—!(2”—1), 
where 2” — 1 is a prime. 

He also says (wrongly) that the perfect numbers end in 6 or 8 
alternately. (The first five perfect numbers end with digits 6, 8, 6, 8, 
and 6, but the sixth also ends in 6.) 

Philo of Alexandria (circa 20 BC — AD 50) in his first-century 
book On the creation mentioned perfect numbers, claiming that the 
world was created in 6 days and the moon orbits in 28 days because 
6 and 28 are perfect. 

Origen (circa AD 184-253) added the observation that there are 
only four perfect numbers that are less than 10000. 

St. Augustine (354-430) considered perfect numbers in City of 
God (Book XI, Chapter 30) in the early fifth century AD, repeating 
the claim that God created the world in 6 days because 6 is the 
smallest perfect number. 

In the 13th century, the Egyptian mathematician Ismail ibn Fallus 
(1194-1252) mentioned the next three perfect numbers (33550336, 
8589869056, and 137438691328) and listed a few more which are 
now known to be incorrect. 

The first known European mention of the fifth perfect number 
is a manuscript written between 1456 and 1461 by an unknown 
mathematician. The fifth perfect number 33550336 corresponding 
to p = 13 was studied by Regiomontanus (1436-1476), a mathe- 
matician, astrologer, and astronomer of the German Renaissance. 

In the 16th century, the German scientist Scheibel described 
two more, sixth and seventh, perfect numbers, 8589869056 and 
137438691328. They correspond to p = 17 and p = 19. 

Many writers felt that the numbers of the form 2” — 1 were prime 
for all primes n, but in 1536, Hudalricus Regius showed that 2!4'—1 = 
2047 was not prime; it is 23 - 89. 

By 1603, the Italian mathematician P. Cataldi (1548-1626) had 
correctly verified that 2'7 — 1 and 2!° — 1 were both primes (and 
so identified the sixth (8589869056) and the seventh (137438691328) 
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perfect numbers) and also proved that every perfect number obtained 
from Euclid’s rule ends with a 6 or an 8. 

Moreover, he (incorrectly) stated that 2” — 1 was also prime for 
23, 29, 31, and 37. 

In 1640, Pierre Fermat (1607-1665) showed that P. Cataldi was 
wrong about 23 and 37; then, L. Euler in 1732 showed that P. Cataldi 
was also wrong about 29. Sometime later, L. Euler (1750) showed 
that Cataldi’s assertion about 31 was correct. So, the eighth prime 
2147483647 = 2°! — 1 of the form 2? — 1 was found as well as the 
eighth perfect number 230584... 952128 = 229(2%! — 1) (19 digits). 

Although Nicomachus and Origen had stated that all perfect num- 
bers were of the form 2”~!(2” — 1), where 2” — 1 is prime, it was 
not until the 18th century that L. Euler proved that the formula 
2P-1(2P — 1) will yield all the even perfect numbers. 

So, around Euler’s time, exactly eight perfect numbers were 
known. They corresponded to the first eight primes, 2? — 1 with 
p = 2,3,5,7, 13,17, 19,31. 


3.1.3. Though the numbers of the form 2” — 1 were studied by 
many mathematicians, they were eventually named after Marin 
Mersenne (1588-1648), a French monk and mathematician, whose 
works touched a wide variety of fields. 

M. Mersenne was born in Sarthe, France. He was educated at the 
Jesuit College of La Fléche. 

Between 1614 and 1618, he taught Theology and Philosophy 
at Nevers, but he returned to Paris and settled at the convent of 
L’Annonciade in 1620. There, he studied mathematics and met with 
René Descartes, Etienne Pascal, Pierre Petit, Gilles de Roberval, 
Thomas Hobbes, and Nicolas-Claude Fabri de Peiresc. He corre- 
sponded with Giovanni Doni, Jacques Alexandre Le Tenneur, Con- 
stantijn Huygens, Galileo Galilei, and other scholars in Italy, Eng- 
land, and the Dutch Republic. 

In 1635, he set up the informal Académie Parisienne 
(Academia Parisiensis), which had nearly 140 correspondents, includ- 
ing astronomers and philosophers, as well as mathematicians. 
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He was not afraid to cause disputes among his learned friends in order 
to compare their views, notable among which were disputes between 
R. Descartes, P. de Fermat, and J. de Beaugrand. In 1635, Mersenne 
met with Tommaso Campanella. During 1643-1644, Mersenne also 
corresponded with the German Socinian Marcin Ruar, concerning 
the Copernican ideas of Pierre Gassendi. 

M. Mersenne discussed numbers of the form 2” — 1 in his work 
Cogita physico mathematics (1644) and stated conjectures about the 
number’s occurrence. 

One of his most famous conjectures is called the Mersenne 
conjecture: 


e 2” —1 is prime for n = 2,3,5,7,13,17,19, 31, 67,127,257 and is 
composite for all other integers 2 <n < 257. 


It is obvious, that M. Mersenne could not have tested all of 
these numbers. It took three centuries and several mathematical dis- 
coveries (such as the Lucas-Lehmer test), before the exponents in 
Mersenne’s conjecture had been completely checked. 

It was determined that M. Mersenne had made five errors (three 
primes, for n = 61,89,107, omitted and two composites, for n = 
67, 257, listed), and the correct list is 


n = 2,3,5,7,13, 17, 19, 31,61, 89, 107, and 127. 


Primality of the number 2147483647 = 23! —1 was proved by L. Euler 
(1750). 

Primality of a 19-digit number 2305843009213693951 = 2°! — 1 
was proved by the Russian mathematician I. Pervushin (1883). So, in 
1883, a new (in fact, the ninth) perfect number 265845... 842176 = 
292°! _ 1) (34 digits) was found. 

R. E. Powers showed that a 27-digit number 2°? — 1 is prime 
(1911), as well as a 33-digit number 2/07 — 1 (1913). These 
Mersenne primes form the ninth and the tenth perfect numbers 
191561... 169216 = 285(28° — 1) (54 digits) and 131640... 728128 = 
106 (2107 _ 1) (65 digits). 
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E. Lukas (1876) showed that 2!27 —1 € P. This 39-digit 
Mersenne number is the largest prime number found in the pre- 
computer era. The corresponding perfect number (in fact, the 11th) 
144740... 152128 = 21!26(2!2” _ 1) has 77 digits. 

The next result was obtained only in 1952 by R. M. Robinson, who 
with the help of computers managed to prove primality of Mersenne 
numbers 2°27! — 1 (157 decimal digits), 2©°7 — 1 (183 decimal dig- 
its), 2'279 — 1 (386 decimal digits), 272° — 1 (664 decimal digits), 
and 2778! _ | (687 decimal digits). So, four new perfect numbers (in 
fact, the 13th—16th) 235627... 646976 = 2°7°(2°7! — 1) (314 digits), 
141053 ...328128 = 266/297 _ 1) (366 digits), 541625... 291328 = 
21278 (91279 _ 1) (770 digits), and 108925 .....782528 = 27202(92208 _ 1) 
(1327 digits) were found. 

So, the Mersenne’s conjecture was not completely correct, but his 
name is still attached to the numbers of the form 2” — 1. 


3.1.4. Where did M. Mersenne get his list? Perhaps, we find a hint 
in this quote. In a letter to Tanner E. Lucas, it is stated that M. 
Mersenne (1644, 1647) implied that a necessary and sufficient condi- 
tion for 


e 2?—1 to be a prime is that p be a prime of one of the forms 22” +1, 
2°? 4-3. ond 2°°7) = 1, 


Tanner expressed his belief and noted the sufficient condition 
would be false if 2°” — 1 is composite. 

There is also a missing restriction on the size of the prime because 
2? — 1 is prime, but 3 is not one of these forms. 

So, there seems to be a belief that the exponents p of Mersenne 
primes have a special form. 

If you check the numbers under 257, you will get Mersenne’s list 
(except 3) plus the prime 61. 

Sadly, the conditions quoted above are neither necessary nor suf- 
ficient. The Mersenne numbers M, are composite for the following 
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primes p: 257 = 2°+1, 1021 = 2!~—3, 67 = 26+3, and 8191 = 248-1. 
So, none of the “sufficient” conditions hold. 

Also, M, is prime for p = 89, but 89 cannot be written in any of 
the listed forms. 


3.1.5. P. T. Bateman, J. L. Selfridge, and Jr. S .S. Wagstaff pre- 
sented (1989) the new Mersenne conjecture. It is as follows. 


e Let p be any odd positive integer. If two of the following conditions 
hold, then so does the third: 


1. p=2* +1 or p=4* +3; 
2. 2? —1is a prime (a Mersenne prime); 


3. —— is a prime (a Wagstaff prime). 


This conjecture has been verified for all primes p less than 100000 
and for all 51 known Mersenne primes. Some feel that “conjecture” 
is too strong of a word for the above and that perhaps this is even 
another case of Guy’s law of small numbers. 


3.1.6. As before, today, the Mersenne numbers give us most of the 
prime number records. 

In 1811 P. Barlow wrote in his text, Theory of Numbers, that 
239(23! 1) “...is the greatest perfect number that will be discovered; 
for as they are merely curious, without being useful, it is not likely 
that any person will attempt to find one beyond it.” Obviously, no 
one in the late 1800s had any idea of the power of modern computers. 

After the 23rd Mersenne prime was found at the University of 
Illinois (Gilles, 1963), the Mathematics Department was so proud 
that the chair, Dr. Bateman, had their postage meter changed to 
stamp “2'2!3 _ 1 is prime” on each envelope. This was used until 
the four color theorem was proved in 1976. 

The 25th Mersenne prime was found by high-school students 
Laura Nickel and Landon Curt Noll (1978), who, though they had 
little understanding of the mathematics involved, used Lucas’ simple 
test on the local university’s mainframe. 
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D. Slowinski, who works for Cray computers, has written a ver- 
sion of the Lucas test that he has convinced many Cray labs around 
the world to run in their spare time. D. Slowinski does not search 
for record primes systematically. In fact, looking at the table of 
Mersenne primes, you can see that he missed the 29th prime but 
found the 30th (1983) and 31st (1985). 

W. Colquitt and L. Welsh worked to fill in the gaps and found 
the 29th Mersenne prime in 1988. 

Starting in late 1995, E. G. Woltman gathered up the dis- 
parate databases and combined them into one. Then, he placed this 
database and a free, highly optimized program to search for Mersenne 
primes onto the web. This started the Great Internet Mersenne 
Prime Search (GIMPS), which has now found the largest known 
Mersenne primes, combining the efforts of dozens of experts and 
thousands of amateurs. 

Since 1997, all newly found Mersenne primes have been discovered 
by the GIMPS. 

In late 1997, S. Kurowski (and others) established PrimeNet to 
automate the selection of ranges and reporting of results for GIMPS. 

In 1999 (Hajratwala et al.), the first prime with more than 
1000000 decimal digits (in fact, more than 2000000) was obtained. It 
is the 38th Mersenne prime, Mgg72593; it has 2098960 decimal digits. 

Let a megaprime be a prime number with at least one million 
decimal digits, then one can say that the first megaprime, Mgg972593, 
was found in 1999. 

Note, that the first “megaperfect” (i.e., perfect number with at 
least one million decimal digits) was obtained two years before in 


1997. It has 1791864 digits and is of the form 194276...462976 = 
Paces atic 


— 1), corresponding to the 36th Mersenne prime 
22976221 _ 4 with 895932 digits. 

In 2018 (Laroche et al.), the last known (in fact, the 51st known) 
Mersenne prime, Mg2589933, was obtained. It has 24862048 decimal 
digits. 

So, as of 2021, 51 Mersenne primes as well as 51 (even) perfect 
numbers are known. In December 2020, a major milestone in the 
GIMPS project was passed after all exponents below 100 million 
were checked at least once. 
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List of known perfect numbers and Mersenne primes 


i 
2 


anonymous 
Cataldi 
Cataldi 
Euler 
Pervushin 
Powers 


Powers 
Lucas 
Robinson 


Robinson 
Robinson 
Robinson 
Robinson 
Riesel 

Hurwitz 
Hurwitz 

Gillies 

Gillies 

Gillies 
Tuckerman 
Noll and Nickel 
Noll 

Nelson and Slowinski 


(Continued) 
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86243 25962 51924 Slowinski 

110503 33265 66530 Colquitt and Welsh 

132049 39751 79502 Slowinski 

216091 65050 130100 Slowinski 

756839 227832 455663 Slowinski, Gage et al. 

859433 258716 517430 Slowinski and Gage 

1257787 | 378632 757263 Slowinski and Gage 

1398269 | 420921 841842 Armengaud, Woltman et al. 

2976221 895932 1791864 Spence, Woltman et al. 

3021377 909526 1819050 Clarkson, Woltman, Kurowski et al. 
6972593 2098960 4197919 Hajratwala, Woltman, Kurowski et al. 
13466917 | 4053946 8107892 Cameron, Woltman, Kurowski et al. 
20996011 | 6320430 12640858 Shafer, Woltman, Kurowski et al. 
24036583 | 7235733 14471465 Findley, Woltman, Kurowski et al. 
25964951 | 7816230 15632458 Nowak, Woltman, Kurowski et al. 
30402457 | 9152052 18304103 Cooper, Boone, Woltman, Kurowski et al. 
32582657 | 9808358 19616714 Cooper, Boone, Woltman, Kurowski et al. 
37156667 | 11185272 22370543 Elvenich, Woltman, Kurowski et al. 
42643801 | 12837064 25674127 Strindmo, Woltman, Kurowski et al. 
43112609 | 12978189 25956377 Smith, Woltman, Kurowski et al. 
57885161 | 17425170 34850340 Cooper, Woltman, Kurowski et al. 
74207281 | 22338618 44677235 Cooper, Woltman, Kurowski, Blosser et al. 
77232917 | 23249425 46498850 Pace, Woltman, Kurowski, Blosser et al. 
82589933 | 24862048 49724095 Laroche, Woltman, Blosser et al. 
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In the table above, we put question marks instead of a number 
for the last three Mersenne primes because it will not be known if 
there are other Mersennes in between these until a check and double 
check has been completed by GIMPS. See the GIMPS Status Page 
for more information. Not all smaller exponents have been tested. 


3.1.7. Today, we can state that an exhaustive search by the GIMPS 
distributed computing project has shown that the first 48 even per- 
fect numbers are 


6, 28, 496, 8128, 33550336, 8589869056, 137438691328, 
2305843008139952128, 2658455991569831744654692615953842176, 
..., 169296 ... 130176 


(sequence A000396 in the OEIS). They have the form 2?~!(2? — 1) 
for p = 2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, 127, 521, 607, 1279, 
2203, 2281, 3217, 4253, 4423, 9689, 9941, 11213, 19937, 21701, 23209, 
44497, 86243, 110503, 132049, 216091, 756839, 859433, 1257787, 
1398269, 2976221, 3021377, 6972593, 13466917, 20996011, 24036583, 
25964951, 30402457, 32582657, 37156667, 42643801, 43112609, and 
57885161 (sequence A000043 in the OEIS). 

Three higher perfect numbers have also been discovered, namely 
those for which p = 74207281, 77232917, and 82589933, though there 
may be others within this range. 

So, as of December 2021, 51 Mersenne primes, and, therefore, 51 
even perfect numbers are known. The largest of them is 257°°99? 
(282589933 _ 1) with 49724095 digits. 

It has been conjectured that there are infinitely many Mersenne 
primes. 

Although the truth of this conjecture remains unknown, it is 
equivalent, by the Euclid—Euler theorem, to the conjecture that there 
are infinitely many even perfect numbers. 


3.1.8. However, it is also unknown whether there exists even a single 
odd perfect number. 
In fact, odd perfect numbers either do not exist or are rare. 
There are a number of results on perfect numbers that are actually 
quite easy to prove but nevertheless superficially impressive; some 
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of them obviously come under Richard Guy’s strong law of small 
numbers. 

In 1496, Jacques Lefevre stated that Euclid’s rule gives all perfect 
numbers, thus implying that no odd perfect number exists. 

Euler stated: “Whether ... there are any odd perfect numbers is 
a most difficult question.” Euler proved that any odd perfect number 
has the form qtotty2s . , ae where q,p1,..., Dr are distinct odd 
primes and g=a= iid 4). 

More recently, Carl Pomerance has presented a heuristic argument 
suggesting that indeed no odd perfect number should exist. 

All perfect numbers are also Ore’s harmonic numbers, and it has 
been conjectured (Ore, 1948) as well that there are no odd Ore’s 
harmonic numbers other than 1. So, if the Ore’s conjecture is true, 
there are no odd perfect numbers. 

Kanold, Tuckerman, Hagis, Stubblefield, Buxton, Elmore, Brent, 
Cohen, and te Riele have gradually pushed the bound to that there 
are no odd perfect number up to 10°°°. To this day, it is known 
(Ochem and Rao, 2012) that there are no odd perfect numbers up 
to 101599 [OcRal2]. 

In 1887, Sylvester conjectured and in 1925, Gradshtein proved 
that any odd perfect number must have at least six distinct prime 
factors. Hagis ans Chein have independently showed that an odd 
perfect number is divisible by at least eight distinct primes. Nielsen 
(2006) also showed that a general odd perfect number, if it exists, 
must have at least nine distinct prime factors. 

Hagis and McDaniel show that the largest prime divisor is greater 
than 1001100, and Pomerance shows that the next largest is greater 
than 138. 

Condict and Hagis have improved these bound to 3- 10° and 10°, 
respectively. 

Now, it is proven that the largest three factors of an odd perfect 
number N must be at least 100000007, 10007, and 101. 

Muskat proved that any odd perfect number is divisible by a prime 
power > 10!*. Ochem and Rao (2012) showed that the largest com- 


ponent of N = q*¢+1p; PAL - peer 


go Ss 10" or pi > 10° for some j. 


is greater than 10%, i.e., either 
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Pomerance has also shown that an odd perfect number with at 
2 


k 
most k factors is less than (4k)*)””, and Heath-Brown has improved 
this by showing that if n is an odd number with & distinct prime 
factors, then n < 4" In 2003, Nielsen got the bound n < one 


For additional information, see, for example, [DeKo18], [Dick05], 
[Nank79], [Ore48], [Salo90], [Sier64], [OcRal2], [Wiki22], [Deza17], 
[Dezal18], [Prim22], and [Yan96]. 


3.2. Divisor Function and 
Perfect Numbers 


Definition of perfect numbers and 
divisor functions 


3.2.1. A perfect number is a positive integer that is equal to the 
sum of its proper divisors, i.e., positive integer divisors, excluding 
the number itself. 

The sum of positive integer divisors of a number n, excluding the 
number itself, is called its aliquot sum; so, a perfect number is one 
that is equal to its aliquot sum. 

In terms of the aliquot sum function (or restricted divisor 
function) 


s(n)= So d, EN, 


d\n, dAn 


giving the sum of all proper divisors of a positive integer n, Le., 
all positive integer divisors of n other than n itself, the classical 
definition of a perfect number n takes the form 


a(n) =n: 


For instance, the number 6 has three proper divisors 1, 2, and 3, 
and s(6) = 1+2+3 = 6, so 6 is a perfect number. The number 28 has 
five proper divisors 1, 2, 4, 7, and 14, and s(28) =1+2+44+7+14= 
28, so 28 is a perfect number. Similarly, the number 496 has nine 
proper divisors 1, 2, 4, 8, 16, 31, 62, 124, and 238; it is perfect, as 
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s(496) = 1+2+4+8+4+16+31+62+ 124+ 248 = 496. The number 
8128 has 13 proper divisors 1, 2, 4, 8, 16, 32, 64, 127, 254, 508, 1016, 
2032, and 4064; it is perfect, as s(8128) =1+2+4+48+416+4+32+ 
64 + 127 + 254 + 508 + 1016 + 2032 + 4064 = 8128. 

While the ancient Greeks originally defined perfect numbers in 
terms of the sum of the proper divisors, it is more convenient for 
most purposes to define a positive integer n as perfect if n satisfies 
the condition 


where 


a(n) = a neéN, 
d\n 


is the sum of divisors function, giving the sum of all positive integer 
divisors of a positive integer n, including n itself. 

For instance, the number 6 has four positive integer divisors 1, 2, 
3, and 6, and o(6) = s(6+6) =14+24+3+4+6=12=2-6,so6isa 
perfect number. The number 28 has 6 positive integer divisors 1, 2, 
4, 7, 14, and 28, and o(28) = s(28) + 28 =14+2+4+4+7414+ 28 = 
56 = 2-28, so 28 is a perfect number. Similarly, the number 496 is 
perfect, as 0 (496) = s(496) + 496 = 1+2+4+4+4+8+4164314+62+ 
124 + 248 + 496 = 992 = 2-496, as well as the number 8128, for 
which 0(8128) = s(8128) + 8128 =14+2+4+4+8+4164+32+4 64+ 
127 + 254 + 508 + 1016 + 2032 + 4064 + 8128 = 16256 = 2- 8128. 

In other words, a perfect number is a number that is half of the 


sum of all its positive divisors including itself. 
Much of the study of perfect numbers relies on the fact that a(n) 
is a multiplicative function. 


3.2.2. The various sums of divisors give various kinds of numbers. 
Numbers where the sum of the proper divisors is less than the 
number itself are called deficient. For a deficient number, it holds 
that s(n) < n or, equivalently, a(n) < 2n. 
For instance, the number 4 is deficient, as it has two proper divi- 
sors, 1 and 2, and s(4) =1+2 < 4. Equivalently, o(4) =1+2+4= 
7< 2-4. 
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The first few deficient numbers are 1, 2, 3, 4, 5, 7, 8,9, 10, 11,... 
(sequence A005100 in the OEIS). 

Numbers where the sum of the proper divisors is greater than the 
number itself are called abundant. For an abundant number, it holds 
that s(n) > n or, equivalently, a(n) > 2n. 

For instance, the number 12 is abundant, as it has five proper 
divisors 1, 2, 3, 4, 6, and s(12) = 14+2+3+44+46 = 16 > 12. 
Equivalently, 0(12) =1+2+3+4+6+412 = 28 > 2-12. 

The first few abundant numbers are 12, 18, 20, 24, 30, 36, 40, 42, 
48, 54,... (sequence A005101 in the OEIS). 

So, any positive integer is a deficient, an abundant, or a perfect 
number. Terms deficient and abundant, together with the term per- 
fect itself, come from Greek numerology. 

A pair of numbers which are the sum of each other’s proper divi- 
sors are called amicable. For such a pair (m,n), it holds that 


a(t) =, sn) =H, 
or, equivalently, 
a(n) =o(m) =n+m. 


For instance, the pair (220, 284) is an amicable pair. In fact, the 
number 220 has 11 proper divisors 1, 2, 4, 5, 10, 11, 20, 22, 44, 
55, and 110, whose sum is 284; so, s(220) = 284. The number 284 
has five proper divisors 1, 2, 4, 71, and 142, whose sum is 220; so, 
s(284) = 220. Equivalently, 7(220) = s(220)+220 = 284+220 = 504, 
while o(284) = s(284) + 284 = 220 + 284 = 504. 

The first few amicable pairs are (220, 284), (1184, 1210), 
(2620, 2924), (5020, 5564), (6232, 6368), (10744, 10856), (12285, 
14595), (17296, 18416), (63020, 76084), (66928, 66992),. .. (sequence 
A259180 in the OEIS; see also A002025 and A002046). 

The larger cycles of numbers are called sociable. For instance, 
we get a sociable quadruple (or sociable 4-cycle, amicable 4-cycle) 
(n1, M2, 3,4) if 


s(n1) = Ne, s(n2) = Ng, s(n3) = na, and s(nm4) = n1. 
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Equivalently, in terms of sigma function, it holds that 


a(n) =n +n, o(n2) = n2g+ng, a(n3) = ng +n4, and 


a(n4) =n4+n}4. 
For instance, the quadruple (1264460, 1547860, 17276361305184) 
gives an example of amicable 4-cycle. 
In fact, the sum s(1264460) of the proper divisors of 1264460 = 
2?.5-17- 3719 is 


1+2+4+5+10+17+ 20 + 34 + 68 + 85 + 170 + 340 + 3719 
+ 7438 + 14876 + 18595 + 37190 + 63223 + 74380 + 126446 
+ 252892 + 316115 + 632230 = 1547860; 


the sum s(1547860) of the proper divisors of 1547860 = 2? -5-193- 
ADL = 2? «5+ 193-401 Gs 


14+2+4+5+410 + 20 + 193 + 386 + 401 + 772 + 802 + 965 
+ 1604 + 1930 + 2005 + 3860 + 4010 + 8020+ 77393 
+ 154786 + 309572 + 386965 + 773930 = 1727636; 


the sum s(1727636) of the proper divisors of 1727636 = 27-521-829 = 
2? . 521 - 829 is 


1+2+4+4 521 + 829 + 1042 + 1658 + 2084 + 3316 + 431909 
+ 863818 = 1305184; 


finally, the sum s(1305184) of the proper divisors of 1305184 = 2° - 
40787 = 2° - 40787 is 


14244484 16 + 32 + 40787 + 81574 + 163148 + 326296 
+ 652592 = 1264460. 


It is easy to see that sociable numbers give a generalization of amica- 
ble numbers, while perfect numbers can be considered as a particular 
case of amicable pairs with two equal elements: a perfect number n 
is amicable to itself, as it holds that s(n) =n. 

Using other approaches, we can get many interesting classes of 
special numbers (multiply perfect, quasiperfect, almost perfect, etc.), 
which are closely connected with perfect numbers and having arith- 
metical properties, depending on the structure of their positive inte- 
ger divisors. 
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We consider many such classes of numbers in Section 3.5 of this 
chapter and, especially, in Chapter 5. 


Even perfect numbers and Euclid—Euler 
theorem 


3.2.3. The set of even perfect numbers is completely characterized 
by the Fuclid—Euler theorem, partially proved by Euclid and com- 
pleted by Euler. 


Theorem (Euclid—Euler theorem). An even natural number is 
perfect if and only ifn = 2-1(2* — 1), where 2* —1€ P. 

Prime numbers of the form 2" —1 are known as Mersenne primes. 
They are prime elements in the sequence 1, 3, 7, 15, 31, 63, 127, 
255, 511, 1023, 2047,...of Mersenne numbers (sequence A000225 in 
OEIS). 

In fact, a Mersenne number is a positive integer of the form 


M, = 2" —-1, KEN. 


For 2" — 1 to be prime, it is necessary that k itself be prime. 
By this reason, many authors require that the exponent & in the 
definition above be a prime. 

Mersenne numbers M, = 2? — 1 with prime p form the sequence 
3, 7, 31, 127, 2047, 8191, 131071, 524287, 8388607, 536870911,... 
(sequence A001348 in OEIS). 

In fact, the exponents & which give Mersenne primes are 2, 3, 
5, 7, 18, 17, 19, 31,... (sequence A000043 in the OEIS), and the 
resulting Mersenne primes are 3, 7, 31, 127, 8191, 131071, 524287, 
2147483647,... (sequence A000668 in the OEIS). 

This class of special numbers is of great interest because the 
Mersenne primes (prime Mersenne numbers) are among the oldest 
and most studied of all primes. 

In fact, Mersenne primes are very rare: Not all numbers of the 
form 2? — 1 with a prime p are primes; for example, 


gu _ 1 = 2047 = 23-89 


is not a prime number. 
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For instance, for the 2610944 prime numbers p up to 43112609, 
the corresponding Mersenne numbers M, = 2? — 1 is prime for only 
47 of them. Today, we know only 51 Mersenne primes. 

The frequency of Mersenne primes is the subject of the Lenstra— 
Pomerance—Wagstaff conjecture, which states that 


e the expected number of Mersenne primes less than some given x is 
ev 

log 2 

where y = 0.5772156649... is the Euler-Mascheroni constant. 


- log log x, 


3.2.4. So, we obtain a new even perfect number if and only if we 
obtain a new Mersenne prime: 


e The nth even perfect number has the form n = 2?-'M,, where 
M, = 2? — 1 1s the nth Mersenne prime. 


As of 2021, there exist 51 known Mersenne primes. It means that 
there exists 51 known (even) perfect numbers. The four smallest per- 
fect numbers are 


6a 0 (2 = 1) = os My 8 SH (= 1) = Os Me: 
496 = 97(2° — 1) = 2* - Mg; 8128 = 2°(9° — 1) — 2° . Me. 
The four biggest known perfect numbers are 
957885160 (957885161 _ 1) _ 9257885160 , af... 1 (34850339 digits); 
974207280 (974207281 _ 4) — 974207280 . Nf. 7981 (44677235. digits); 
977232916 (977232917 -1)= 977232916 | Mo77232917 (46498850 digits); 
982589932 982589933 -1)= 982589932 | 17, 82539933(49724095_ digits). 


While Mo = 3, M3 = ty Ms — ol, M, — T2T ea , 57885161 = 
581887... 285951 (17425170 digits) are first, second, third, fourth, 

., 48th Mersenne primes, for the last three known Mersenne primes, 
Mo74207281; Mo77232917; M282589933; the ranking is still provisional. It 
has not been verified whether any undiscovered Mersenne primes 
exist between the 48th (M57885161) and the 51st known (Mg2,589,933) 
Mersenne primes. 
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Proof of the Euclid-Euler theorem 


3.2.5. As was considered before, a perfect number is a number that is 
half the sum of all of its positive divisors including itself; in symbols, 


o(n) =2n, where o(n) = ee 
din 


The proof of the Euclid—Euler theorem depends on the fact that 
the sum of divisors function o(n) is multiplicative; that is, if a and 
b are any two relatively prime integers, then 


a(a-b) =o(a)-oa(b). 


For this formula to be valid, the sum of divisors of a number must 
include the number itself, not just the proper divisors. 


3.2.6. Consider the Euclid’s part of the theorem (sufficiency): 


e Any number 2*-1(2* — 1) with a prime number 2* —1 is a perfect 
number. 


The part already proved by Euclid immediately follows from 


the multiplicative property: Every Mersenne prime gives rise to an 
even perfect number. When 2? — 1 is prime, 


o(2?-1(2” — 1)) = @ (2? )o(2? — 1). 


The divisors of 2?! are 1,2,4,8,...,2?~!. The sum of these divisors 
is a geometric series whose sum is 2? — 1. 

Next, since 2? — 1 is prime, its only divisors are 1 and itself, so 
the sum of its divisors is 2?. 

Combining these, we get 


a(n) = o(2?-1(2? — 1)) = o (2? )a (2? — 1) 
= (2? — 1)(2?) 
= 2(2?-1)(2” — 1) = 2n. 


Therefore, 2?~'(2p — 1) is perfect. 
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3.2.7. Consider the Euler’s part of the theorem (necessity): 


e [fn is an even perfect number, then it has the form n = 2*-1(2* — 
1), where 2° —1e P. 


In this direction, suppose that an even perfect number has been 
given, we partially factor it as 2x, where x is odd. 

For 2'x to be perfect, the sum of its divisors must be twice its 
value: 


gktle = o(2*x) = (2° — 1e(a). 
The odd factor 2+! — 1 on the right-hand side is at least 3, and it 


must divide x, the only odd factor on the left-hand side, so y = 43-4 


is a proper divisor of x: 
a = (2+! — 1)y. 


The factor 2*+! on the left-hand side must divide a(x), the only 
even factor on the right-hand side, so 


a(x) 
—* 5k+L 


is a proper divisor of a(x): 
o(x) = 2k tly, 
Dividing both sides by the common factor 2*+! — 1 gives 


gktly = o(z). 


Taking into account the known divisors 2 = (2**+! — 1)y and y of x 
gives 


o(a) > y+a=y+ (2**1 — I)y, 


For the above equality to be true, there can be no other divisors of x. 
Therefore, y must be 1, and x must be a prime of the form 2*+! — 1. 


For some additional information, see, for example, in [Buch09]}, 
[DeKo13], [Dezal7], [Deza18], [Dick05], [Sier64], [Step01], [Deza21], 
and [Yan96]. 
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Mystery of odd perfect numbers 


Whether ... there are any odd perfect numbers is a most difficult 
question. 

— Euler 

. a prolonged meditation on the subject has satisfied me that the 

existence of any one such (odd perfect number) - its escape, so to 

say, from the complex web of conditions which hem it in on all 
sides—would be little short of a miracle. 

— Sylvester 


3.2.8. As for odd perfect numbers, mathematicians cannot find one. 
If odd perfect numbers exist, they should be very large and very 
special. 

Though it is unknown whether any odd perfect numbers exist, 
various results have been obtained. 

For example, any odd perfect number N must satisfy the following 
conditions: 


N is a perfect square times an odd power of a single prime; 

N is divisible by at least nine primes and has at least 75 prime 
factors, not necessarily distinct (more precisely, N has at least 12 
distinct prime factors if it is not divisible by 3, at least 15 distinct 
prime factors if it is not divisible by 3 and by 5, and at least 27 
distinct prime factors if it is not divisible by 3, by 5, and by 7); 
N has at least 1500 decimal digits, ie., N > 101°; 


N has a prime divisor greater than 10°; 
4.97401-10!°, 
? 


N has a prime divisor less than e 
N< gute where & + 1 is the number of distinct prime factors 
of N; 

N is of the form N = 1(mod 12) or N = 9(mod 36). 


In fact, Euler proved that any odd perfect number has the form 


2 2Br 
qt bo, ae 


where q,?1,.-., Dz are distinct odd primes and g = a = 1(mod 4). 


3.2.9. Consider more exactly some results connected with the num- 
ber of prime divisors of an odd perfect number N. 
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In 1887, Sylvester conjectured and in 1925, Gradshtein proved 
that 


e any odd perfect number must have at least six distinct prime 
factors. 


Hagis (1980) showed that 


e any odd perfect number must have at least eight distinct prime 
factors, in which case the number is divisible by 15. 


In 1888, Catalan proved that 


e if an odd perfect number is not divisible by 3, 5, or 7, it has at 
least 26 distinct prime aliquot factors. 


This amount was extended to 27 by Norton (1960). Norton (1960) 
also showed that 


e odd perfect numbers not divisible by 3 or 5 must have at least 15 
distinct prime factors. 


Neilsen (2006), improving the bound of Hagis (1980), showed that 


e if an odd perfect number is not divisible by 3, it must have at least 
12 distinct prime factors. 


Nielsen (2006) also showed that 


e any odd perfect number must have at least nine distinct prime 
factors. 


More recently, Hare (2005) has shown that 
e any odd perfect number must have at least 75 prime factors. 
Ochem and Rao (2012) subsequently showed that 


© any odd perfect number has at least 101 not necessarily distinct 
prime factors. 


Moreover, Nielsen (2015) proved that 


e any odd perfect number has at least 10 distinct prime factors. 
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3.2.10. To this day, it is not known that if any odd perfect numbers 
exist, although numbers up to 1049 have been checked without 
success. The following table summarizes the development of ever- 
higher bounds for the smallest possible odd perfect number. 


Kanold (1957) 
Tuckerman (1973) 
Hagis (1973) 


Brent and Cohen (1989) 
Brent et al. (1991) 
Ochem and Rao (2012) 


3.2.11. For the largest prime factor of an odd perfect number JN, 
Iannucci (1999, 2000) and Jenkins (2003) were able to find lower 
bounds. 

It is proven that 


e the largest prime factor of N is greater than 10°, the second largest 
prime factor is greater than 10*, and the third largest prime factor 
is greater than 107. 


Therefore, 


e the largest three factors of an odd perfect number N must be at 
least 100000007, 10007, and 101. 


Goto and Ohno (2006) verified that the largest factor must be at 
least 100000007 using an extension to the methods of Jenkins. 
Ochem and Rao (2012) subsequently showed that 


da+1 281 . 28%, 
1 os 


e the largest component of N = q p .- py" is greater than 
10®, i.e., either g4¢+1 > 10 or pi > 10° for some j. 


On the other hand (Yamada, 2005), it is proven that 


e the smallest prime factor of an odd perfect number N with all even 


. “1910 
powers lower than six must be less than e4:97401:10" | 
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3.2.12. Pomerance has also shown that 


e an odd perfect number with at most k factors is less than 
2 
(4K) (46) 


Heath-Brown has improved this by showing that ifn is an odd 
number with o(n) = an, then n < (4d)*", where d is the denominator 
ofa, and k is the number of distinct prime factors of n. In particular, 


e ifn is an odd perfect number with k distinct prime factors, then 
n< 4", 
Moreover (Nielsen, 2003), 


eifN= qtr yeh inet - peer is an odd perfect number, then N < 


In fact, it was proven by Chen and Tang (2014) that N < 
g(dhrt ahs) 


3.2.13. It was proven by Tuchard (1953) and Holdeber (2003) that 
N must be equal to 1 modulo 12 or 9 modulo 36. To be more precise, 
it can be shown (Roberts, 2008) that 


e any odd perfect number N is of the form N = 1(mod 12), or N = 
117(mod 468), or N = 81(mod 324). 


3.2.14. Furthermore, several minor results are known about the 


exponents (),..., 6, in the representation N = qtr yeh ae oe 
of an odd perfect number. In fact, 
e if Py = bg =--: = By = 8B, then for a given 8, there exist only 


finite number of odd perfect numbers. 


In particular, for 6 equal to 1, 2, 3, 5, 6, 8, 11, 12, 17, 24, or 
62, there are no odd perfect numbers (see [HaMc72], [McHa75], and 
[CoWi85]). 

Moreover, in this case, it holds that N < 
2019). 


287 +88+3 
2 (Yamada, 
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Similarly (Kanold, 1950; Cohen and Williams, 1985), it holds that 


e (61,..., Be) F# isesy deo); (Bisexig De) # (15,205 1,5); and 
(Bigancadie) Loni gly). 


It is proven also that not all 6; = 1(mod 3) (McDaniel, 1970), as 
well as not all 6; = 2(mod 5) (Fletcher et al., 2012). 


3.2.15. Many of the properties proved about odd perfect numbers 
also apply to Descartes numbers, and Pace Nielsen has suggested 
that sufficient study of those numbers may lead to a proof that no 
odd perfect numbers exist (see Section 3.6 of this Chapter). 

For more information, see [Ribe96], [Guy94], [Niel03], [PoLu10], 
[FNO12], [HaMc72], [Robe08], [CoWi85], [Yamal19], [Cohe87], 
[McDa70], [FNO12], [Deza21], [Dezal7], [Dick05], [Yan96], and 
[Niel07]. 


Exercises 


1. Prove that odd perfect number cannot be a perfect square. 

2. Consider the numbers 2”~!(2” — 1) for all positive integers n. 
Find all perfect numbers of this form with n < 15. Are there 
deficient numbers of this form? Are there abundant numbers of 
this form? 

3. Consider the numbers 2°(2% + 1) and 2° +1 € P, with pos- 
itive integers a and £. Find all perfect numbers of this form. 
Are there deficient numbers of this form? Are there abundant 
numbers of this form? 

. Prove that there are infinitely many deficient numbers. 

. Prove that there are infinitely many abundant numbers. 

. Find all #. stich that 7(m) = 2h; 27(n) = 1; a(n) nz ol) =e. 

. Are there n < 100 such that o2(n) = lan fC j27? 

. Find all perfect numbers n such that o(n) is perfect; such that 
o(o(n)) is perfect. 

9. Does there exist perfect numbers equal to a®, a € N? 


COND Oo 


10. Check if only one known perfect number (28) has the form x? —1. 
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3.3. Properties of Perfect 
Numbers 


All even perfect numbers have a very precise form; odd perfect num- 
bers either do not exist or are rare. There are a number of results 
on perfect numbers that are actually quite easy to prove but never- 
theless very impressive. 

In this section, we give a large list of the simplest properties of 
perfect numbers. All of them can be proven using elementary prop- 
erties of divisibility of integers. 


Historical tricks in the theory of perfect 
numbers 


3.3.1. The first four perfect numbers, 6, 278, 496, and 8128, were the 
only ones known to early Greek mathematics. Studying the proper- 
ties of these four numbers, ancient mathematicians made some gen- 
eral assumptions. Most of them turned out to be false. 

Euclid proved that 2?-!(2? — 1) is an even perfect number when- 
ever 2? — 1 is prime (Elements, Prop. IX.36). 

Obviously, the first four perfect numbers are obtained by using 
the formula above the first four primes 2, 3,5, and 7: 


for p = 2, we get 2'(2? -1)=2-3=6; 
for p = 3, we get 27(2? —1) = 4-7 = 28; 

for p = 5, we get 24(2° — 1) = 16-31 = 496; 
for p = 7, we get 2°(2’ — 1) = 64-127 = 8128. 


It is natural to propose that 


e the kth perfect number can be obtained by using the Fuclid’s 
formula 2?-1(2? —1) with p = pr, where pz is the kth prime 
number. 


But now, we know that there are composite Mersenne numbers 
with prime indexes. The first such number is Mq, = Qil_1 = 23.89. 
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The next are 23, 29, 37, 41, 43, 53, 59, 67, 71, 73,... (sequence 
A054723 in the OEIS). 

So, already the next prime p = 11 gives us an counterexample to 
the conjecture above, and after three “good” primes, 13, 17, and 19, 
we obtain the next two counterexamples for the primes, 23 and 29. 

As the first perfect number has one decimal digit, the second 
perfect number has two decimal digits, the third perfect number has 
three decimal digits, and the fourth perfect number has four decimal 
digits, it is easy to conjecture that 


e the kth perfect number has exactly k decimal digits. 


However, it turns out that the fifth perfect number 33550336 = 
2!2(2!3 _ 1) has eight decimal digits. 

Lastly, the first four perfect numbers 6, 278, 496, and 8128 end 
in 6 and 8; moreover, they end in 6 and 8 alternatively. So, one can 
conjecture that 


e all the perfect numbers end in 6 and 8 alternatively. 


In fact, the fifth perfect number 33550336 = 2!°(2!8 — 1) 
really ends in 6. However, the sixth perfect number 8589869056 = 
2!6(2!7 _ 1) also end by 6, and therefore, the conjecture above is 
false. 

On the other hand, it is easy to prove that the last digit of any 
even perfect number is 6 or 8. We consider this fact later. It is easy 
to check that the sequence of the last digits of even perfect numbers 
starts from elements 6, 8, 6, 8, 6, 6, 8, 8, 6, 6, 8, 8, 6, 8, 8... 
(sequence A094540 in the OEIS). 

One more conjecture by ancient mathematicians is still open. In 
fact, in 1496, Jacques Lefévre stated that Euclid’s rule gives all per- 
fect numbers, thus implying that 


e no odd perfect number exists. 


In fact, it is still unknown whether odd perfect numbers exist 
or not. 
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Primality of 2” — 1 and properties of 
perfect numbers 
3.3.2. First of all, consider elementary properties of even perfect 
numbers 2”—!(2" — 1), connected with the primality of the number 
2” — 1. 

It is easy to see that a number of the form 2” — 1 can be a prime 


only if n is a prime: 


e For a positive integer n, if 2” —1€ P, thenne P. 


In fact, consider n € N. If n = 1, one has 2! —1 = 1; it is not a 
prime. If n is composite, one can find positive integers a and b such 
that n =a-bandl<a<b<n. Then, 


fp 29" SH 1S B= 1) KEN, 


So, the number 2” — 1 has a positive integer divisor 2*—1. As 1 < 
a<n, it holds that 1 < 2*-1< 2”—1. It means that 2*-1# 1 is 
a proper divisor of 2” — 1; so, 2” — 1 is composite. 


As a consequence, we get the following elementary fact: 
e For a positive integer n, ifn € S, then 2" —1eES. 


However, there exist primes p such that 2? — 1 is composite. The 
first such number is 11: 


My, = 2'' — 1 = 1027 = 23-89. 


The next are 23, 29, 37, 41, 43, 53, 59, 67, 71, 73,... (sequence 
A054723 in the OEIS). 
As an easy subsequence of the fact above, we can state that 


e any even perfect number has the form 2?—!(2? — 1), where p € P. 


For any even perfect number greater than 6, the corresponding 
prime number p is odd, and hence, the number p— 1 is even. So, the 
following proposition holds: 

Any even perfect number greater than 6 is divisible by 4. 


As for any prime number p # 2, it holds that p—1 > 2; we get 
2P-1 > 2? so 4|2?-! and 4|2?-1(2P — 1). 
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Moreover, it is easy to state that 


e the only square-free perfect number is 6. 


For even perfect numbers, it is now obvious. As for odd perfect 


numbers, it is proven that any odd perfect number has the form 
(ey 201 2k 


q°p, ++: p, *, where q,pi,...,pe are distinct odd primes (Euler). 
So, the proposition is true for all, even and odd, perfect numbers. 


Moreover, it is easy to check that greatest common divisor of two 
even perfect numbers is a power of two. More exactly, 


e for two given even perfect numbers 2?—1(2? —1) and 29-1(2% — 1), 
v,qg€ Pp <q, their greatest common divisor is equal to 2P-1. 


In fact, for two even perfect numbers 2?~1(2? — 1) and 
29-1(29 — 1), it holds that 2? — 1,27-—1 € P\{2}, and for p < q, 
we get 


ged(27-1 (27 — 1), 2P-1 (2? — 1)) = 2°71, 


In other words, the greatest common divisor of these two perfect 
numbers is 


, where M, is the Mersenne prime, taking part in 
the construction of the smaller perfect number. In particular, if both 
perfect numbers are greater than 3, then p— 1 is even, and hence, 
the greatest common divisor of these two perfect numbers is greater 
than 4. 


3.3.3. Consider now possible remainders of Mersenne primes mod- 
ulo 10. It will give us information about the last digit of the prime 
Mersenne number M,. In fact, as any odd prime number p is con- 
gruent to 1 or 3 modulo 4, we have the following proposition: 


e for p = 2, it holds that My = 3(mod 10), i.e., the last digit of Mo 
1s 3; 

e forpe P,p=Al+1, it holds that My = 1(mod 10), i.e., the last 
digit of My, is 1; 

e forpEe P, p=4Al+3, it holds that M, = 7(mod 10), i.e., the last 
digit of My, is 7. 
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The reader can easily check these facts, noting that 


galtk 4= oy oF 4 =6!. 2% -1 =6.2% 1(mod 10); 


as 6-2! — 1 = 1(mod 10), 6-2? — 1 = 3(mod 10), and 6-223 -1= 
7(mod 10), the result holds. 


Considering now a given even perfect number, we can get the 
following simple fact: 


e for p = 2, it holds that 2?—! = 2(mod 10), and 2? —1 = 3(mod 10); 

e forpe P, p=4l4+1, it holds that 2?-! = 6(mod 10), and 2?-1= 
1(mod 10); 

e forpe P, p=4l+3, it holds that 2?-! = 4(mod 10), and 2?-1= 
7(mod 10). 


Really, it is easy to see that 


hs OF a6 0" S622" od 10): 


as 6-2! = 2(mod 10), 6-2° = 6(mod 10), and 6-2?—1 = 4(mod 10), 
the result holds. 


We use this fact in the next section. 


Modular properties 


In the previous section, we also started to discuss some properties of 
even perfect numbers modulo n, n € N. 
Let us consider such kind of properties in detail. 


3.3.4. As for modulo 2, we can state that 
© any even perfect number is congruent to 0 modulo 2. 
Moreover, it holds that 


e any even perfect number greater than 6 is congruent to 0 modulo 4. 


Both these facts are trivial: 2?—! = 0(mod 2) for any prime p, 
while 2?-! = 0(mod 4) for any prime p > 2. 
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In a similar way, we can prove that 


e any even perfect number greater than 6 is congruent to 4 modulo 6. 


In fact, for odd p, it holds that 

OPP a dye (= 1-1) Sa 2) = od 3): 
so, 2?-1(2P?—1) = 1(mod 3), i-e., 2?-1(2?—1) = 3t+1. Since 2?-1(2?— 
1) = O(mod 2), we get 3t + 1 = O(mod 2), and t = 1(mod 2). So, 
t = 2m +1, and 2?-1(2? —1) = 38t+1= 3(22m+1)+1=6m+4. 
Therefore, 2?-1(2? — 1) = 4(mod 6). 


3.3.5. If we consider modulo 10, we get that any even perfect number 
is congruent to 6 or 8 modulo 10: 


e Ifm = 2*-1(2* — 1), where 2* —1 € P, then n = 6,8(mod 10). 


In other words, it is easy to show that the last digit of any even 
perfect number is 6 or 8. 
In fact, consider the numbers 2?~!(2? — 1). For p = 2, the 
statement is true: 


o'(2*— 1) = 2-3 =6imed 10). 


All other p are odd (as p is prime) and hence p = 1, 3(mod 4). If 
p = 1(mod 4), then p = 41 + 1 and 


oro hor 1) =] 0") 2") = 1) S612 — 1) = bod 10), 
If p = 3(mod 4), then p = 41 + 3 and 
PP — 1) ase GO") —1) = 2448 — 1) 4+ 7 = Binod 10). 


On the other hand, we can easily obtain this result using the infor- 
mation about the last digit of a given Mersenne prime M, > 3 
proved in the previous section: If M, = 2? — 1 = 1(mod 10), then 
2?-1 = 6(mod 10), and 2?~'(2? — 1) = 6(mod 10); if Mp = 2? -1= 
7(mod 10), then 2?-! = 4(mod 10) , and 2?-1(2? -1)=4-7= 
8(mod 10). 

It is easy to check that the sequence of the last digits of even 


perfect numbers starts from elements 6, 8, 6, 8, 6, 6, 8, 8, 6, 6, 8, 8, 
6, 8, 8,... (sequence A094540 in the OEIS). 
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Similarly, the last two digits of any even perfect number greater 
than 6 are 16, 28, 36, 56, 76, or 96: 


eo ifn = 2-102" — 1), where 2 1 € P\{2}, then n = 
16, 28, 36, 56, 76(mod 100). 


Note that there is only one combination, “28,” with the last digit 
8, while one has four possibilities, “16, 36, 56, and 76,” with the last 
digit 6. So, one can say that 


© any even perfect numbers ends by 6 or 28. 


3.3.6. Consider now the behavior of even perfect numbers modulo 
9. It is easy to prove that 


e any even perfect number greater than 6 gives the remainder 1 on 
dividing by 9. 


On the one hand, for the number 28, it is obvious. 


On the other hand, for any even perfect number 2?~!(2? — 1), 
greater than 28, the number p is a prime greater 3, ie, p = 
+1(mod 6). If p= 61+ 1, then 


gp lor = Tye (2°) (2°)! 1) = 1Gnad 9). 


If p= 61 + 5, then 


Pa) So (22 2) 1) = 1682-1) SF 4S 1 (med 9). 


In fact, the proof of the fact that any even perfect number greater 
than 6 gives the remainder 1 on dividing by 9 can be obtained using 
the following property: Any even perfect number greater than 6 has 
the form 1+9S3(n). We consider this property in the next section. 

Now, we can check that 


e adding the decimal digits of any even perfect number greater than 
6, then adding the digits of the resulting number, and repeating 
this process until a single digit is obtained always produces the 
number 1. 
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The proof is based on the fact that for a given positive integer 


N = (CsCs-1--- €100)g = Cs9* + Cs-1g* | ++: Haig+o, 
0<¢<9,c, £0, 


in base 10, the sum c, +--- +c, + co of the decimal digits of n is 
congruent to n modulo 9. 

As any even perfect number greater than 6 is congruent to 1 
modulo 9, we get a decreasing sequence of positive integers, each 
term of which is congruent to 1 modulo 9. Obviously, this sequence 
ends by 1 after finite number of steps. 

For example, for the number 28, we have 2+8 = 10 and 1+0 = 13; 
for the number 496, we have 4+9+6=19,14+9=10,14+0=1; 
for 8128, we have 8+1+2+4+8=19,1+9=10, and1+0=1. 

Recall that the digital root (or repeated digital sum) of a positive 


integer n is defined as the (single-digit) value obtained by an iterative 
process of summing digits on each iteration using the result from the 
previous iteration to compute a digital sum if the process continues 
until a single-digit number is reached. 

Therefore, the property above can be reformulated as follows: 


e The digital root of every even perfect number other than 6 is 1. 


Note that this property holds for all positive integer numbers of 
the form 2*—'(2* — 1) for any odd integer k. 


3.3.7. In terms of representation of an even perfect number in base 
9, we can reformulate the previous property as follows: 


e The last digit of the representation of any even perfect number 
greater 6 in base 9 is 1. 


As for base 2, each even perfect number has very precise form. 
For example, for the first four even perfect numbers, we have: 


619 = 27 + 2' = 1105; 
2819 = 24 + 2° + 2? = 111009; 
A9619 = 2° + 2% + 26 + 2° + 24 = 1111100002; 
812819 = 27? + 211 + 210 + 99 4 98 4 97 + 28 = 11111110000002. 
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In fact, it is easy to prove that 


e every even perfect number 2?-1(2? — 1) is represented in binary 
form as p ones followed by p—1 zeros. 


We can check this using simple arithmetic in base 2: 2?-! = 


100...02, where the representation has exactly p— 1 zeros, and 2? — 
1 = 100...02 — 1 = 111...12, where the representation has exactly p 
ones; so, 


2P-1(9P —1) = 100...02-111...12 =11...100...0s, 


with p ones and p — 1 zeros. 


It means that every even perfect number is a pernicious number, 
i.e., a positive integer such that the number of ones in its binary 
representation (in fact, its Hamming weight) is a prime. 

We consider this connection of perfect numbers later in 
Section 3.5. 

For the representation of even perfect numbers in base 4, we can 
obtain similar results. For example, for the first four even perfect 
numbers, we have: 

6190 = 444+ 2= 124; 

2819 = 47 +3-4! = 130; 

49619 = 44 +3-42 43-4? = 13300,; 

812819 = 4° +3-4°+3-4443- 43 = 13330004. 

It is easy to show that 


e every even perfect number 2?—!(2P?—1) greater than 6 is represented 


in base 4 as one unity followed by pot threes and then followed by 


=) 
a zeros. 


We can check this using simple arithmetic in base 4. As for odd 
p, it holds that 


gP-l(gp — 1) = 4? (2.4°= — 1), 


=1 

4*> = 100... 04, where the representation has exactly — ZeYOS, 
=I 

2-4°2 = 200... O04, where the representation has exactly pot ZEYOS, 


and hence, 2 - le a 233...34, where the representation has 
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exactly pot threes, we get 
oP-1(9p 1) = 4" (2.472 — 1) = 100...04(200...004 — 1) 
= 100...004-133...334 = 1383...300... 04, 


where the representation has exactly 2>- 1 threes and exactly 2 = 
Zeros. 


Different representations of perfect 
numbers 


3.3.8. As was considered above, any even perfect number is defined 
by a Mersenne prime: If M, = 2? — 1 is prime, then 2?~1(2? — 1) is 
perfect. So, we can note that 


; : . Mp(Mp+1 
e if M, is a Mersenne prime, then Meee) 


number. 


is an even perfect 


The proof is obvious. As M, = 2? —1, M,+1 = 2?, and 
= 2?-! we get that Met) = 2P-1(2P 1), where 2?—-1 € P. 


Mp+1 
aed 


3.3.9. So, we can represent any even perfect number as NO) 


Now, it is easy to check that any even perfect number is a triangle 
number. More precisely, 


e if 2?—1eP, then 2P-1(2? — 1) = S3(2? — 1). 


It follows from the definition of the nth triangle number that 


n(n + 1) 
—— 


S3(n) =14+2+---+n= 


Since 2?-1(2? — 1) = eee we get that aver) = = $3(2? — 1). 


So, we can state that 


© any even perfect number 2?—!(2P — 1) is the triangle number with 
the prime index 2? — 1, coinciding with the odd part of a given 
perfect number. 
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Moreover, 


e the nth even perfect number 2?~1(2? — 1) is the triangle number 
with the index 2? — 1 equal to the nth Mersenne prime. 


In fact, the first (even) perfect number 6 is the third trian- 
gle number, where 3 = 2? — 1 is the first Mersenne prime. The 
second (even) perfect number 28 is the seventh triangle num- 
ber, where 7 = 2% — 1 is the second Mersenne prime. The third 
(even) perfect number 496 is the 31st triangle number, where 
31 = 2° — 1 is the third Mersenne prime. The fourth (even) per- 
fect number 8128 is the 127th triangle number, where 31 = 2° — 1 
is the fourth Mersenne prime, etc. The 48th (even) perfect num- 
ber 257885160 (957885161 _ 1) — 169296...130176 (34850340 digits) 
is the (2°7885161 _ 1)th triangle number, where 2°78°161 _ 1 = 
581887 ...285951 (17425170 digits) is the 48th Mersenne prime. It 
was found in 2013. There are three more known Mersenne primes M,, 
with p € {74207281, 77232917, 82589933}, but it has not been ver- 
ified whether any undiscovered Mersenne primes exist between the 
48th Mersenne prime, Ms57g85161, and the biggest known Mersenne 
prime, Mgo589933. 

Moreover, it is possible to show that 


e any even perfect number greater than 6 is the triangle num- 
ber S3(3n + 1), where the index 3n + 1 is a prime number and 
n = 2(mod 8). 


In fact, if the even perfect number 2?~!(2? — 1) is greater than 


6, then as 2? — 1 is prime, it holds that p is an odd number greater 
than 1. In this case, 


Poj= 7 1=9.4 -1= 2-1 = 1 fmod 3), 


ie., 2?-—1=3n+1. 

Moreover, for p > 3, it holds that 2? - 1 = —1(mod 8), ie., 
3n +1 = —1(mod 8), 3n = —2 = 6(mod 8), and as gcd(3,8) = 1, 
(the numbers 3 and 8 are relatively prime, and one can divide the 
last congruence by 3), n = 2(mod 8). 
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For example, 28 = $3(7) = $3(8-2+4 1), and 2 = 2(mod 8); 
496 = S$3(31) = $3(3-10+ 1), 10 = 2(mod 8); 8128 = S$3(127) = 
S$3(3- 42+ 1), and 42 = 2(mod 8). 

Using the last result, we can prove that 


e any even perfect number greater than 6 has the form 1+ 9S3(n), 
where n = 2(mod 8). 


Really, any even perfect number greater than 6 is a triangle 
number with the prime index of the form 3n+1, where n = 2(mod 8). 
In turn, 


Sy(3n +1) = Got VGn +7) _ grins He? 


n(n + 1) 


=14+9.- = 1+ 953(n). 


The property is proven. 

It is easy to show that in this case, S3(n) = S3( 
3, 5(mod 10). 

So, starting with the perfect numbers $3(7) = 28, $3(31) = 496, 
S3(127) = 8128, etc., we get after subtracting 1 from the perfect num- 
ber and dividing the result by 9 the new triangle numbers $3(2) = 3, 
S3(10) = 55, $3(42) = 903, $3(2730) = 3727815, etc. ending in 
3 or 5. 

So, we got the connection between even perfect numbers and tri- 
angular numbers. In fact, any even perfect number is triangular. 

If we consider only the odd part of a given perfect number, i.e., a 
given Mersenne prime M, = 2p — 1, we can prove that 


e the only one Mersenne prime is triangular: It is Mz = S3(2). 


More generally, it holds that My, = S$3(1), Mz = S3(2), Mg = 
53(4), and M2 = $3(90), and it is possible to prove that M,, = 2"—1, 
n€N is a triangle number only for these four cases. 

The problem of finding all triangular Mersenne numbers is equiv- 
alent to the problem of finding all positive integer solutions of the 
Ramanujan—Nagell equation 2” — 7 = x”. The solutions of this equa- 
tion in positive integers n and x exist just when n = 3, 4, 5, 7, and 15 
(sequence A060728 in the OEIS) with corresponding x = 1, 3, 5, 11, 
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and 181 (sequence A038198 in the OEIS), as was conjectured by the 
Indian mathematician S. Ramanujan and proved by the Norwegian 
mathematician T. Nagell. 

In this case, if the number M, = 2” — 1 is triangular, then the 
values of v are just those of n — 3 so that the triangular Mersenne 
numbers are 1, 3, 15, 4095 (see sequence A076046 in the OEIS) and 
no more. 

The numbers 0, 1, 3, 15, and 4095, which are the only non- 
negative integers which have simultaneously the form wee u= 
0,1,2,... and the form 2” — 1, v = 0,1,2,... are also called 


Ramanujan—Nagell numbers. 
3.3.10. Moreover, it is easy to show that 


e any even perfect number is an hexagonal number. 


Recall that the nth hexagonal number S¢(n) is defined as the 
number of distinct dots in a pattern of dots consisting of the outlines 
of regular hexagons with sides up to n dots when the hexagons are 
overlaid so that they share one vertex. In other words, 


Se(n) =1+54+9+4+---+ (4n— 3) = n(2n—- 1). 
For n = 2?—!, we get 
Se(n) = Sg(2?-1) = 2?-1(2. 2P-1 — 1) = 2P-1(2? — 1). 


So, if 2? — 1 is a prime, the (2?~')th hexagonal number S¢(2?~') 
coincides with the perfect number 2?~1(2? — 1). 

The same result can be obtained as follows. As n(2n — 1) = 
ew it holds that S¢(n) = S3(2n — 1). So, since for a prime 
number 2? — 1, the (2? — 1)th triangular number 5$3(2? — 1) gives 


an even perfect number 2?-!(2? — 1), we can get the same perfect 
(2P-1)+1 _ op-1 
— = : 


number as the hexagonal number with the index 


So, we have proven that 


e for the number 2?-1(2P—1), 2P—1 € P, it holds that 2?-!(2?—1) = 
S6(2P-1). 
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In other words, we can state that 


e the even perfect number 2?—1(2? —1) is the hexagonal number with 
the index equal to a power of two of the form 2?-', where p € P 
and coinciding with the even part of a given perfect number. 


In fact, the first (even) perfect number 6 is the second hexago- 
nal number, where 2 = 2?~!, and 2? — 1 = 3 is the first Mersenne 
prime. The second (even) perfect number 28 is the fourth hexag- 


onal number, where 4 = 2°~!, and 2? — 1 = 7 is the second 
Mersenne prime. The third (even) perfect number 496 is the 16th 
hexagonal number, where 16 = 2°~!, and 2° —1 = 31 is the 


third Mersenne prime. The fourth (even) perfect number 8128 is 
the 64th hexagonal number, where 64 = 2’~!, and 2’ — 1 = 127 
is the fourth Mersenne prime, etc. The 48th (even) perfect num- 
ber 207885100 (povesotst _ 1) = 169296... 130176 (34850340 digits) is 
(2°7885160\ th hexagonal number, where 2°160 — p5/eeslel—1 | and 
2°7885161 _ 7 (17425170 digits) is the 48th Mersenne prime. It was 
found in 2013. There are three more known Mersenne primes M, 
with p € {74207281, 77232917, 82589933}, and hence three more 
even perfect numbers (not necessarily 49th, 50th, and 51st even per- 
fect numbers, as it has not been verified whether any undiscovered 
Mersenne primes exist between the 48th Mersenne prime M5795161 
and the biggest known Mersenne prime Mgo589933), which can be rep- 
resented as 272078 ph, 977282916th. and 292589992+h hexagonal mum- 


bers, correspondingly. 


3.3.11. So, we have proven that any even perfect number is a trian- 
gular and a hexagonal number. On the other hand, any even perfect 
number cannot be a square number: 


e For 2P-1(2? —1), 2-1 € P, it holds that 2?-1(2?-1) Aa® ae Z. 


This is obvious because the prime number 2? — 1 is represented 
in the number 2?~1(2? — 1) only one time. 
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The reader can see that most properties listed in this section are 
proven only for even perfect numbers. However, it is easy to prove 


that 


© any perfect number, even or odd, cannot be a perfect square. 


As we have proven already this fact for any even perfect 


number, let us consider now an odd perfect number n. If it is 
a perfect square, its prime decomposition should have the form 
n= he age as where py < po < +--+ < pr are some odd 
prime numbers, and a1,a2,...,az € N. It is easy to see that for 
any odd prime p, the value o(p?*) = 1+p+---+p?® can be repre- 
sented as a sum of odd number of odd numbers and therefore is an 
odd positive integer. As the sigma function is multiplicative, it holds 
that a(n) = o(pi™ p3™ ... pe") = o(pi™)o(p3??) ... o(p2**) is also 
an odd positive integer. But for a perfect number n, it holds that 
a(n) = 2n, so a(n) should be even; a contradiction. 


Now, it is east to show that, for example, 


© any perfect number, even or odd, cannot to be a biquadratic 
number. 


Moreover, any perfect number, even or odd, cannot to be any non- 
trivial even power: 


e For any p € P such that 2?—1 € P, it holds that 2?-1(2?—1) 4 k*s, 
where k,s © N. 


This fact is trivial: If 2?-'(2? — 1) = k?°, we get a representa- 
tion of an even perfect number as a perfect square (k*)?. The same 
arguments hold for any odd perfect number. 


3.3.12. Furthermore, we can show that 


e each even perfect number greater than 6 is a centered nonagonal 
number. 
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Recall that a centered nonagonal number (or centered enneag- 


onal number) is a positive integer number that represents a nonagon 
with a dot in the center and all other dots surrounding the central dot 
in successive nonagonal layers. The nth centered nonagonal number 
is given by the formula 


Riga oli ee 


2 
So, for n = an. where p € P\{2}, we get 
= —2\(3n—1) (2? —1)2P 
So(n) = Gna 2On— 0) 2 au = 2?-1(9P — 1). 
It means that in the case of primality of the number 2? — 1 with odd 


prime p, the (= 1)th-centered nonagonal number coincides with the 


even perfect number 2?~1(2? — 1). 


However, the same result can be obtained as follows. It is obvious 
that 


Sp(n) = GZ es =i) 


i.e., any centered nonagonal number is a triangular number. But 


_ S3(3n = 2) 


any even perfect number is also a triangular number: 2?~1(2? — 1) = 
S3(2? — 1). So, representing 2? — 1 as 3n — 2, we get for n the integer 
value aot: in this case, 2?~1(2? — 1) = So(n). 


3.3.13. In the end of our consideration, note that 


e even perfect numbers cannot be represented as the difference of two 
positive non-consecutive triangular numbers. 


That means that there is no even perfect number which is a trape- 
zoidal number. 


In fact, there are exactly three types of non-trapezoidal num- 
bers: even perfect numbers, powers of two, and the numbers of the 
form 2”~1(2” + 1) formed as the product of a Fermat prime 2” + 1 
with a power of two in a similar way to the construction of even 


perfect numbers from Mersenne primes. 
We consider this question in Section 3.5. 
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Sum-representations of perfect numbers 


3.3.14. As a triangle number, any even perfect number is a sum of 
consecutive positive integers starting from 1 up to a Mersenne prime. 
In fact, 


e for 2?—-1€P, it holds that 2?-1(2? -1) =1+2+---+(2?—-2)+ 
(2? — 1). 


It follows from the equality 1+2-+---+n= Mn+) used for 


2 
n= 2P—1: 


(2? — 1)2P 
2 


If the condition 2? — 1 € P holds, we get the needed representation 
of a given even perfect number 2?~1(2? — 1). 


2P-1(2? -1) = S3(2?—1) = = 1424+---+(2?—2)+(2?-1). 


Moreover, for the nth even perfect number, the corresponding 
sum of consecutive positive integers starting from 1 is terminating 
on the nth Mersenne prime. 

In fact, the first (even) perfect number 6 is represented as 6 = 
1+2+3, where 3 = 2? — 1 is the first Mersenne prime. The second 
(even) perfect number 28 is represented as 28 = 1+2+34+4+5+6+7, 
where 7 = 2° — 1 is the second Mersenne prime. The third (even) 
perfect number 496 is represented as 496 = 14+ 2+---+ 304 31, 
where 31 = 2° — 1 is the third Mersenne prime. The fourth (even) 
perfect number 8128 is represented as 8128 = 14+2+---+126+ 127, 
where 127 = 2° — 1 is the fourth Mersenne prime, etc. The 48th 
(even) perfect: number 2°7885160 (957885161 _ 1) — 169296... 130176 
(34850340 digits) is represented as 169296...130176 =1+2+---+ 
(257885161 _ 9) 4 (257885161 _ 1) | where 257885161 __ 1 — 581887... 285951 
(17425170 digits) is the 48th Mersenne prime. It was found in 
2013. There are three more known Mersenne primes M, with p € 
{74207281, 77232917, 82589933} and hence three more even perfect 
numbers (not necessary 49th, 50th, and 51st even perfect numbers), 
which can be represented as 1+2+- --+ (274207281 _ 9) 4 (974207281 __ 1) _ 
L424. +++ (277232917 _ 9) 4 (277232917 _ 1) and 1424- +--+ (282589933 _ 
2) + (282589933 _ 1) correspondingly. 

Moreover, it is possible to show that 
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e any even perfect number 2?—'(2? — 1), greater than 6, is a sum of 
-1 
the first 27> odd cubes: 


(p=1) 
2.2 


ap-l(ap —1)= So (2i-1)*. 


i=1 


For the proof, consider an odd number g. As 17 +---+q? = 
: q-1)2(g-1 2 
PHY and 134... + (1/3 = 7  ([stepoi}), then 23 + 


43 +--+ (g— 1) = 2°) +1)’, and 
2 2 2 2 
+1) q-1 q-1 
724334... 3_ag(qtl) , cae _ Sa | 
se es ea ‘| 7 5 5 F 
2q?(q + 1)? — (q—1)?(q +1)? 
8 
. @t Ie +2¢-1) 
8 
2 = 2 = 
Oe es seeet ce reac 
9 F | 
i.e., it holds that 
2 
ee +2q-1 
4s epg =s, (CS), 


We get now our result for g = 2°} — 1. In this case, 


2 
ee i 
—-— = 5((2°F -1)?-+2(2"@ -1)-1) = 5 (241-2) = 2-1, 


and $3(2? — 1) = 2?-1(2P — 1). 

For example, 28 = 27(23 — 1); in this case, p = 3 and os i= 3; 
so, 28 = 13+2. 496 = 24(2°—1); in this case p = 5 and Dr nh 7 
so, 496 = 13 +33 +5°+7%. 8128 = 2°(2" — 1): in this case p = 7 and 
2°s* — 1 = 15; so, 8128 = 13 +33 4... +153. 


3.3.15. As a hexagonal number, an even perfect number can be rep- 
resented as a sum of the first 2?-' elements of arithmetic progression 
1,5,9,.... In fact, 
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for 27-1 P, it holds that 2°-1(2? —1) = S°?75(4k +1) with 
m= op-t, 


In follows from the definition of a hexagonal number that 
Sen) =14+54+94+>-:++ (4n — 3). As 2P-1(2? — 1) = S6(2?-1), 
we get the decomposition 


oP (9? — 1) S144 O44 OPP 8) Ht Ohi (OP 8), 


For example, 6 = 2!(2? — 1); in this case, p = 2 and 2P-1 = 2, 
while 2?+1 — 3 = 5; so, 6 = 1+5; 28 = 22(2° — 1); in this case, p = 3 
and 2?-! = 4, while 2°*! — 3 = 13; so, 28 = 14+549+ 13. 496 = 
24(2° — 1); in this case, p = 5 and 2?-1 = 16, while 2?t! — 3 = 61; so, 
496 = 1+5+94+13+174+21+25429+33+37+414+45+49+53+57+61; 
8128 = 26(2" —1); in this case, p = 7 and 2?—! = 64, while 2°+1—3 = 
253; so, 8128 = 1454941384174 214 254 294+ 334+ 37+ 41+ 
45+ 49+ +--+ 245 + 249 4+ 253. 


Properties of divisors of perfect numbers 


3.3.16. Divisors of perfect numbers play a very important role in the 
theory of these numbers. In fact, the definition of a perfect number is 
based on the notion of positive integer divisor: a positive integer n is 
perfect if the sum of its proper divisors is n. In other words, s(n) = n, 
where s(n) = )lgin, aén@ is the aliquot sum function (or restricted 
divisor function). In this case, the sum of all positive integer divisors 
of n is 2n, ie., a(n) = 2n, where o(n) = )7q), dis the sum of divisors 
function (or sigma function). 
So, it is obvious that 


e for any perfect number, even or odd, the sum of all its positive 
integer divisors is even. 


Of course, as a(n) = 2n, then o(n) is even. 

For even perfect numbers, having a very precise form due to the 
Euclid—Euler theorem, this result can be reformulated in terms of 
Mersenne primes: 


e For M, = 2?—-1€P, tt holds that o (Meet) =V( Ma 1). 
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It is easy to show that, moreover, 


e for any perfect number, even or odd, the number of all its positive 
integer divisors is even. 


It was proven before that any perfect number, even or odd, 


cannot be a perfect square. It means that his prime decomposition 
m= py-...- pet, pi <--> < py € P, on,...,a% € N, contains a 
term of the form p?°t!, i.e., a prime number p, which is represented 


in this decomposition with an odd degree 23 + 1. In this case, 
T(n) = (a, + 1)(ag +1)... (ap +1) = (84 2)K, K EN, 


i.e., T(n) is even. 


For even perfect numbers, we can obtain some additional infor- 
mation. In fact, 


e for any even perfect number, the number of all its positive integer 
divisors is twice of a prime. 


Really, any even perfect number has the form 2?~!(2? — 1), 
where the number 2? — 1 is prime, and we have 7(2?7! 
(2? — 1)) = 2p. 

So, we can state that 


e for the nth even perfect number, the value of the tau function is 
2p, where prime p is the index of the nth Mersenne prime. 


In fact, the first (even) perfect number 6 = 2-3 has four divisors, 
ie., T(6) = 2-2, where 2 is the index of Mz = 3 = 2? — 1, the first 
Mersenne prime. The second (even) perfect number 28 = 27-7 has 6 
divisors, i.e., 7(28) = 2-3, where 3 is the index of M3 = 7 = 2° — 1, 
the second Mersenne prime. The third (even) perfect number 496 = 
2+ . 31 has 10 divisors, i.e., T(496) = 2-5, where 5 is the index of 
31 = 2° — 1, the third Mersenne prime. The fourth (even) perfect 
number 8128 8128 = 2° - 127 has 14 divisors, i.e., 7(8128) = 2-7, 
where 7 is the index of M7 = 127 = 2’ — 1, the fourth Mersenne 
prime, etc. The 48th (even) perfect number 2°7395160 (997885161 _ 4) — 
169296... 130176 (34850340 digits) has 2 - 57885161 = 114770322 
divisors, where 57885161 is the index of Ms7ggs161 = (2°/8°°16! —1) = 
581887... 285951 (17425170 digits), the 48th Mersenne prime. 
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One more elementary but important fact about divisors of any 
even perfect number can be formulated as follows: 


e For any even perfect number, it holds that the odd part of its prime 
factorization is equal to the sum of the divisors of the even part of 
this factorization, while the even part of its prime factorization is 
equal to the one half of the sum of the divisors of the odd part of 
this factorization. 


This follows from Leonhard Euler’s result that an even perfect 
number must have the form 2?~!(2? — 1), 2? —1 € P. The odd part 
of this factorization is 2? — 1; it is equal to 1+2+2?+4.---4 P71, 
the sum of the divisors of the even part 2?~! of this factorization. 
On the other hand, the sum of the divisors of the odd part 2? — 1 
is 1 + (2? — 1); it is equal to 2?, twice the even part 2?~! of our 
factorization. 


3.3.17. As for the aliquot sum function s(n), we can state that 


e for an even perfect number n, the value s(n) of the aliquot sum 
function is even, while for an odd perfect number n, the value s(n) 
of the aliquot sum function is odd. 


This follows from the fact that s(n) = o(n) —n; so, for any per- 


fect number n, it holds that s(n) =n, and the proposition becomes 
obvious. 


Much more important is the following property: 


e Any perfect number is a fixed point of the restricted divisor function 
s(n) = o(n)—n, and the aliquot sequence associated with a perfect 
number is a constant sequence. 


In fact, an aliquot sequence is the sequence of numbers obtained 
by repeatedly applying the restricted divisor function s(n) = o(n)—n 
to n. 
If the period of the aliquot cycle is 1, ie., s(n) = n, we get a 
perfect number. For example, the aliquot sequence for 6 is 6,6,6,.... 
If the period is 2, i.e., s(n) =m, and s(m) = n, the two obtained 
numbers n,m form an amicable pair. 
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If the period is t > 3, we get a group of sociable numbers. 


We consider these questions in Chapters 4 and 5. 


3.3.18. It is easy to see that 


e the sum of the reciprocities to all positive integers divisors of a 
given perfect number n is equal to 2. 


In fact, a positive divisor d of a positive integer n corresponds 
to the positive integer divisor 4 of the same number n. They coincide 
only if n = 27; in this case, d = 4 = t. Using the definition o(n) = 2n 
and the consideration above, we get the equality 


a aa 
and hence the equality 
rere eee 
dy de 


For example, for the number 6, we have ¢ + + + 5 + + = 22 for 
the number 28, we have meats ttettH=2 etc. 
A positive integer is called Ore harmonic number if the harmonic 


mean of its divisors is an integer. So, as the number of divisors of 
any perfect number is even, we get that 


e any perfect number is an Ore harmonic number. 


3.3.19. There exists also the following “criteria of perfectness”: 


e A positive integer n is a perfect number if and only if 


nm 


[= |4-+-+(n—2) Fed = v1] | ++.-+(n-1) Fe 


— 


In fact, using the property 


nm n 


Saad 


i=1 i=1 
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and the obvious equalities |2 | =l1n2>1, || =1,n> 83, we get 
that 


ie., if and only if o(n) = 2n. 


Other properties of perfect numbers 
3.3.20. One can prove (Makowski, 1962) that 


e the only even perfect number of the form x? +1 is 28. 


Moreover, it is proven (Gallardo, 2010) that the sum 28 = 3° + 1° 
is the only possible representation of an even perfect number as a 
sum of two perfect cubes: 


e 28 is the only even perfect number that is a sum of two positive 
cubes of integers. 


3.3.21. The distribution of perfect numbers can be characterized by 
the function A(x), which counts the number of perfect numbers less 
than or equal to a positive real number x. For example, A(1) = 0, 
A(10) = 1, A(30) = 2, etc. It is proven (see Kanold, 1956) that 


e for the number A(x) of perfect numbers less than or equal to x, it 
holds that 


A(z) < eVz, 
where c > 0 is an absolute constant. 


In other words, A(x) = O(,/2). 
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For some additional information, see, for example, in [Buch09]}, 


[Kano56] [Dezal17], [Deza18], [Sier64], [Dick05], [Step01], [Wiki22], 
and [Yan96]. 


Exercises 


ale 


Using the fact that even perfect numbers are of the form $3(2?—1), 
where $3(n) is the nth triangle number, find resulting triangular 
numbers for the first 10 even perfect numbers. 


. Check that even perfect numbers greater 6 are of the form 1+ 9- 


S3(75 2) where $3(n) is the nth triangle number; find the first 10 
resulting triangular numbers. Prove that their last decimal digit 


is 3 or 5. 


. Prove that every even perfect number ends in 6 or 28, base 10. 
. Prove that every even perfect number greater than 6 ends in 1, 


base 9. Find such representations for the first four even perfect 
numbers. 


. Prove that adding the digits of any even perfect number greater 


than 6, then adding the digits of the resulting number, and repeat- 
ing this process until a single digit (called the digital root) is 
obtained always produces the number 1. Check this for the first 
four even perfect numbers greater than 6. 


. Prove that the digital root of any number 2*~1(2* — 1) with odd 


k is equal to 1. Check it for all odd k < 10. What can be said 
about the digital root of numbers 2*—!(2* +1) with odd k? What 
can be said about the digital root of numbers 2*~1(2* + 1) with 
prime 2" + 1? 


. Prove that the only square-free (even) perfect number is 6. Find 


the square part of an even perfect number. Find a square-free 
part of an even perfect number. Which connections exist between 
these two positive integer numbers? 


3.4. Search for Perfect Numbers 


3.4.1. In the theory of perfect, amicable, and sociable numbers, 
there exist three classical groups of methods for finding all these 
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three kinds of special numbers. There are three essentially different 
types of methods of such generation, namely the exhaustive numer- 
ical searching methods, the algebraic assumption methods, and the 
algebraic constructive methods (for more information, see, for exam- 
ple, the monograph of S. Y. Yan [Yan96]. 

Methods of the first type are directly based on numerical cal- 
culations of values of the sigma function. For example, if o(N) = 
2N, then N is a perfect number. On the other hand, if o(N) = 
o(M) = N+M, then the numbers M and N form an amicable pair 
(M,N). 

In the second type of methods, an assumption is made about 
the prime structure of considered numbers. For example, for k = 
1,2,3,..., if 2" — 1 is a prime, then N = 2*—1(2* — 1) is an even 
perfect number. On the other hand, for n = 1,2,3,..., if p,q, and r 
are distinct primes of a special form, then the numbers M = 2"pq 
and N = 2”"r form an amicable pair (M,N). 

In the third type of methods, new elements of considered set of 
special numbers are constructed from a given (breeder) element of 
the same set. We consider such algorithms for constructing large 
amicable pairs in Chapter 4. 

In this section, we present main facts concerning the historical 
and contemporary aspects of the search for perfect numbers. 

For this class of special numbers, two types of searching meth- 
ods are used: exhaustive numerical methods (based on the fact that 
o(N) = 2N for a perfect number) and algebraic assumption methods 
(based on the Euclid—Euler theorem, i.e., connected with the search 
for new large Mersenne primes). 


Numerical methods for perfect numbers 


3.4.2. The numerical methods are the simplest methods, in which 
the computation is directly based on the calculation of the sigma 
function. 

Recall that a positive integer is deficient, perfect, or abundant if 
a(n) < 2n, a(n) = 2n, or o(n) > 2n, respectively. So, the determi- 
nation of where n is deficient, perfect, or abundant can be done by 
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just checking the sigma value of n. Therefore, we get the following 
simplest numerical method. 


Algorithm for searching all deficient, perfect, and 
abundant numbers in the interval [A, B). 


e For n from A to B, find 


aytl a2+l as+1 
Pi ee lll Malone. 
o(inj=a 1 92 is i 


e if a(n) < 2n, then n is deficient; 
e if a(n) = 2n, then n is perfect; 
e if a(n) > 2n, then n is abundant. 


Note that most computer algebra systems (Mathematica, Marple, 
etc.) have a standard function to calculate a(n). 

For n € [1,30], we have the following result. Similar algorithms 
can be used for searching other classes of special numbers, which are 


28 


1 
2 
3 
4 
5 
7 
8 
9 
10 
11 
15 
16 
17 
19 
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defined in terms of the sigma function: k-perfect numbers, k = 
3,4,5,..., with a(n) = kn; almost perfect numbers with o(n) = 
2n — 1; quasiperfect numbers with o(n) = 2n + 1; superperfect num- 
bers with o(a(n)) = 2n, etc. We consider these classes of special 
numbers in Chapter 5. 

The major computation of algorithm is the computation of a(n) 
which is based on the complete integer factorization of n. Since at 
the present time, no efficient factoring algorithm has been found, 
then the algorithm cannot be preformed in deterministic polynomial 
time. 


Calculation of odd perfect numbers 


3.4.3. The simplest numerical method for searching of odd perfect 
numbers in a given interval [A, B] can be obtained as an elementary 
modification of the previous algorithm. 


e For odd n from A to B, find 


1 
= a1 a2 as _ ppt a =a ds 1 
o(n) = o(pt'-ps?-...- pes) = ——_———_ - +___...... +——_; 
ppl Da 1 Ds —1 


e if a(n) = 2n, then n is perfect. 


However, there is a much better algorithm that will find an odd 
perfect number up to a given bound B or prove that there is none. 

Let N < B be an odd perfect number with prime decomposition 
N = py'p5?...p,*. Since N is perfect, then 


kK atl 
‘| 
2N =o(N) =]]& —, 
pq et 
and hence, we get the inequality 
k k 
N 1 
9 = a( ) < II = = Pi 
ss iat 1 — Di ne aa 
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So, N must be divisible by a reasonably small prime p = o(log B) 
which gives a finite number of possible prime powers p%. 

It is clear that if p°||N (ie., p*|N but p°t! /N), then o(p%)|2N. 

So, the factorization of o(p%) gives a number of primes which 
divide N. Proceeding in this way, more and more primes that divide 
N can be deduced, and hopefully, a contradiction to N < B will be 
obtained. 

In that way, Brent, Cohen, and te Riele have showed that 


e there are no odd perfect numbers less than 10°°°. 


In 2012, Ochem and Rao proved that 


e there are no odd perfect numbers less than 101°. 


Algebraic assumption methods for perfect 
numbers and Mersenne primes 


3.4.4. Due to the Euclid—Euler theorem, we have a one-to-one cor- 
respondence between the even perfect numbers and the Mersenne 
primes. Any even perfect number has the form gr re — 1), where 
2* — 1 is a prime, in fact a Mersenne prime, Mo=2 —lpe Pl. 

If we consider the set of Mersenne numbers M, = 2"—1,n €N, in 
context of their primality, we are going to study only Mersenne num- 
bers M, with odd prime indexes p: otherwise, the situation becomes 
trivial. 

So, the principal problem studied in connection with the even 
perfect numbers is that of the primality of numbers M, = 2? — 1 
with odd prime p. 

The most elementary and obvious method for finding the factors 
of a given number n is to test it for divisibility by primes less than 
/n; but if the given number is a large prime or has only large prime 
factors, the corresponding work is almost prohibitive. 

One of the earliest used improvements on this method consists in 
determining certain properties of the prime factors of the numbers 
in consideration and then testing with only those primes which have 
this property. 
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Prime divisors of Mersenne numbers 


3.4.5. In this section, we are going to prove that all prime divisors 
of Mersenne numbers with odd prime indexes are of the special form. 
In fact, there exists the following divisibility property: 


e If¢ge P, q=+1(mod8), then q|Ma-1. 
2 


It is easy to see that for any odd prime gq, it holds that q = 
+1(mod8) or q = +3(mod8). If q = +1(mod8), we get using the 
properties of the Legendre symbol (see Chapter 1, Section 1.5) that 
(2) = 1. So, by the Euler’s criterion, it holds that 


q-1 


2°72 =1(mod q) 


and q|Mq-1. 
2 


For example, for gq = 23, one has a = 11, and 23|M),; for 
q = 47, one has _ = 23, and 47|M3. 

On the other hand, one can start from n = 11; for n = 11, one 
has q = 2n + 1 = 23, and 23|M);. So, Mj, is composite; it is the 
first composite Mersenne number with prime index. Similarly, for 
n = 23, one has gq = 2p + 1 = 47, and 47|Mo3. So, M23 is composite. 
Therefore, we have proved the following important fact: 


e For p € P, p = —1(mod 4), if g = 2p +1 is prime, then Mp is 
composite. 


For p = —1(mod 4), we get 2p+ 1 = +1(mod 8); so, in the case 

of primality of gq = 2p — 1, q|Mp, and so, M, is composite. 
In particular, if p = 11, 23, 83,131,179, 191, 239, 251, then M, is 

divisible by 23, 47, 167, 263, 359, 383, 479, 503, respectively. 


3.4.6. A prime number p is called a Sophie Germain prime (named 
after the French mathematician Marie-Sophie Germain) if 2p + 1 is 
also prime. 

The number 2p + 1 associated with a Sophie Germain prime p is 
called a safe prime. 

So, we get a property of compositeness of Mersenne numbers with 
prime index p = —1(mod 4): 
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e Letpe P, p=—1(mod4), p> 3. Then, M, € S if p is a Sophie 
Germain prime; in fact, in this case, My is divisible by the asso- 
ciated safe prime 2p +1. 


The first Sophie Germain primes are 2, 3, 5, 11, 23, 29, 41, 53, 88, 
89,... (sequence A005384 in the OEIS). Hence, the first safe primes 
are 5, 7, 11, 23, 47, 59, 83, 107, 167, 179,... (sequence A005385 in 
the OEIS). 

The largest known Sophie Germain prime (as of 2021) is 
137211941292195 . 2171969 _ 4 (Jarai et al., 2006). It has 51780 digits. 


3.4.7. One can show that any possible prime divisor of a given 
Mersenne number M, with odd prime index p has the form 2pk + 1: 


e Ifq,p € P\{2}, and q|Mp, then q = 2pk +1 for some k EN. 


Indeed, if g € P and q|Mp, we have, due to the Fermat’s little 
theorem, that 


2? = 1(mod4q), 


i.e., the multiplicative order ord, 2 of 2 modulo q divides p: ordy 2\p. 
As ord, 2 # 1, it holds that ord, 2 = p. 

Therefore, by the properties of multiplicative order, we get that 
p\(q — 1), ie., g = 1(modp). 

Obviously, ¢g = 1(mod 2). So, ¢ = 1(modp), q = 1(mod 2), and we 
obtain that q = 1(mod 2p), i.e., q= 2pk+1,k EN. 


3.4.8. It is easy to show that any prime divisor q of a Mersenne 


number M, with odd prime index p is equal to +1 modulo 8: 


e If q,p © P\{2}, and q|Mp, then ¢ = £1(mod8). 


Consider g € P, q|Mp. As p € P\{2}, then p is odd, i-e., 
p= 2k +1. Hence, g|(2?*++ — 1), or g|(2(2*)? — 1), ie., 


qd (2(2*2)? a x”) 


for any integer x. 
As gcd(2",q) = 1, there exist integers x9 and yo such that 2" a9 — 
qyo = I. 
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Therefore, 2*x9 = 1+ qyo. It means that 
ql (2(1 + ayo)? — 2%) 
or 
al ((2(ayo)” + 4ayo) + (2 — 29). 


As q|(2(qyo)” + ayo), we get that q|(2 — 29). 
Consider the decomposition of 7 into a continued fraction (see 
Chapter 1, Section 1.6): 


LO 
— = [a9,@1,..., as] = ao + T 
q ay eri 
Pr 
Let (a0, @1, see , ar = ron Then, 


1l=Qo5 01 < Qo <= <Q, =¢. 


As q > 1, there exists an index n, such that Q? <q < QO? 4: Then, 


x PE; 
eee 
q Qn ae 
Therefore, 
2 g 
0 < (x0Qn — GPn)* < yz <4 
Qn+1 


and we get that 
—2q < —2Q), < (toQn—9Pn)?—2Q7, = (@9-2)Q7n+9M < q-2Qh, < 4. 
As q|(2 — x2), we have that (x2 — 2)Q? + qM is divisible by gq, ice., 
(20Qn — qPn)* — 2Q? is divisible by qg. But 

—2q < (#oQn — @Pn)” — 2Q7, < 4. 


So, (x7oQn — Pn)” — 2Q? can only take values 0 or —q. 
In the first case, we obtain a contradiction, as we have 2 = ??, 
where t = a. is a rational number. 


In the second case, we get the representation 


q= Qn _— y’, where x= Ons Co LOQn — qPn.- 
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In this situation, y should be odd: y = 2k + 1. Therefore, 
y? = 4k? + 4k +1 = 4k(k +1) +1 = 1(mod8). 


If x is odd, then 2x? = 2(mod8), and q = 1(mod8). 
If x is even, then 2x” = 0(mod8), and q = —1(mod8). 


3.4.9. Using the information above, we can now get a representation 
of any possible prime divisor of the Mersenne number M, with odd 
prime index p: 


e Ifq,p € P\{2}, q|Mp, and p = 4t +1, then q € {8pk + 1,8pk + 
La Dpt. 


By the last two properties, we have that q = 2pt+ 1 and 
q= +1(mod8). 


I. If g = 2pt + 1 and q = 1(mod8), then 
2pt = 0(mod 8), pt = 0(mod 4), t = 0(mod 4). 


So, we get that ¢ = 8pk +1. 
II. If g = 2pt + 1 and q = —1(mod8), then 


2pt = —2(mod8), pt = —1(mod 4). 
If p = 1(mod 4), then t = —1(mod 4), and q = 8pk + 1 — 2p. 


Otherwise, p = —1(mod4), t = 1(mod4), and q = 8pk + 1+ 2p. 


3.4.10. L. Euler (1771) proved that M3; is prime by testing prime 
numbers of the form 248n + 1, 248n + 63 below 46339 as possible 
factors of M3; (there are only 84 such primes). 

But even a reduced set of possible factors grows too large as M, 
increases. 


Lucas—Lehmer test 


The other method for testing primality of Mersenne numbers is the 
Lucas—Lehmer test. 
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3.4.11. The theory for this test was initiated by E. Lucas in the late 
1870s. E. Lucas studied Fibonacci numbers, i.e., the positive integers 
Un such that uw; = 1, wg = 1, and 


Un+2 = Un + Un4+1 


for any n € N. While studying the Fibonacci numbers, E. Lucas 
discovered the following fact: 


e Ifn = +3(mod10) and n is a proper divisor of Un+41 (t.e., N\Un4i 
and n //u; fori << n+1), then n is a prime; ifn = +1(mod 10) and 
n is a proper divisor of Un—1 (i.€., N\Un—1, and n /u; fori <n—1), 
then n is a prime. 


Using this approach, E. Lucas proved the primality of Mjo7 in 
1876. He wrote: “...I have proved that number A = 2!%’ —1 is prime. 
Indeed, the number A is of the form 10k — 3, and I have verified that 
Ux is never divisible by A for k = 2”, except for n = 127.” 

So, the primality of the Mersenne number 


Myo7 = 2177 — 1 = 170141183460... 715884105727 


was proven in 1876. It was the last case of “hand” checking of the 
primality of a Mersenne number. 

After E. Lucas formulated the theory, D. H. Lehmer, in 1930, 
simplified the primality test of Lucas. 

Using a new version of the test, D. H. Lehmer managed to prove 
that Mo57 is a composite number. 


3.4.12. In this section, we consider the proof of the Lucas—Lehmer 
primality test. 


Theorem (Lucas—Lehmer test). A number M,, p being an odd 
prime, is a prime if and only if it is a divisor of the (p — 1)th term 
of the sequence $1, S2,...,Sp—1, where S; =4 and S41 = S? —- 2. 
Let a =1+ V3 and b=1- V3, iLe., a+b=2 and ab = —2. 
Let u, = aia and v, =a" +0". 


Downloaded from www.worldscientific.com 


Perfect Numbers 


I. It is easy to check that there exist the following identities: 


1. 2Up4s = UpVs + UpUs} 4. UpUp = Uap; 
_ +1 . 2 1 ; 
2. UsgUp — Ups = (—2)Sttu,_53 «5. v2? + (—2)"T! = ng,; 


3. UpUs + 12uUpus = 2Up45} 6. v2 — 12u2 = (-2)"*?. 


For example, 


ia b” Ca b§ 
Urs + UpUs = . (a° + 6°) + as (a" +b") 
—b a—b 
QaTts — 2b"+8 + a™b® — ba + ab” — a™b® 

— a—b 

r+s __ prts 
= i = QUr+s- 

a—b 


165 


II. It holds that for a given prime p > 3, we have the following 


CONGTUENCES: 


Up = (=) (modp) and vp = 2(modp). 
In fact, 


_ (lve)? = Ov/3)? 
Pp 2/3 


as binomial coefficients (?) = 0(modp) for any k € [1,p — 1]. na 


similar way, 


w= (14 ¥8)"+ (1-¥8) 


=242(8) (v8) +42(? 1) (v8) 7 = 2lmod p). 
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III. Let p bea prime and p > 3. Let plu», but p does not divide u, 
with r < w. Then, the number w = w(p) is called rang of p. 


We can prove that plu, if and only if w|r, where p is a prime, 
p> 3, and w is the rang of p. 

In fact, let Xp = {r : ur = 0(modp)}. Using the first and second 
identities of I, we obtain the following fact: 


If uy = 0(modp) and us = 0(modp), then urts = 0(mod p). 


If w is the least number from the set X, and r € X,, then con- 
secutive subtractions give r— kw = 0, ie., wir. 


IV. We are going to prove that w < p+1, where p is a prime, p > 3 
and w is the rang of p. 


For a proof of this fact, it is sufficient to show that p|up—1Up+1.- 

Using the first and second identities of II, the values r = p and 
s=l1. 

Then, as uy = 1 and vj = 2, we obtain that 


2Up+1 = Up + 2Up, and 4up_1 = Up — 2Up. 


Therefore, one has, using IT, that 


Spit = ve — dus, = 4—4(+1)? = 0(mod p). 


V. Let us prove now that vor = get" Sh, ie., M,|S; if and only if 
Mp|v9x- 


In fact, for k = 1, one has that vg = 8 = 25). Going from k to 
k +1, we obtain, using the fifth identity of I with r = 2", that 


Voter = Ue, — 2741 = (27° G,)? — 97°41 — 9° (52 _ 9) = 2" Saas, 


VI. Consider the proof of the first proposition of the theorem: If 
Mp € P, then M,|Sp-1. 


Let M, € P. It is sufficient to show that 


Mp|vop-1 = UMp+1.- 
2 
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Using the fifth identity of I with r = Aa we obtain that 


3 Mp-1 
UMptl1 = UmMpti — 4-2 
2 


As M, € P, and as for prime p > 3, we have M, = 2? -1= 
My-1 
—1(mod8), then (a5) =1,ie.,2—2— =1(modp). Therefore, 
UMpt+1 = UMpti = 4(mod p). 
2 


On the other hand, using the third identity of I with r = M, and 
s = 1, we obtain that 
2UM,+1 = 2Um, + 12um, 


(as vj = 2 and u; = 1). Now, noting that M, = —1(mod 4) and 
M, = 1(mod 3), i.e., that 


Gi) = (4) =) 


we obtain using IT that 


3 
UM,+1 = UM, + 6um, =2+6 (7) = 2-6 = -—4(mod M,). 
Pp 


Therefore, 
Cre = 0(mod M,). 
2; 


VII. Consider the proof of the second proposition of the theorem: If 
M,,|Sn—-1, then My, is a prime number. 


Let M,,|Sp—1, i-e., My|vgn-1. Let p|M,. As for k > 1, any S, = 
—1(mod3), then p > 3. Let w be the rang of p. Using the fourth 
identity of I with r = 2”~!, we obtain that 


M,,|\wan = Ugn-1U9n-1. 


Therefore, one has that p|ugn, i-e., by IIT, that w|2”. 
It is easy to see that w = 2”. In fact, if w < 2", then p|ugn-1, and 
using the last identity of I with r = 2”~!, we obtain that 


n—-1 
p| (eba-1 — 12ubp-1) = (—2)2""42, 


a contradiction. 
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But, by IV, we have that w < p+ 1. Therefore, one has that 
p>w-1=2"-—1= M,, where p is a prime dividing M,, i.e., we 
obtain that p= My. 


3.4.13. Practical algorithm of computation using the Lucas—Lehmer 
test works as follows. 

Let M, = 2? — 1 be a Mersenne number to test with p an odd 
prime. (The primality of p can be efficiently checked with a simple 
algorithm like trial division since p is exponentially smaller than M,.) 
Define a sequence {Sj}: S; = 4 and 9;4; = $? — 2 for any positive 
integer 7. 

The first terms of this sequence are 4, 14, 194, 37634, 1416317954, 
2005956546822746114,. .. (sequence A003010 in the OEIS). 

Then, M, is prime if and only if 


Sp—-1 = 0(mod M,). 


The number S,—; modulo M, is called the Lucas—Lehmer residue 
of p. 

For example, the Mersenne number M3 = 2° — 1 = 7 is prime, as 
5S; =4 and Sy = 42 — 2 = 14 = 0(mod 7). 

The Mersenne number M; = 2° — 1 = 31 is prime, as S, = 4, 
So = 42 —2 = 14(meod 31); S3 = 147 — 2 = 8(mod 31); S4 = 8? -2= 
O(mod 31). 

On the other hand, in order to check the primality of Mj, = 
2't _ 1 = 2047, we obtain the sequence $j,...,519 modulo 2047: 
5S, = 4(mod 2047); Sp = 42 — 2 = 14(mod 2047); S3 = 142-2= 
194(mod 2047); S, = 194? — 2 = 788(mod 2047); Ss; = 7887 — 2 
701(mod 2047); Sg = 7012 — 2 = 119(mod 2047); S7 = 119? — 2 
1877(mod 2047); Sg = 18772 — 2 = 240(mod 2047); Sg = 2407 — 
2 = 282(mod 2047); Sig = 282? — 2 = 1736(mod 2047). So, Sip = 
O(mod 2047), and hence, Mj; is composite. 

In the Lucas—Lehmer test, the starting values S; other than 4 are 
possible. In fact, the possible starting values for S; are 4, 10, 52, 724, 
970, 10084, 95050, 140452, 1956244, 9313930,... (sequence A018844 
in the OEIS). 

The Lucas—Lehmer residue calculated with these alternative start- 
ing values will still be zero if M, is a Mersenne prime. However, the 
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terms of the sequence will be different and a non-zero Lucas—Lehmer 
residue for composite M, will have a different numerical value from 
the non-zero value calculated when S$) = 4. 

Starting values such as 4 and 10 are universal, that is, they are 
valid for all (or nearly all) p. In fact, there are infinitely many addi- 
tional universal starting values. 

However, some other starting values are only valid for a subset 
of all possible p. For example, So = 3 can be used if p = 3(mod 4). 
This starting value was often used in the era of hand computation, 
including by Ef. Lucas in proving the primality of M97. 


3.4.14. The Lucas—Lehmer test happens to be ideally suited for 
binary computers, as the computation of S; does not involve division 
and can be done using only multiplication (rotation) and addition, 
which binary computers do quickly. 

The sequence S,, is computed modulo M, = 2? — 1 to save time. 
Taking each S; modulo M, is easy in binary too because M, is a 
string of the unities in binary. 

After E. Lucas, the next larger Mersenne prime was discovered in 
1952 by Raphael M. Robinson with computer assistance. It was 


Ms21 = 686479766013... 291115057151. 


Today the Lucas—Lehmer test is the primality test used by the 
GIMPS to locate large primes. This search has been successful in 
locating many of the largest primes known to date. 

As of 2021, there exist 51 known Mersenne prime. It means that 
there exist 51 known (even) perfect numbers. The first, second, third, 
and fourth perfect numbers are, respectively, 


6=2'(07 = 1) = 2. Moy 98 = 97/9 — 1) = 27: Ma: 
406 = 2" (0? = 1) = 2? + Ms: 6128 = 2°(2" — 1) — 2° -e. 


They correspond to the first, second, third, and fourth Mersenne 
primes, My = 3. M3 = 7, Ms = 31, and M7 = 127, respectively. 
The 48th perfect number is 


957885160 (957885161 _ 1) _ 9257885160 . yy... 1 (34850339 digits). 
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It corresponds to the 48th Mersenne prime M57g85161 = 581887... 
285951 (17425170 digits). 
The three biggest known even perfect numbers are 


974207280 (974207281 _ 4) _. 974207280 . 14 soq7991 (44677235 digits); 
277232916 (977232917 _ 1) — 977232916 | 1f77939917(46498850 digits); 
982589932 (982589933 _ 1) — 982589932 . 14f),0.20933(49724095 digits). 


They correspond to the Mersenne primes M742972831 = 300376... 
436351 (22338618 digits), M77232917 = 467333...179071 (23249425 
digits), and M32589933 = 148894... 902591 (24862048 digits). How- 
ever, it has not been verified whether any undiscovered Mersenne 
primes exist between the 48th Mersenne prime M57g8516, and the 
biggest known (in fact, 51st known) Mersenne prime Mg258993. So, 
the ranks 49, 50, and 51 may change if smaller ones are discovered. 


Mersenne numbers and prime numbers 
records 


3.4.15. At present, the search for new large Mersenne primes is a 
important part of pure mathematics and computer science. In recent 
years, several distributed computing projects, including PrimeGrid, 
GIMPS, Fermat Search, Twin Prime Search, etc. have been hunting 
for very large prime numbers while also aiming to solve long-standing 
mathematical conjectures. 

In the following table, we list the 20 largest known primes. 


The 20 largest known primes 


Number of 
Prime digits Year Comment 


DEER OSS 24862048 ?) Mersenne prime 


23249425 ?) Mersenne prime 
22338618 ?) Mersenne prime 


1 

Q 77232917 _ 4 

1 
poser er ai 17425170 ?) Mersenne prime 

1 

1 

1 


974207281 __ 


vig 12978189 47th Mersenne prime 
12837064 46th Mersenne prime 
11185272 45th Mersenne prime 


942643801 __ 
937156667 __ 
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(Continued) 


N fare of 
Prime digits Year Comment 


PPD EAOSIT =: 9808358 44th Mersenne prime 


10223 - or +1 | 9383761 

a aI 9152052 43rd Mersenne prime 

pPoeGt9Od 7) 7816230 42nd Mersenne prime 

Dans P ee Sol 7235733 41st Mersenne prime 

ge02 200i) =, 6320430 40th Mersenne prime 

10590941048976 4 1 6317602 Generalized Fermat prime 

9194441048576 4 4 6253210 Generalized Fermat prime 

168451 - 219975209 44 | 5839529 

of 2 Q}S28 9908 bg 5488969 Divides Fermat number 

F'\233954 

1234471048576 5338805 Generalized unique prime 
=, 123447778288 at 

Ca6 0 ae. 5269954 

8508301 - 217016603 _ 4 | 5122515 


3.4.16. It is easy to see that the largest known prime has almost 
always been a Mersenne prime. 

Why? Because the way the largest numbers N are proven prime 
is based on the factorization of either N +1 or N —1. For Mersenne 
numbers, the factorization of N + 1 is as trivial as possible; it is a 
power of two. 

At present, there are few practical uses for this new large primes, 
prompting some to ask “why search for these large primes?” 

Those same doubts existed a few decades ago until important 
cryptography algorithms were developed based on prime numbers. 


5.4.3. The GIMPS is a collaborative project of volunteers who use 
freely available software to search for Mersenne prime numbers. 

GIMPS is said to be one of the first large-scale distributed com- 
puting projects over the Internet for research purposes. 

It has had a virtual lock on the largest known prime because its 
excellent free software is easy to install and maintain, requiring little 
of the user. 

GIMPS was founded in early 1996 by G. Woltman to discover 
new world-record-size Mersenne primes. 
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GIMPS is registered as Mersenne Research, Inc. with S. 
Kurowski as Executive Vice President and board director. 

The name for the project was coined by L. Welsh, one of its earlier 
searchers and the co-discoverer of the 29th Mersenne prime. 

Within a few months, several dozen people had joined and over a 
thousand by the end of the first year. 

J. Armengaud, a participant, discovered the primality of M 398269 
on November 13, 1996. 

In 1997, S. Kurowski enabled GIMPS to automatically harness 
the power of thousands of ordinary computers to search for these 
“needles in a haystack.” 

Most GIMPS members join the search for the thrill of possibly 
discovering a record-setting, rare, and historic new Mersenne prime. 


3.4.17. As of 2021, the project has found a total of 17 Mersenne 
primes, 15 of which were the largest known prime numbers at their 
respective times of discovery. 

In 1996, J. Armengaud et al. discovered the 35th Mersenne prime 
Mj4398269 in France. 

In 1999, Nayan N. Hajratwala discovered the first known million- 
digit prime number using software written by G. Woltman and 
the distributed computing technology and services of Kurowski’s 
company. 

This prime number, 2677593 — 1, is the 38th Mersenne prime. It 
contains 2098960 digits. 

Nayan Hajratwala used a Pentium I] IBM Aptiva computer run- 
ning part time for 111 days to prove the number prime. 

Running uninterrupted it would take about three weeks to test 
the primality of this number. 

There are several prizes offered by the Electronic Frontier Foun- 
dation for record primes. 

This record passed one million digits in 1999, earning a USD 
50,000 prize. 

In 2008, the record passed ten million digits (12978189 digits of 
M43112609, the 47th Mersenne prime), earning a USD 100,000 prize 
and a Cooperative Computing Award from the Electronic Frontier 
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Foundation. Time (an American weekly news magazine) called it the 
29th top invention of 2008. 

Both the USD 50,000 and the USD 100,000 prizes were won 
through participation in the GIMPS. 

As of 2021, the largest known prime is M2589933 )- 
It has 24862048 digits. It was discovered in 2018 by P. Laroche, one 
of the thousands of volunteers using free GIMPS software available 
at www.mersenne.org/download/. 

The new prime number Mgo589933 is calculated by multiplying 
together 82589933 twos and then subtracting one. 

It is more than one and a half million digits larger than the pre- 
vious record prime number 27479778! — 1, My4907981 (having 23249425 
digits). 

It is only the 51st known Mersenne prime ever discovered, each 
increasingly more difficult to find. 

For many years, P. Laroche had used GIMPS software as a free 
“stress test” for his computer builds. During that time, he started 
prime hunting on his media server to “give back” to the project. 
After less than four months and on just his fourth try, he discovered 
the new prime number. 


982589933 _ 4 ( 


By way of comparison, some GIMPS participants have searched 
for more than 20 years with tens of thousands of attempts but no 
success, thus proving that even the “little guy” can compete against 
those with lots of computing resources. 

The primality proof took 12 days of non-stop computing. To 
prove there were no errors in the prime discovery process, the new 
prime was independently verified using three different programs on 
three different hardware configurations. 

The number Mgo589933 has 24862048 decimal digits. To help visu- 
alize the size of this number, if it were to be saved to disk, the result- 
ing text file would be nearly 25 megabytes long (most books in plain 
text format clock in under two megabytes). A standard word proces- 
sor layout (50 lines per page, 75 digits per line) would require 6629 
pages to display it. 

GIMPS is also coordinating its long-range search efforts for primes 
of 100 million digits and larger and will split the Electronic Frontier 
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Foundation’s USD 150,000 prize with a winning participant. Addi- 
tional prize is being offered for the first prime number found with at 
least one billion digits. 


3.4.18. GIMPS has also been extremely lucky over the last 15 years. 
The largest known prime Mgo9589933 is GIMPS’ 12th prime discovery 
between 270000000 _ 7 and 285900000 _ 1 triple the expected number 
of new primes in this interval. 

One reason to search for new primes is to match actual results 
with expected results. This anomaly is not necessarily evidence that 
existing theories on the distribution of Mersenne primes is incorrect. 
However, if the trend continues it may be worth further investigation. 

On December 4, 2020, the project passed a major milestone after 
all exponents below 100 million were checked at least once. 


3.4.19. There is a unique history to the arithmetic algorithms under- 
lying the GIMPS project. 

In the early 1990s, R. Crandall, Apple Distinguished Scientist, 
discovered ways to double the speed of what are called convolutions, 
essentially big multiplication operations. 

The method is applicable not only to prime searching but other 
aspects of computation. 

During that work, he also patented the fast elliptic encryption 
system, now owned by Apple Computer, which uses Mersenne primes 
to quickly encrypt and decrypt messages. 

G. Woltman implemented Crandall’s algorithm in assembly lan- 
guage, thereby producing a prime-search program of unprecedented 
efficiency. 

In general, GIMPS project relies primarily on the Lucas—Lehmer 
primality test, as it is an algorithm that is both specialized for test- 
ing Mersenne primes and particularly efficient on binary computer 
architectures. 

There is also a trial division phase used to rapidly eliminate many 
Mersenne numbers with small factors. 

Pollard’s (p—1) algorithm is also used to search for smooth factors. 

In 2017, GIMPS adopted the Fermat primality test as an alterna- 
tive option for primality testing. 
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3.4.20. The search for more Mersenne primes is already under way. 
There may be smaller, as yet undiscovered, Mersenne primes, and 
there almost certainly are larger Mersenne primes waiting to be 
found. 

Anyone with a reasonably powerful personal computer can join 
GIMPS and become a big prime hunter and possibly earn a cash 
award for research discovery. 

All the necessary software can be downloaded for free at www. 
mersenne.org/download/. 


For the other proofs of the Lucas—Lehmer theorem, addi- 
tional information and useful references, see, for example, in 
[Buch09], [Cohn65], [DeKo13], [DeKo18], [Ribe89], [Ribe96], 
[SIP195], [GIMPS20], [Prim22], [Sloa22], and [Wiki22]. 


Exercises 
1. Check the following congruences: 
(a) Mp, =1(mod 2) for n > 1; 
(b) M, = 3(mod 4) for n > 2; 
(c) M, = 7(mod 8) for n > 3; 
(d) M,, = 15(mod 16) for n > 4. 


2. Prove the following properties: 


(a) 3|M, = 2|n; (e) 13|M, = 12|n; 
(b) 5|Mn = 4|n; (f) 17|Mn = 8|n; 

(c) 7|M, = 3|n; (g) 19|M, = 18|n; 
(d) 11|M, = 10|n; (h) 23|M, = 11|n. 


3. Prove that ug+uy+ug+---+Un = Unsoa—1; uy +ugt::++uan—1 = 
: _ 2 gD gi? 2 . 

Uan; U2+Uat:+++Uan = Uanti—1j up tugt::++uy = Un: Un413 

2h iD” wes 

UjUg + UgUZ Ft) + U2n—-1U2n = U9n} U1U2 +++ + UanUan+1 = 


ua -—1 
2n+1 . 
4. Let a = 14v75 and 6 = 1. prove the Binet’s formula un = 
a —p” 
——,neN. 
ve” 


5. Let a= 2+ V3 and 6 = 2— V3; prove that S;41 = a + 6?" for 
any 2 > 0. 
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10. 


Li 


12. 


Perfect and Amicable Numbers 


. Prove the Lucas—Lehmer theorem using the numbers a = 2+ J3 


and = 2 — 4/3. 


. Prove the primality of Mz = 2’ —1 = 127 (of Mj3 = 2 — 


1 = 8191; of My7 = 2! — 1 = 131071) using the Lucas—Lehmer 
primality test. 


. Prove the primality of M3 = 2* 1 =7 (of Ms = 2° —1 = 31; of 


M7 = 2" — 1 = 127) using the Lucas-Lehmer primality test with 
S; = 10. 


. Using the table of Mersenne primes, find the first Mersenne 


titanic prime (a prime number of at least 1000 decimal digits); 
the first Mersenne gigantic prime (a prime number with at least 
10000 decimal digits); the first Mersenne megaprime (a prime 
number with at least one million decimal digits). 

Find the set of all possible prime divisors of M,, p = 7, 13,19. 
Using this information, prove that M, is prime. 

Let p be a Sophie Germain prime, p > 3. Prove that p = 
2(mod 3). Let q beasafe prime, g > 7. Prove that gq = 3(mod 4), 
q = 5(mod 6), ¢ = 11(mod 12). Prove that any safe prime gq > 7 
divides 3°-~1. 

Find several sequences {p, 2p+1, 2(2p+1)+1,...} in which all of 
the numbers are primes (such sequence is called a Cunningham 
chain of the first kind). 


3.5. Perfect Numbers in the 


Family of Special Numbers 


Perfect, abundant, and deficient numbers 


3.5.1. The sum of proper divisors gives various other kinds of 


numbers. 


Numbers whose sum is less than the number itself are called defi- 


cient, and whose sum is greater than the number, abundant. These 


terms, together with perfect itself, come from Greek numerology. In 


fact, the positive integers were first classified as either deficient, per- 


fect, or abundant by Nicomachus in his Introductio Arithmetica (circa 
AD 100). 
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So, we can characterize a positive integer number using aliquot 
sum function s(n) or, equivalently, sigma function o(n). If s(n) =n 
(or a(n) = 2n), we get perfect numbers. If s(n) < n (or a(n) < 
2n), we get deficient numbers. If s(n) > n (or a(n) > 2n), we get 
abundant numbers. 

Moreover, using the function s(n) and o(n), we can define other 
classes of special numbers such that highly abundant numbers, for 
which it holds that o(k) < o(n) for any k <n, superabundant num- 


bers, for which otk) < 2) for any k <n, and colossally abundant 


n 
numbers, for which there exists an € > 0 such that on) > ote) for 
alk > 1. 
In this section, we consider the main properties of these (and 
other) classes of numbers as well as their connections with perfect 


numbers. 


3.5.2. A deficient number (or defective number) is a number n for 
which the sum of divisors of n is less than 2n: 


a(n) <n. 


Equivalently, it is a number for which the sum of proper divisors (i.e., 
aliquot sum) is less than n: 


s(n) <n. 


The value 2n—o(n) is called the deficiency. In terms of the aliquot 
sum s(n), the deficiency is n — s(n). 

For example, the positive integer divisors of 8 are 1, 2, 4, and 8, 
and their sum 15 is less than 16 = 2-8, so 8 is deficient (equivalently, 
the proper divisors of 8 are 1, 2, and 4, and their sum 7 is less than 
8, so 8 is deficient). Its deficiency is 2-8 —15 = 1. 

As for the number 21, its positive integer divisors are 1, 3, 7, and 
21, and their sum is 32. Because 32 is less than 42 = 2. 21, the 
number 21 is deficient (equivalently, the proper divisors of 21 are 1, 
3, and 7, and their sum 11 is less 21, so 21 is deficient). Its deficiency 
is 2-21—32=10. 

The first few deficient numbers are 1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 
13, 14, 15, 16, 17,... (sequence A005100 in the OEIS). 
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Since the aliquot sums of prime numbers equal 1, all prime num- 
bers are deficient: 


e IfpeP, then o(p) < 2p. 


In fact, o(p) = p+1 < 2p for any prime p, which is obviously 
greater than 1. 


More generally, all prime powers p*, k € N, are deficient: 


e IfpeP,keéN, then o(p*) < 2p*. 


Because the only divisors of p* are 1,p,p?,...,p"~!, p*, which 


sum to eS + p*, which is at most 2p" — 1, we get a(p*) < 2p*. 
Moreover, the product of two primes except 2-3 is deficient: 


e Ifp,q€ P and pq £6, then o(pq) < 2pq. 


In this case, o(pq) = pq+ p+q+1 < 2pq. 
In fact, all odd numbers with one or two distinct prime factors 

are deficient. 

For example, o(75) = o(3-5") = 4-31 = 124 < 150 = 2-75. 

It follows that 


e there are infinitely many deficient numbers, in particular, infinitely 
many odd deficient numbers as well as infinitely many even defi- 
cient numbers. 


In order to prove this proposition, one can consider the infi- 


nite set of primes, or for a given prime p > 2, the infinite set 
p*,k = 1,2,3,..., of its positive integer powers. All such numbers 
are deficient. 

For p = 2, we get an important special case of an infinite set. 
2k k =1,2,3,... of even deficient numbers: for 2", its proper divisors 
are 1,2,27,...,2°-1, which sum to 2° — 1: 


142441 84...49%4 = 9% 3, 


So; s(2°} S29" —-1 <2", 
It is easy to show that 


e all positive integer divisors of deficient numbers are deficient. 
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Moreover, 


e all proper divisors of perfect numbers are deficient. 


In fact; let n= py ecc* Om HT oes pes, where a; and 


6; are non-negative integers; let kn be deficient or perfect, i.e., 


a(kn) < 2kn; 


then for k > 1, it holds that 


ai+l Astl 
ja. 
ko(n) = (ppt ...- pg) 2#———..... - 
pi-l Pg—1 
1) -Bs 
< (pit -...-pie) AE =p peti ps 
1 8 ie | Ds —1 
ai+6i+1 AstBs+1 
il —1 
—Pi TPs = (kn) < 2kn, 
pi-l Ds —1 


i.e., we have that 


a(n) < 2n, 


and n, which is, for k > 1, a proper divisor of kn, is deficient. 
It is proven (Sandor et al., 2006) that 


e there exists at least one deficient number in the interval [n,n + 
(log n)?] for all sufficiently large n. 


3.5.3. An abundant number (or excessive number) is a number n for 
which the sum of divisors of n is greater than 2n: 
a(n) >n. 


Equivalently, it is a number for which the sum of proper divisors (i.e., 
aliquot sum) is greater than n: 


s(n) >n. 


The value o(n) — 2n is called the abundance. In terms of the 
aliquot sum s(n), the abundance is s(n) — n. 
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For example, the positive integer divisors of 12 = 2? - 3 are 1, 
2, 3, 4, 6, and 12, and their sum 28 is greater than 24 = 2-12, so 
12 is an abundant number and, in fact, the first abundant number 
(equivalently, the proper divisors of 12 are 1, 2, 3, 4, and 6, and 
their sum 16 is greater than 12, so 12 is abundant). Its abundance 
is 28—2-12=4. 

As for the number 945 = 33-5-7, its positive integer divisors are 1, 
3, 5, 7, 9, 15, 21, 27, 35, 45, 63, 105, 135, 189, 315, and 945, and their 
sum is 1920. Because 1920 is less than 1890 = 2-945, the number 945 
is an abundant number and, in fact, the first odd abundant number 
(equivalently, the proper divisors of 945 are 1, 3, 5, 7, 9, 15, 21, 27, 
35, 45, 63, 105, 135, 189, and 315, and their sum 975 is greater than 
945, so 945 is abundant). Its abundance is 1920 — 2-945 = 30. 

The first few abundant numbers are 12, 18, 20, 24, 30, 36, 40, 42, 
48, 54, 56, 60, 66, 70, 72,... (sequence A005101 in the OEIS). 

In fact, there are 21 abundant numbers less than 100 (12, 18, 20, 
24, 30, 36, 40, 42, 48, 54, 56, 60, 66, 70, 72, 78, 80, 84, 88, 90, and 
96), and all these numbers are even. As was noted above, the first 
odd abundant number is 945 = 3°- 7-5. 

It is easy to show that 


e anyn=2-3",k>1, is abundant. 


In fact, 
3k+1 | 


a(n) =3 =4,5-3*-1,5>4-3* =2n. 


This allows us to state that there are infinitely many abundant 
numbers. Moreover, it is easy to show that 


e every multiple of a perfect number (except the perfect number itself) 
is abundant. 


For example, every multiple n = 6m,m > 1, of 6 greater than 6 is 
abundant because it has at least four proper divisors 1, 5,3, %, and 


for their sum, it holds that 


i ee al 
Coa 
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So, we get 


nn on 
o(n)>1+=-+2+—4+n=2n+1> 2n, 
2 3 6 
and n is abundant. 
Similarly, it holds that 


e every multiple of an abundant number is abundant. 


For example, every multiple n = 20m of 20 (including 20 itself) is 
abundant because it has at least five proper divisors, 4,4,2,4,2 


and for their sum, it holds that 


BU a ae 
~+—-4+24+—-4+2—=n4+=—. 
2 4 5 10 20 10 


So, we get that 


ae Lan LA Le LD je as 
— — — —, —— = ZN — 
Sg a eB ay ag io. 


and n is abundant. 

In general, let n = pf? -...-p%, k= pr eye - pbs, where a; 
and 6; are non-negative integers; let n be a perfect or an abundant 
number, i.e., o(n) > 2n. Then, for k > 1, we have 


ai+fi+1 ast+Bs+1 
Py —1 Ps —il 
a(kn =o (pertr . |. pastBs = —+_____....., - —______ 
(kn) = (05 gett) = PL — 
1 s s 1 s 
: il — ph . ps +Bs+ — 78 
Pi i Ps — 1 
1 
_ yf pe oo = post 1 
° Pi — 1 Ps — | 
= ko(n) > 2kn, 


ie., (kn) > 2(kn), hence, the number kn is abundant. 
Consequently, 


e there are infinitely many abundant numbers; in particular, there 
are infinitely many even abundant numbers as well as infinitely 
many odd abundant numbers. 
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It is east to see that, for example, any number of the form 12t 
is an even and any number of the form 945m is an odd abundant 


number. 

It was shown that the smallest abundant number is 12 and the 
smallest odd (i.e., not divisible by 2) abundant number is 945. It is 
easy to check that the smallest abundant number not divisible by 2 
or by 3 is 5391411025 whose distinct prime factors are 5, 7, 11, 18, 
17, 19, 23, and 29 (sequence A047802 in the OEIS). 

An algorithm given by Iannucci in 2005 shows how to find the 
smallest abundant number not divisible by the first & primes: 


e Ifa(k) is the smallest abundant number not divisible by the first k 
primes (for sufficiently large k), then for alle > 0, we have 


fi (4) ee ee eee = 


It is proven that 
e about 24.74% all positive integers are abundant. 


More exactly, a random positive integer is abundant or perfect 
with probability between 0.2474 and 0.2480. It means that the set 
of abundant and perfect numbers has a non-zero density, which is 
between 0.2474 and 0.2480 (Deléglise, 1998). 

It is proven also that 


e every integer greater than 20161 can be written as the sum of two 
abundant numbers. 


Moreover, any even integer greater than 46 can be written as 
a sum of two abundant numbers; for more information, see the 
sequence A048242 in the OEIS. 


3.5.4. An abundant number which is not the multiple of an abun- 
dant number or perfect number is called a primitive abundant 
number. 

For example, 20 is a primitive abundant number because the sum 
of its proper divisors is 1+ 2+4+5+410= 22 > 20, but the sums 
of the proper divisors of 1, 2, 4, 5, and 10 are 0, 1, 3, 1, and 8, 
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respectively; so, 20 is abundant, but each of its proper divisors is 
deficient, i.e., abundant number 20 is not a multiple of an abundant 
number or a perfect number. 

The first such numbers are 20, 70, 88, 104, 272, 304, 368, 464, 
550, 572, 650, 748, 836, 945,... (sequence A071395 in the OEIS). 

The smallest odd primitive abundant number is 945. 

A variant definition of primitive abundant numbers is abundant 
numbers having no abundant proper divisor. They are: 12, 18, 20, 
30, 42, 56, 66, 70, 78, 88, 102, 104, 114, 138, 174,... (sequence 
A091191 in the OEIS). 

Of course, the sequence A071395 is a subsequence of A091191, as 
in the sequence A091191, not only all elements from A071395 (having 
only deficient proper divisors) numbers are represented but also all 
numbers which have perfect proper divisors. They are 12, 18, 30, 
42, 56, 66, 78, 102, 114, 138, 174, 186, 196, 222, 246,... (sequence 
A275082 in the OEIS). 

As any multiple of abundant or perfect number is abundant (see 
the previous item), it is obvious that 


e every multiple of a primitive abundant number is an abundant 
number. 


Moreover, it is easy to see that 


e every abundant number is a multiple of a primitive abundant num- 
ber or a multiple of a perfect number. 


In fact, for a given abundant number n, if it has only deficient 


proper divisors, it is a primitive abundant, so it can be represented 
as its trivial multiple: 1 -n. If it has a perfect proper divisor m, 
it is a multiple of this perfect number: n = mk, k > 1. Finally, 
if it has an abundant divisor m, we get two possibilities. If m is a 
primitive abundant number, then we get the needed representation 
for n as a multiple of a primitive abundant number: n = mk. k > 1. 
If abundant number m is not primitive abundant, then we repeat our 
consideration for a new abundant number m, m < n. Now, we get 
the fool-proof proposition after finite number of steps. 
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It is possible to show that 
e there are an infinite number of primitive abundant numbers. 


Moreover, it is proven (Erdés, 1934) that 


e the number of primitive abundant numbers less than or equal to n 


18 Olan 


Moreover, it is shown that every primitive abundant number is 
either a primitive semiperfect number or a weird number. We talk 
about these classes of numbers in Chapter 5. 


3.5.5. A highly abundant number is a positive integer n for which 
the sum of its positive integer divisors is greater than the sum of the 
positive integer divisors of any smaller positive integer number: 


o(n) >o(m) for n>m, nsm EN. 


For example, 8 is highly abundant because o(8) = 8+4+2+4+1=15 
is larger than all previous values of 0: o(7) = 8, o(6) = 12, 0(5) = 6, 
a(4\=7,0(3)=4,62)=]3,e)=1 

On the other hand, 5 is not highly abundant because o(5) = 
5+ 1=6 is smaller than o0(4) =4+2+4+1=7. 

The first few highly abundant numbers are 1, 2, 3, 4, 6, 8, 10, 12, 
16, 18, 20, 24, 30, 36, 42,... (sequence A002093 in the OEIS). 

Highly abundant numbers were first introduced by Pillai (1943), 
and an early work on the subject was done by Alaoglu and Erdés 
(1944), who tabulated all such numbers up to 10+. 

Despite the terminology, not all highly abundant numbers are 
abundant numbers. In particular, none of the first seven highly abun- 
dant numbers 1, 2, 3, 4, 6, 8, and 10 is abundant. However, with 16, 
the ninth highly abundant number, 


e eight numbers, 1,2,3,4,6,8,10,16, are the only highly abundant 
numbers that are not abundant. 


It can be proved that 


e the only odd highly abundant numbers are 1 and 3. 
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For example, 5 is not highly abundant because 0(5) = 5+1 = 6 is 
smaller than o(4) = 7. The number 7 is not highly abundant because 
o(7) = 7+1 = 8 is smaller than o(6) = 12. The number 9 is not 
highly abundant because o(9) = 13 is smaller than o(8) = 15. 

It is easy to check that the first eight factorials n!, n = 
1, 2,3,4,5,6,7,8, are highly abundant. However, not all factorials 
are highly abundant. For example, 


o(9!) = 0(362880) = 1481040, 
but there is a smaller number with larger sum of divisors, 
a (360360) = 1572480, 


so 9! is not highly abundant. 

A positive integer n is called a powerful number (or square-full 
number or 2-powerful number) if for every prime number p dividing 
n, p? also divides n. The sequence of these numbers starts from 1, 4, 
8, 9, 16, 25, 27, 32, 36, 49, 64, 72, 81, 100, 108,... (sequence A001694 
in the OEIS). It is easy to see that we can find some highly abun- 
dant numbers which are powerful: They start from 1, 4, 8, 16, 36,.... 
However, it is proven by Nicolas (1969), that 7200 is the largest pow- 
erful number that is also highly abundant. All larger highly abundant 
numbers have a prime factor that divides them only once. Therefore, 
7200 is also the largest highly abundant number with an odd sum of 
divisors. 

Alaoglu and Erdés (1044) tabulated all highly abundant numbers 
up to 10* and showed that 


e the number of highly abundant numbers less than x is at least pro- 
portional to log? x. 


They noted also that all superabundant numbers (see the next 
item) are highly abundant and asked whether there are infinitely 
many highly abundant numbers that are not superabundant. This 
question was answered affirmatively by Nicolas (1969). 


3.5.6. A superabundant number is a positive integer n such that for 
all positive integers m <n, it holds that 
o(m) — a(n) 
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For example, the number 6 (with o(6) = 12) is a superabundant 
number because for the numbers m = 1, 2, 3, 4, and 5, the sigma 
function o(m) = 1, 3, 4, 7, and 6, and 

12 112 312 4 12 12. 6 

6° PG Oe 2G a Ge 
On the other hand, the number 5 (with o(5) = 6) is not a super- 
abundant number because for m = 4, the sigma function o(m) = 7, 
and u > g. 

The first few superabundant numbers are 1, 2, 4, 6, 12, 24, 36, 48, 
60, 120, 180, 240, 360, 720, 840,... (sequence A004394 in the OEIS). 

Superabundant numbers were defined by Leonidas Alaoglu and 


0 
A? 


Paul Erdés (1944). In particular, they proved that if n is superabun- 
dant, the prime decomposition of n has non-increasing exponents and 
that all primes up to pz are factors of n: 


e If n is a superabundant number, then there exist k € N and 
Q1,Q02,...,a, © N such that 


ee cual Hace 2) aes 


where p; is the ith prime number, anday >a, >-:: > az > 1. 


In fact, if there exist two primes p = p;,q = p; such that p; < p; 


and a = a < aj = 6, then the number m = a <n, and hence, 


oO 


si) «0 


——. This inequality reduces to 


part = g?t! ry | 


palap Gola 
As a is a decreasing function of x and n for z,n > 2, a simple 
calculation shows that our inequality is not satisfied. 


Similar arguments can be used when we are going to show that 
the k given prime numbers p; must be precisely the first k prime 
numbers 2, 3, 5,...; if not, we could replace one of the given primes 
by a smaller prime and thus obtain a smaller number than m, which 

a(m) — a(n) 


again gives a contradiction to the inequality —— < 


As a simple corollary of this property, it holds that 


e all superabundant numbers greater than 1 are even positive 
integers. 
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Also, it was proven by Leonidas Alaoglu and Paul Erdés (1944) 
that 


e except in two special cases, n = 4 and n = 36, the last exponent 
ap must equal 1. 


It means that 


e the numbers 1,4, and 36 are the only square superabundant 
numbers. 


As a superabundant number, n has the form n = 2973° ...p?*, 
where p; is the ith prime number, then in particular 


© any superabundant number is a multiple of the kth primorial pp#. 


Moreover, saying that the sequence a1, @2,...,@% of exponents is 
non-increasing (i.e., ay > a2 >--: > az > 1) is equivalent to saying 
that 


e a highly composite number is a product of primorials. 


Alaoglu and Erdés observed also that 


e any superabundant number is a highly abundant number. 


In fact, if n is superabundant, then, by definition, for any m < 
n, it holds that sien) < tad and we have 


na(m) < ma(n) < no(n), or a(m) < a(n). 


Therefore, for any m <n, it holds that o(m) < o(m), and by defi- 
nition, n is highly abundant. 


However (see the next item for definitions), 
e not all superabundant numbers are colossally abundant. 


Moreover, superabundant numbers are closely related to highly 
composite numbers (see the next section for definitions). However, 
not all superabundant numbers are highly composite numbers as 
well as not all highly composite numbers are superabundant. For 
instance, 7560 is highly composite but not superabundant. Con- 
versely, 1163962800 is superabundant but not highly composite. 
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In fact, only 449 superabundant and highly composite numbers are 
the same; the first few of them are 1, 2, 4, 6, 12, 24, 36, 48, 60, 
120, 180, 240, 360, 720, 840,..., while the last few has the form 
gO 965s 78 11% 137 « 17" 19? 23" » 20-31+37+.0.+847 Gequence 
A166981 in the OEIS). 


3.5.7. Superabundant numbers are also of interest in connection 
with the Riemann hypothesis. In fact, in 1915, Ramanujan proved 
that under the assumption of the Riemann hypothesis, the inequality 


a(n) < e’nloglogn 


(the so-called Robin’s inequality), where y = 0.5772156649... if the 
Euler—Mascheroni constant holds for all sufficiently large n. 

This inequality is known to fail for 27 numbers (sequence A067698 
in the OEIS): 2, 3, 4, 5, 6, 8, 9, 10, 12, 16, 18, 20, 24, 30, 36, 48, 60, 
72, 84, 120, 180, 240, 360, 720, 840, 2520, and 5040. 

The largest known value that violates the inequality is 5040, a 
superabundant number. 

In 1984, Guy Robin proved that the inequality is true for all 
n > 5040 if and only if the Riemann hypothesis is true. 

This is Robin’s theorem and the inequality became known after 
him. 

Robin furthermore showed that if the Riemann hypothesis is false, 
then there are an infinite number of values of n that violate the 
inequality; and it is known that the smallest such n > 5040 must be 
superabundant (Akbary and Friggstad, 2009). 


3.5.8. A generalized k-super abundant number, k € N, is a number 
n such that for all m < n it holds that 


mk nk 


where o;,(n) = er d® is the sum of the kth powers of the positive 
integer divisors of n. 

For example, 4 is a 2-super abundant number since o9(4) = 1? + 
2? + 42 = 22, and for numbers m = 1,2, and 3 the values of o2(m) 
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are 1, 5, and 10; therefore, 


22 1 22 = #5 d 22 10 
16° 1 16 Pe 
The first generalized 2-super abundant numbers are 1, 2, 4, 6, 12, 
24, 48, 60, 120, 240, 360, 720, 840, 1680, 2520,... (sequence A208767 
in the OEIS). 
It is easy to see that 1-super abundant numbers are just super- 
abundant numbers, while 0-super abundant numbers are highly com- 
posite numbers (see the next section for definitions). 


3.5.9. A colossally abundant number is a positive integer n, for which 
there exists an € > 0 such that for all k > 1, it holds that 


a(n) < o(k) 
> : 
nite — kite 


The first few colossally abundant numbers are 2, 6, 12, 60, 
120, 360, 2520, 5040, 55440, 720720, 1441440, 4324320, 21621600, 
367567200, 6983776800, ... (sequence 4004490 in the OEIS). In fact, 
there are exactly 22 of them less than 10!°. 

It is easy to show that 


e all colossally abundant numbers are also superabundant numbers. 


In fact, if m is a colossally abundant number, then for any 
a(n) 


m <n, it holds that 4. = ot) then, we get 


> ul So, for any m < n, it holds that am) 2 ay and by 


m 


a(n) o 
or Sar 


definition, n is superabundant. 

However, the converse is not true. The first few superabundant 
numbers, which are not colossally abundant, are 1, 4, 24, 36, 48, 180, 
240, 720, 840, 1260,.... 

One can check that the first 15 colossally abundant numbers are 
also the first 15 superior highly composite numbers (see the next sec- 
tion for definitions), but neither set is a subset of the other. For 
example, the number 160626866400 is colossally abundant but not 
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superior highly composite, while 13967553600 is superior highly com- 
posite but not colossally abundant. 

Colossally abundant numbers were first studied by Ramanujan 
and were later reconsidered in a slightly stronger form in a 1944 
paper by Leonidas Alaoglu and Paul Erdés in which they tried to 
extend Ramanujan’s results. 

Just like with superabundant numbers, an effective construction 
of the set of all colossally abundant numbers is given by the following 
monotonic mapping from the positive real numbers: 


e If for a given real € > 0 and for any prime number p, the value 
Qp(e) is defined as 


log (1+ #4) 
Op(€) =  loep , 


then 


n(e) = |] pe 


pEeP 


is a colossally abundant number. 


So, colossally abundant numbers capture the notion of having 
many divisors by requiring them to maximize, for some € > 0, the 
value of the function afm) over all values of n. The classical number- 
theoretical results (see Chapter 2) ensures that for every € > 0, this 
function has a maximum and that as « > 0, these maxima will 
increase. Thus, there are infinitely many colossally abundant num- 
bers, although they are rather sparse. 

In spite of the fact that for every €, the function oe has a max- 
imum, it is not obvious and, in fact, not true that for every € this 
maximum value is unique. 

Alaoglu and Erdés studied how many different values of n could 
give the same maximal value of the above function for a given value 
of €. 

They showed that for most values of € there would be a single 
integer n maximizing the function. 
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Later, however, Erdés and Jean-Louis Nicolas showed that for a 
certain set of discrete values of € there could be two or four different 
values of n giving the same maximal value. 

Alaoglu and Erdés conjectured that 


e the ratio of two consecutive colossally abundant numbers was 
always a prime number. 


Alaoglu and Erdés’s conjecture remains open, although it has been 
checked up to at least 10’. If it is true, one can state that 


e there exists a sequence of non-distinct prime numbers p1, p2, P3,--- 
such that the nth colossally abundant number is of the form 


Tina Pi- 


Assuming the conjecture holds, this sequence of primes starts from 
2, 3, 2, 5, 2, 3, 7, 2, 11, 13, 2, 3, 5, 17, 19,... (sequence A073751 in 
the OEIS). 

As was noted above, if the Riemann hypothesis is false, a colos- 
sally abundant number will be a counterexample. 


Perfect numbers and highly composite 
numbers 


In this section, we consider some classes of special numbers, closely 
connected with perfect numbers but defined using number of divisors 
function T(n) = )Jajn 1. 


3.5.10. A highly composite number (or anti-prime number) is a pos- 
itive integer n with more divisors than any smaller positive integer 
m has; for any m <n, it holds that 


T(m) < T(n). 


For example, the number 4 is highly composite, as T(4) = 3, while 
T(3) = 2, 7(2) = 2, and 7(1) = 1. On the other hand, the number 5 
is not highly composite, as 7(5) = 2, while 7(4) = 3. 

The first few highly composite numbers are 1, 2, 4, 6, 12, 24, 36, 
48, 60, 120, 180, 240, 360, 720, 840,... (sequence A002182 in the 
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OEIS). The corresponding number of divisors is 1, 2, 3, 4, 6, 8, 9, 
10, 12, 16, 18, 20, 24, 30, 32,... (sequence A002182 in the OEIS). 

Note that a related concept of largely composite number refers to 
a positive integer which has at least as many divisors as any smaller 
positive integer. 

The name can be somewhat misleading as two highly composite 
numbers (1 and 2) are not actually composite numbers. However, it 
is obvious that 


© any highly composite number greater than 2 is composite. 


In fact, if p is an odd prime number, then r(p) = 2, while 
T(p—1)>3. 
There exists an explicit formula: 


e A highly composite number has the form 
SP ee Be 


where the k given prime numbers p; must be precisely the first k 
prime numbers 2,3,5,..., and a, > ag >-++: > ag. 


In fact, for the construction of a highly composite number, we 
should use the first primes; if not, we could replace one of the given 
primes by a smaller prime and thus obtain a smaller number than 
n with the same number of divisors (for instance, 10 = 2-5 may be 
replaced with 6 = 2-3; both have four divisors). 

The sequence of exponents must be non-increasing, that is a, > 
a2 >--: > ap; otherwise, by exchanging two exponents, we would 
again get a smaller number than n with the same number of divisors 
(for instance, 18 = 2! . 3? may be replaced with 12 = 2? - 3!; both 
have six divisors). 

Roughly, for a number to be a highly composite, it has to have 
prime factors as small as possible but not too many of the same. 

Also, except in two special cases n = 4 and n = 36, the last 


exponent a, must equal 1. It means that 


e the numbers 1,4, and 36 are the only square highly composite 
numbers. 
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Saying that the sequence of exponents is non-increasing is equiv- 
alent to saying that 


© a highly composite number is a product of primorials. 


Although the above-described conditions are necessary, they are 
not sufficient for a number to be highly composite. For example, 
96 = 2° - 3 satisfies the above conditions and has 12 divisors but is 
not highly composite since there is a smaller number 60 which has 
the same number of divisors. 

It is easy to check that 


e there are infinitely many highly composite numbers. 


In fact, if n is highly composite, then 2n has more divisors 
than n: 2n|2n as well as any divisor of n. So, between n and 2n, 
there should be a highly composite number. 

It is possible that Plato must have known about highly composite 
numbers, as he deliberately chose the number 5040, which has more 
divisors than any numbers less than it, as the ideal number of citizens 
in acity. Ramanujan [Rama15] listed 102 highly composite numbers 
up to 6746328388800 but omitted 293318625600. Robin (1983) gives 
the first 5000 highly composite numbers, and a comprehensive survey 
is given by Nicholas (1988). Flammenkamp gives a list of the first 
779674 highly composite numbers. 


Moreover, it is possible to prove that 


e all highly composite numbers greater than 6 are also abundant 
numbers. 


One need only look at the three largest proper divisors of a 
particular highly composite number to ascertain this fact. 

One can check also that 10 of the first 38 highly composite num- 
bers are superior highly composite numbers (see the last item for 
definitions). 


3.5.11. A superior highly composite number is a positive integer 
number n which has more divisors per some positive power of itself 
than any other number: There exists an € > 0 such that for all k > 1, 
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it holds that 
n(n). (8) 


ne ke 


The term was coined by Ramanujan [Rama15]. 

The first superior highly composite numbers are 2, 6, 12, 60, 
120, 360, 2520, 5040, 55440, 720720, 1441440, 4324320, 21621600, 
367567200, 6983776800 (sequence A002201 in the OEIS). 

The condition for a superior highly composite number is a 
stronger restriction than that of a highly composite number, which 
is defined as having more divisors than any smaller positive integer. 
In fact, 


e any superior highly composite number is highly composite. 


In fact, let n be superior highly composite but not highly com- 


posite. Then, there is some number m < n such that T(n) < T(m). 
Then, 
rim) 5 rm) © T(r) 


So SS 
me — mé ne 


for all « > 0, so a number n cannot be superior highly composite. 


Moreover, the first 15 superior highly composite numbers, 2, 6, 
12, 60, 120, 360, 2520, 5040, 55440, 720720, 1441440, 4324320, 
21621600, 367567200, and 6983776800, are also the first 15 colos- 
sally abundant numbers, which meet a similar condition based on 
the sum of divisors function rather than the number of divisors. Nei- 
ther set, however, is a subset of the other. For example, the number 
13967553600 is superior highly composite but not colossally abun- 
dant, while 160626866400 is colossally abundant but not superior 
highly composite. 

An effective construction of the set of all superior highly compos- 
ite numbers is given by the following monotonic mapping: 


e Let for a given real € > 0 and for any prime number p the value 
Qp(e) be defined as 
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then, the number 
n(e) = T] 2° 
pEP 
is a superior highly composite number. 


The product to calculate n(€) should be terminated for p > 2° 
because if p > 2”, then a,(e) = 0. 

Moreover, for each superior highly composite number m, there 
exists a half-open interval J Cc R* such that for any x € J, it holds 
that n(+) =m. This representation implies that the quotient of two 
successive superior highly composite numbers is a prime number. In 
other words, 


e there exists an infinite sequence pi, p2,P3,---;DPk--- of prime num- 
bers such that the nth superior highly composite number has the 
form pip2..-Pn- 


The first such prime numbers are 2, 3, 2, 5, 2, 3, 7, 2, 11, 13, 2, 
3, 5, 17, 19,... (sequence A000705 in the OEIS). 


Perfect numbers and practical numbers 


3.5.12. A practical number (or panarithmic number) is a positive 
integer n such that all smaller positive integers can be represented 
as sums of distinct divisors of n. 

For example, 12 is a practical number because all the numbers 
from 1 to 11 can be expressed as sums of its divisors 1, 2, 3, 4, and 
6, as well as these divisors themselves: 


5=3+2, 7=64+1, 8=6-42, 
9=643, l0=6-- 3-61, 11 =64 342. 
The sequence of practical numbers begins as follows: 1, 2, 4, 6, 


8, 12, 16, 18, 20, 24, 28, 30, 32, 36, 40,... (sequence A005153 in the 
OEIS). 


3.5.13. Practical numbers were used by Fibonacci in his Liber Abaci 
(1202) in connection with the problem of representing rational num- 
bers as Egyptian fractions. The name “practical number” is due to 
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Srinivasan (1948). He was the first to attempt a classification of these 
numbers. His partial characterization was extended and completed 
by Stewart (1954) and Sierpiriski (1955). 

This characterization makes it possible to determinate whether a 
number is practical by examining its prime factorization: 


e A positive integer n > 1 with prime factorization n = pf... py", 
where py < po <-+-++ < pz, is practical if and only if each of its 
prime factors p; is small enough for p;—1 to have a representation 
as a sum of smaller divisors; for this to be true, the first prime p, 
must equal 2, and for every i from 2 to k, each successive prime 
p; must obey the inequality 


i-1 prt — 
: a1 ,a2 eras 
mS lbeeP ey Poy oll ee > 


For example, 2 - 3? - 29 - 823 = 429606 is practical because the 
inequality above holds for each of its prime factors: The first prime 
factor is 2, 3 < o(2) +1 = 4, 29 < o(2-37) +1 = 40, and 823 < 
o(2-3?-29)+1=1171. 

The condition stated above is necessary and sufficient for a 
number to be practical. 


In one direction, this condition is necessary in order to be able to 
represent p; — 1 as a sum of divisors of n because if the inequality 
failed to be true, then even adding together all the smaller divisors 
would give a sum too small to reach p; — 1. 

In the other direction, the condition is sufficient, as can be shown 
by induction. 

More strongly, we can prove that if the factorization of n satisfies 
the condition above, then any m < a(n) can be represented as a sum 
of divisors of n by the following sequence of steps: 


I. By induction on j € [1, ax], it can be shown that 


j nm 
nsiva =n). 
Pr 


Therefore, it holds that p?* < 1+ 0(n/p,). 
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II. Since, due to I, the internals [gpp*,qpp* + o(n/px)] cover 
[l,a(n)] for 0 < q < o(n/p*), there are such a q and some 
r € [0,0(n/px)] for which m = gpp* +r. 

IIT. Since q < o(<tr) and tr can be shown by induction to be 
pLaguea we Cat finda f geniation of gq as a sum of divisors 
of oar 

IV. Sings r < o(;*) and since % can be shown by induction to be 
practical, we can find a representation of r as a sum of divisors 
of i 

V. The divisors representing r, together with p?* times each of the 
divisors representing qg, together form a representation of m as 
a sum of divisors of n. 


3.5.14. Now, it is easy to show that 


e every even perfect number is also a practical number. 


This follows from Leonhard Euler’s result that an even perfect 
number must have the form 2?~!(2? — 1), where 2? —1 € P. The odd 
part of this factorization is equal to the sum of the divisors of the even 


part, so every odd prime factor of such a number must be at most 

the sum of the divisors of the even part of the number. Therefore, 

this number must satisfy the characterization of practical numbers. 

Formally, the prime representation of an even perfect number has 

the following property: The first prime is 2 and the second prime 

2? —1<1+0(2?-1) =1+ (2? —-1) = 2?. 
Moreover, 


e every power of two is a practical number. 


Obviously, powers of two 2°, a EN, satisfy the characterization 
of practical numbers in terms of their prime factorizations: The only 


prime in their factorizations, p;, equals two as required. However, 
there exists a much simpler explanation: Any binary representation 
of a given positive integer n < 2° is a representation of this number 
as a sum of distinct divisors 1,2,2?,...,2% of the number 2%. 
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The practical numbers have many interesting properties. It is 
easy to show that 


e the only odd practical number is 1. 


In fact, if n is an odd number greater than 2, then 2 cannot be 


expressed as the sum of distinct divisors of n. 
More strongly, Srinivasan (1948) observes that 


e other than 1 and 2, every practical number is divisible by 4 or 6. 


Due to properties of divisor function, it is obvious that 


the product of two practical numbers is also a practical number. 


So, we can state that 


the set of all practical numbers is closed under multiplication. 
Moreover, it holds that 


e the least common multiple of any two practical numbers is also a 
practical number. 


From the above characterization by Stewart and Sierpiiski, it can 
be seen that 


e ifn is a practical number and d is one of its divisors, then n-d 
must also be a practical number. 


It follows form the properties of divisors of the number n - d. 


For example, as 6 is practical, we get that any number 2- 3°, a EN, 


must be a practical number as well as any number 3- 2°, a EN. 

The above property allow us to consider the set of primitive prac- 
tical numbers: those having no proper practical divisors. 

The sequence of primitive practical numbers starts from the num- 
bers 1, 2, 6, 20, 28, 30, 42, 66, 78, 88, 104, 140, 204, 210, 220, 
... (sequence A267124 in the OEIS). 

Using the property above, it is easy to prove that 


© any primitive practical number is either square-free, or when 
divided by any of its prime factors whose factorization exponent 
is greater than 1 is no longer practical. 
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It is easy to check that 


e every primorial is practical. 


For the first two primorials, 2 and 2-3 = 6, this is clear. Each 
successive primorial is formed by multiplying a prime number p; by 
a smaller primorial that is divisible by both 2 and the next smaller 
prime, p;_1. By Bertrand’s postulate, p; < 2p;—1, so each succes- 


sive prime factor in the primorial is less than one of the divisors 
of the previous primorial. By induction, it follows that every pri- 
morial satisfies the characterization of practical numbers. Because a 
primorial is, by definition, square-free, it is also a primitive practical 


number. 
Generalizing the primorials, we get that 


© any number that is the product of non-zero powers of the first k 
primes must also be practical. 


It is obvious, as any such number can be obtained from the 
corresponding primorial by repeated multiplication by some of its 
divisors. This includes Ramanujan’s highly composite numbers as 
well as the factorial numbers n! 


So, we obtained two more classes of practical numbers: 


e Any highly composite number as well as any factorial number is 
practical. 


3.5.15. One reason for interest in practical numbers is that many of 
their properties are similar to properties of the prime numbers. 

Indeed, theorems analogous to Goldbach’s conjecture and the twin 
prime conjecture are known for practical numbers: 


e Every positive even integer is the sum of two practical numbers, 
and there exist infinitely many triples of practical numbers (a — 
2,r,x2 +42). 


Melfi also showed that 


e there are infinitely many practical Fibonacci numbers. 
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The analogous question of the existence of infinitely many 
Fibonacci primes is open. 
Hausman and Shapiro (1984) showed that 


e there always exists a practical number in the interval |x”, (x +1)?)| 
for any positive real x. 


This result is analogous to Legendre’s conjecture for primes. 


Perfect numbers and Ore numbers 


3.5.16. An Ore number (or harmonic divisor number or Ore har- 
monic number) is a positive integer whose divisors have a harmonic 
mean that is an integer. 

Recall that the harmonic mean can be expressed as the recip- 
rocal of the arithmetic mean of the reciprocals of the given set of 
observations. 

As a simple example, the harmonic mean of the four divisors 1, 
2, 3, and 6 of 6 is an integer: 


4 T(6) ; 
Dak go ee oe ee 
TT2tstEe Trsargrs 

The first Ore numbers are 1, 6, 28, 140, 270, 496, 672, 1638, 2970, 
6200, 8128, 8190,... (sequence A001599 in the OEIS). 

In fact, the reciprocals of the divisors of any perfect number n 
must add up to 2. To get this, take the definition of a perfect number, 
a(n) = 2n, and divide both sides by n. 

So, for 6 and 28, we have 

i. oe ee ee ee ee ee ee ee 
a on a ee an) ae on 

Moreover, the number of divisors of a perfect number, n, (whether 
even or odd) must be even because n cannot be a perfect square. 

From these two results, proved in Section 3.3, it follows that 


e every perfect number is an Ore number. 
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Ore conjectured that no odd harmonic divisor numbers exist other 
than 1. If the conjecture is true, this would imply the non-existence 
of odd perfect numbers. 


Perfect numbers and Mersenne numbers 


3.5.17. In this section, we discuss main connections between per- 
fect numbers and other classes of special numbers. We considered 
already such connections, generated by divisor functions a(n), s(n), 
and T(n). This approach is based on the definition of perfect numbers 
as well as deficient numbers, abundant numbers, and their relatives. 
The next natural approach should be based on the formula 
2P-1(2P — 1), which generates all even perfect numbers using prime 
numbers of the form 2? — 1, i.e., Mersenne primes M, = 2? — 1. 
Recall that a Mersenne number is a positive integer of the form 


My, = 2" -1, n EN. 


The first Mersenne numbers are 1, 3, 7, 15, 31, 63, 127, 255, 
511, 1023, 2047, 4095, 8191, 16383, 32767,... (sequence A000225 in 
OEFIS). 

For 2” — 1 to be prime, it is necessary that n itself be prime. 
Mersenne numbers 2? — 1 with prime p form the sequence 3, 7, 31, 
127, 2047, 8191, 131071, 524287, 8388607, 536870911,... (sequence 
A001348 in OEIS). 

In fact, the exponents n which give Mersenne primes are 2, 3, 
5, 7, 18, 17, 19, 31,... (sequence A000043 in the OEIS), and the 
resulting Mersenne primes are 3, 7, 31, 127, 8191, 131071, 524287, 
2147483647, ... (sequence A000668 in the OEIS). 

In this chapter (as well as in Chapter 2), we considered and used 
a lot of important facts about Mersenne numbers. In this section, 
some minor additional problems are represented. 


3.5.18. A double Mersenne number is a Mersenne number of the 
form 


Mu, = on 1,neéEN. 
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The first few double Mersenne numbers are My, = 1, My, = 
M3 = 7, Mu, = M7 = 127, Mm, = M15 = 32767 (sequence A077586 
in the OEIS). 

A double Mersenne number that is prime is called a double 
Mersenne prime. 

Since a Mersenne number M,, can be prime only if n is prime, a 
double Mersenne number Mjj, can be prime only if Mp is prime. 

The first values of p for which M, is a prime are p = 
2,3,5,7,13,17,19,31. Of these, Mjy, is known to be prime for p = 2, 
3,5, 7; for p= 13, 17,19, and 31, Myg, is composite, and its explicit 
factors have been found. 

If another double Mersenne prime will be ever be found, it would 
almost certainly be the largest known prime number. 

Using the sequence of double Mersenne primes, we can consider 
the notion of double perfect number, i.e., an even perfect number of 
the form 2@»—1(2/» — 1), where M, = 2? — 1 and My, = 2™ — 1 
are both Mersenne primes. For p = 2, we get Mp = 3, My, = 7, and 
hence, the number 2“~1(2/@» — 1) = 28; For p = 3, we get M, = 7, 
Mm, = 127, and hence, the number 2”@»~1(2@» — 1) = 8128. For 
p= 5, we get M, = 31, My, = 2147483647, and hence, the number 
QMp-1(2Mp — 1) = 239. (23! — 1) = 230584... 952128 (19 digits). 

Are there more double perfect numbers? Is the set of such num- 
bers infinite? It is interesting to study the behavior and properties 
of this subset of even perfect numbers. 


3.5.19. There exists another interesting subsequence of Mersenne 
numbers. 
A Woodall number W,, is a positive integer of the form 
Wr=n-2”—-1, neEN. 


The first few Woodall numbers are 1, 7, 23, 63, 159, 383, 895, 2047, 
4607, 10239,... (sequence A003261 in the OEIS). 
It is easy to check that for a positive integer m, 


e the Woodall number Wom may be prime only if 2™ +m is prime. 


It means that a Woodall prime W 2m should coincide with a 
Mersenne prime Mgm4,,. As of 2020, the only known primes that 
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are both Woodall primes and Mersenne primes are Wy = M3 = 7 
and W512 = Msa1. 

So, we state that the only known even perfect numbers, which are 
generated by a Woodall primes, are 28 = 2?W2 and 2°7°Ws19. 


3.5.20. A Carol number is an integer of the form 


CN)j=4" =2""' 1 n eM. 


An equivalent formula is 
CN (a) =(2" =1) —2; wen. 


The first few Carol numbers are —1, 7, 47, 223, 959, 3967, 16127, 
65023, 261119, 1046527,... (sequence A093112 in OEIS). 

These numbers were first encountered by C. Emmanuel in 1994, 
who consequently named them after a friend, Carol G. Kirnon. 

For n > 2, the binary representation of the nth Carol number is 
n—2 consecutive unities, a single zero in the middle, and n+ 1 more 
consecutive unities or, to put it algebraically, 


2n 
GN(n)= > a, 
i=1iXén+2 
So, for example, 47 is 101111 in binary, while 223 is 11011111 in 
binary, etc. 
The difference between the nth Mersenne number and the nth 


Carol number is 2”*!: 
My=CN(a) = 2" = Magy +1, 

So, for prime p it holds that M, = CN(p) + 2?+1, and if M, is 
prime too, we get a representation of the corresponding even perfect 
number 2PM, in the form 


2-1 (CN (p) + 2?+) = 2 -ICN(p) + 4°. 


3.5.21. A Kynéa number is an positive integer of the form 


KN(n) =4"+2"1_1, neEN. 


An equivalent formula is 


KN(n) = (2" +1)? -2, neEN. 
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The first few Kynéa numbers are 7, 23, 79, 287, 1087, 4223, 16639, 
66047, 263167, 1050623, ... (sequence A093069 in the OEIS). 

The binary representation of the nth Kynéa number is a single 
leading unity, followed by n — 1 consecutive zeros, followed by n+ 1 
consecutive unities or, to put it algebraically, 


n 
KN(n)=2" +502. 
i=0 


So, for example, 23 is 10111 in binary, 79 is 1001111 in binary, etc. 
It is easy to see that the Kynéa number is the nth power of 4 plus 
the (n + 1)th Mersenne number: 


KN(n) =4" + Mnat- 


So, for prime p, it holds that M, = KN(p — 1) — 4°71, and if 
M, is prime too, we get a representation of the corresponding even 
Pp 
perfect number 2°-1M, in the form 


P-MEN (p= 1) =) =P KN w= 1) =e, 


3.5.22. As we discussed already, like Carol and Kynéa numbers, 
Mersenne numbers have very special binary representation; in fact, 


e in binary, the nth Mersenne number consists from n— 1 unities: 
n-1 
M, =2"-1=2-1$9PP4...4 2415509, 
i=0 


It means that any Mersenne number is a repunit in binary; so, 
in binary, it gives a simplest example of palindromic number, i.e., a 
number that remains the same when its digits are reversed. 

Moreover, any Mersenne prime gives a binary palindromic prime 
(i.e., a prime which is palindromic in binary). 

Recall (see, for example, [Deza21], Chapter 2, Section 2.5) that 
the sequence of binary palindromic primes begins (in binary) from 
11, 101, 111, 10001, 11111, 1001001, 1101011, 1111111, 100000001, 
100111001,... (sequence A117697 in the OEIS) and contains all 
Mersenne primes and all Fermat primes. 
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So, we can state that 


e for any even perfect number, its odd part is a binary palindromic 
prime, while its even part is an odious number. 


As for permutable primes, i.e., prime numbers which, in a given 
base, can have its digits’ positions switched through any permutation 
and still keeps its primality (see, for example, [Deza21], Chapter 
2, Section 2.5), in base 2 only repunits can be permutable primes 
because any 0 permuted to the last place results in an even number. 
Therefore, 


e the base 2 permutable primes are the only Mersenne primes. 
So, we can state that 


e there exists an one-to-one correspondence between the even perfect 
numbers and the base 2 permutable primes. 


3.5.23. It is natural to try to generalize primes of the form 2” — 1 
to primes of the form b” — 1 for b 4 2. However, b” — 1 is always 
divisible by b— 1, so unless the latter is a unit, the former is not a 
prime. But we can regard a ring of “integers” on complex numbers 
instead of real numbers. 

If we regard the ring (Z/i],+,-) of Gaussian integers, 


Zii] = {a+ bi | a,b € Z}, where i? =—-1, 


we get the cases b = 1+7 and b = 1 —7 and can ask for which n the 
number (1 +7)" — 1 is a Gaussian prime, which will then be called a 
Gaussian Mersenne prime. 

In fact, (1 +7)” — 1 is a Gaussian prime for n = 2, 3, 5, 7, 11, 19, 
29, 47, 73, 79,... (sequence A057429 in the OEIS). 

Like the sequence of exponents for usual Mersenne primes, this 
sequence contains only (rational) prime numbers. As for all Gaussian 
primes, the norms (that is, squares of absolute values) of these num- 
bers are rational primes 5, 13, 41, 118, 2118, 525313, 536903681, 
140737471578113, ... (sequence A182300 in the OEIS). 

For definition of Gaussian perfect numbers, we should now con- 
struct the sum of divisors function oz) (a+ bi) in the ring (Z[i], +, -) 
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of Gaussian integers and choose an analogue of classical condition 
o(n) = 2n for ordinary (rational) perfect numbers. 

In the case of an acceptable choice, one can obtain for Gaussian 
perfect numbers an analogue of Euclid—Euler theorem. (see, for 
example, [Spir18] and [McDa74]). 

It is possible also to use a similar approach for the construction of 
Eisenstein Mersenne primes and Eisenstein perfect numbers in the 
ring (Z|w],+,-) of Eisenstein integers, 

-1+iv3 
— 

Here, we get the cases b= 1+w and b=1-—w. So, we can ask 

for what n the number (1+ w)” — 1 is an Eisenstein prime, which 


Z|w] = {a+ bw | a,b € Z}, where w = 


will then be called an Eisenstein Mersenne prime. 

In fact, (1+ w)” — 1 is an Eisenstein prime for n = 2, 5, 7, 11, 
17, 19, 79, 163, 193, 239,... (sequence A066408 in the OEIS). The 
norms (that is, squares of absolute values) of these Eisenstein primes 
are (rational) primes: 7, 271, 2269, 176419, 129159847, 1162320517, 
... (sequence A066413 in the OEIS). 

For more information about the construction of the sum of divi- 
sors function o7;.,)(a + bw) in the ring (Z[w],+,-) of Eisenstein inte- 
gers, and the choice of an analogue of classical condition o(n) = 2n 
for ordinary (rational) perfect numbers, which allows to obtain for 
Eisenstein perfect numbers an analogue of Euclid—Euler theorem, 
see, for example, [Smal02]. 


Perfect numbers and Fermat numbers 
3.5.24. A Fermat number, F,, is a positive integer of the form 
fy, = 2?" 41, neZ, n> 0. 
The first Fermat numbers are 3,5,17,257, 65537, 4294967297, 
18446744073709551617,... (sequence A000215 in the OEIS). 


In connection with our consideration, it can be proved (Luca, 
2000) that 


e a Fermat number cannot be a perfect number or part of a pair of 
amicable numbers. 
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For example, for even perfect numbers, it is obvious. As for 
odd perfect numbers, we can consider F;, modulo 12 and modulo 36 
for checking, that F;, is not equal to 1 modulo 12 (in fact, F, = 
5(mod 12) for n > 1) as well as is not equal 9 modulo 36 (in fact, 
F,, = 5,17(mod 36)). As any odd perfect number is equal 1 modulo 
12 or is equal 9 modulo 36 (see Section 3.2), we have proven that a 
Fermat number cannot be an odd perfect number. 


3.5.25. There exists an interesting connection between even perfect 
numbers, Fermat numbers, and the so-called trapezoidal numbers. 
An positive integer is called a trapezoidal number if it can be 
represented as some isosceles trapezoid. 
For example, a trapezoidal representation of 18 is given by the 
following picture. 


The first few trapezoidal numbers are 5, 7, 9, 11, 12, 18, 14, 15, 17, 
18,... (sequence A165513 in the OEIS). 

By definition, any trapezoidal number is a sum of two or more 
consecutive positive integers greater than 1: 


Tr(n,k) =n+ (n+ 1) + (w+2) 4+--++(n+(k-1)), nfl, RAL 


So, one obtains that any trapezoidal number is a difference of two 
non-consecutive triangular numbers: 


Tr(n,k) =n+(n+1)+(n+2)+---4+(n4 (k-1)) 
(40a DS eG) 
=Siin+k-1)—Ssn—1): 


Moreover, the above definition implies that any trapezoidal num- 
ber is a particular case of polite number. 

In fact, a polite number is a positive integer that can be repre- 
sented as the sum of two or more consecutive positive integers. 

So, if such polite representation starts with 1, we obtain a trian- 
gular number, otherwise one gets a trapezoidal number. 
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The first polite numbers are 1, 3, 5, 6, 7, 9, 10, 11, 12, 13,... 
(sequence A138591 in the OEIS). 

Obviously, a given positive integer can have several polite repre- 
sentations. In the case of 18, one more such representation is given 
as follows. 


The politeness of a positive integer number is the number of ways it 
can be expressed as a sum of consecutive positive integers. 
It is easy to show that 


e for any positive integer x, the politeness of x is equal to the number 
of odd divisors of x that are greater than one. 


In fact, suppose a number x has an odd divisor y > 1. Then, 
y consecutive integers, centered on 7 (so that their average value is 


=), have x as their sum: 
p) 


¥ 
—]l —1 
v= (2 ) t aes (Ea), 
y 2 y y 2 


Some of the terms in this sum may be zero or negative. However, 
if a term is zero, it can be omitted, and any negative terms may 
be used to cancel positive ones, leading to a polite representation of 
xz. The requirement that y > 1 corresponds to the requirement that 
a polite representation have more than one term. For instance, the 
polite number x = 18 has two non-trivial odd divisors, 3 and 9. It is 
therefore the sum of three consecutive numbers centered at 8 = 6: 
18 =5+6+/7. On the other hand, it is the sum of nine consecutive 
integers centered at 3 = 2: 18 = (—3)+(—1)+0+1+4+2+3+44+5+6 
or 18 =34+4+5+6. 

Conversely, every polite representation of x can be formed by 
this construction. If a representation has an odd number y of terms, 
then the middle term can be written as - and y > 1 is a non- 
trivial odd divisor of x. If a representation has an even number 21 
of terms and its minimum value is m, it may be extended, in a 
unique way, to a longer sequence with the same sum and an odd 
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number y = 2(m-+1)—1 of terms, by including the (2m —1) numbers 

(m — 1), —(m — 2),..., —1, 0, 1,..., m— 2, m— 1. After this 
extension, the middle term of the new sequence can be written as ao 
and y > 1 is a non-trivial odd divisor of x. By this construction, the 
polite representations of a number and its odd divisors greater than 
1 may be placed into a one-to-one correspondence that completes the 


proof. 


From this consideration, it follows that the impolite numbers, i.e., 
positive integers which are not polite are exactly the powers of two. 

So, the first few impolite numbers are 1, 2, 4, 8, 16, 32, 64, 128, 
256, 512,... (sequence A000079 in the OES), and the politeness of 
the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,... is 0, 0, 1, 0, 1, 1, 1, 0, 2, 
1,... (sequence A069283 in the OEIS). 

Therefore, the only polite numbers that may be non-trapezoidal 
are the triangular numbers with only one non-trivial odd divisor 
because for those numbers, according to the bijection described 
above, the odd divisor corresponds to the triangular representation 
and there can be no other polite representation. 

Thus, polite non-trapezoidal numbers must have the form of a 
power of two multiplied by a prime number. 

It is easy to show that there are exactly two types of triangular 
numbers with this form: 


e the even perfect numbers 2*-1(2* — 1) formed by the product of a 
Mersenne prime 2° —1 with half the nearest power of two; 

e the products 2*—1(2* +1) of a Fermat prime 2* +1 = 2?" +1 with 
half the nearest power of two. 


Indeed, if we have the equality n(n tt) = 2'-1.» with odd prime 


number p, then n(n + 1) = 2" - p, and hence, p|n(n + 1). So, we get 
that either pln or p|(n+ 1). 

If pln, then by elementary arguments, p = n and 2* = n+ 1. 
Therefore, it holds that p = 2" — 1, i.e., p is a Mersenne prime, and 


the corresponding triangular number 2*~!(2* — 1) is an even perfect 
number. 

If p|(n+1), then by elementary arguments, p = n+1 and 2’+! =n, 
Hence, it holds that p = 2+! +1, ie., p = 2?" +1 is a Fermat prime, 
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and the corresponding triangular number 2*—1(2* + 1) has the form 
22°19?" 4.1). 
So, we have proven that there are only three types of non- 


trapezoidal numbers: 


e the even perfect numbers 2k-1(2* — 1) formed by the product of a 
Mersenne prime 2* —1 with half the nearest power of two; 

e the products 2?"—1(2?" +1) of a Fermat prime 2?" +1 with half 
the nearest power of two; 

e powers of two, in particular, all numbers of the form M,, + 1, 
where M,, is the nth Mersenne number, and all numbers of the 
form Fy, —1, where F,, is the nth Fermat number. 


Perfect numbers and figurate numbers 


3.5.26. The nth triangular number S3(n) is the number of dots in 
the triangular arrangement with n dots on each side and is equal to 


the sum of the n positive integers from 1 to n. As the sum of the 


first n positive integers, S3(n) = ae 


The sequence of triangular numbers, starting with the zeroth tri- 
angular number, is 0, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 
105,... (sequence A000217 in the OEIS). 

As well as having the form 2?~1(2? — 1) = , each even 
perfect number is the (2? — 1)th triangular number, and hence is 


equal to the sum of the integers from 1 to 2? — 1: 
oP- (oP <1) = §3(2? —1) =14943+~-..4 (2? =1). 


For example, 6 = 1+2+43; 28 =1+4+2+4+3+4+445+46+47; 
496 =14+2+4+3+4---+31; 8128 =1+4+2+434---4 127. 


3.5.27. The nth hexagonal number S¢(n) is defined as the number of 
distinct dots in a pattern of dots consisting of the outlines of regular 
hexagons with sides up to n dots when the hexagons are overlaid so 
that they share one vertex. In other words, 


Se(n) =1+5+4+9+4+---+ (4n—3) = n(2n—- 1). 
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Now, it is obvious that 


e the even perfect number 2?-1(2? — 1) is the 2?-'th hexagonal 


number: 
2P-1(2P — 1) = Sg (2?). 
As an hexagonal number, 


e an even perfect number can be represented as a sum of the first 
2?! elements of arithmetic progression 1,5,9,...: 


n-1 
aP-T(aP —1) = S$ (4k +1) with n= 2°71. 
k=0 


For example, 6 = 1+ 5; 28 = 27(2% — 1); 
496 = 145494134174 214 254 294 33437441 
+ 45 + 49 + 53+ 57+ 61; 
8128 =14+5+9+413417+ 214 25+ 294+ 33+ 37+ 41 
+45 +49 +---+ 245 + 249 + 253. 


3.5.28. Furthermore, a centered nonagonal number (or centered 
enneagonal number) is a positive integer number that represents a 
nonagon with a dot in the center and all other dots surrounding the 
center dot in successive nonagonal layers. The nth-centered nonago- 
nal number is given by the formula 

(3n — 2)(3n — 1) 


So(n) =1+9+18+---+9(n— 1) = ———~5——_. 


Therefore, we obtain the following result: 


e Fach even perfect number except for 6 is the (7+*) th-centered 


nonagonal number: 


Pt (9? = 1) = Boi 2"). 


3.5.29. On the other hand, we proved in Section 3.3 that 


© any perfect number cannot be a square number. 
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Therefore, 


© any perfect number cannot be an biquadratic number and, in gen- 
eral, cannot be represented as some even power of an integer. 


Perfect numbers and Pascal’s triangle 
3.5.30. The Pascal’s triangle 


is a number triangle, the sides of which are formed by 1 and any inner 
entry is obtained by adding the two entries diagonally above. It is 
formed by binomial coefficients ( ha or, equivalently, by the numbers 
C!” of combinations, i.e., the ways to choose an unordered subset of 
m elements from a fixed set of n elements. 

It is well known that 


! 
(")-r- O<m<n. 
m ! 


Using the binomial formula 
n n n n n 
1 n 0 1 2 _— n—-1 n 
(1+ 2) (5) + (Te +(S)e Pee gfe Le 
with « = 1, we get the famous property of Pascal’s triangle: 


e The sum of the elements of nth row of the triangle is equal to 2”, 
n=0,1,2,.... 
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On the other hand, it is now obvious that 


e the sum of all entries of the first n rows of Pascal’s triangle is 
equal to nth Mersenne number My. 


In fact, the sum of all elements of the ith row of Pascal’s triangle 
is 2’, i = 0,1,2,3,.... Then, the sum of all elements of the first n 
rows of Pascal’s triangle is equal to 


2° te ee A a 


This concludes the proof. 


In terms of even perfect numbers, we can say now that 


e the even part of any even perfect number is the sum 2?-! of all 
elements of the (p —1)th row of Pascal’s triangle, while the odd 
part of this even perfect number is the sum of all elements of the 
first p rows of Pascal’s triangle, where p is prime number, giving 
Mersenne prime My = 2? —1. 


In fact, for the first even perfect number 6, its even part 2 is the 
sum of elements 1,1 of the first row of the Pascal’s triangle, while 
its odd part 3 is the sum of elements 1;1,1 of the first two rows. 
For the second even perfect number 28, its even part 4 is the sum of 
elements 1,2,1 of the second row of the Pascal’s triangle, while its 
odd part 7 is the sum of elements 1;1,1;1,2,1 of the first three rows. 
For the third even perfect number 496, its even part 16 is the sum of 
elements 1, 4,6, 4, 1 of the fourth row of the Pascal’s triangle, while its 
odd part 31 is the sum of elements 1;1,1;1,2,1; 1,3,3,1;1,4,6,4,1 
of the first five rows, etc. 

3.5.31. The Mersenne numbers arise also in the Sierpinski sieve, 
given by the representation of Pascal’s triangle modulo 2. It is proven 


(see, for example, [Deza21], Chapter 2, Section 2.5) that for a given 
prime p, the 


e pth row of Pascal’s triangle is divisible by p. 


It means that in the pth row of Pascal’s triangle, if p is a prime 
number, all the terms except the unities are multiples of p. 
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So, for any Mersenne prime M,, we get the following property: 


e Given Mersenne prime Mp, the Myth row of the Pascal’s triangle 
is divisible by Mp. 


In particular, the third row 
1,3,3,1 
is divisible by Mz = 2? — 1 = 3, the seventh row 
1, 7, 21, 35, 35, 21, 7,1 


is divisible by M3 = 2° — 1 = 7, etc. 

Considering Pascal’s triangle modulo 2, we can find in this con- 
struction all even perfect numbers. 

In fact, the nth row of Pascal’s triangle is divisible by 2 if and only 
if n = 2° ({Deza21], Chapter 2, Section 2.5). In this case, all 2* — 1 
inner entries of the row are even. So, exactly 2" — 2 central entries 
of the next (2* + 1)th row will be even; exactly 2* — 3 central 
entries of the (2* + 2)th row will be even,..., exactly one central 
element of the (2*+! — 2)th row will be even. In this way, we obtain 
in the Pascal’s triangle modulo 2 a black subtriangle, which contains 


(2-12 a 
2 


elements. So, for Mersenne prime M,, the number of the elements in 


1424---4+(2*-1) = (1) 


the corresponding black “even subtriangle” will be a perfect number. 


Perfect numbers and pernicious numbers 


3.5.32. A pernicious number is a positive integer such that the Ham- 
ming weight of its binary representation (i.e., the sum of binary dig- 
its) is prime. 

The first pernicious number is 3 since 3 = llg and 1+1 = 2, 
which is a prime. The next pernicious number is 5 since 5 = 1019, 
followed by 6, 7, and 9 (sequence A052294 in the OEIS). 

Owing to their form, 2?~'(2? — 1), every even perfect number 
is represented in binary form as p ones followed by p — 1 zeros; 
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for example, 
639 = 27 + 2' = 110); 
2819 = 24 + 2° + 2? = 111009; 
A9619 = 28 + 2" + 2° + 2° + 24 = 1111100002; 
B128ig = 2 40 Ot 4 oo OP OT 4 OP = 1711 1000s: 
Thus, every even perfect number is a pernicious number. 


3.5.33. It is known that 


e no power of two is a pernicious number. 


This is trivially true because powers of two in binary form are 


represented as a one followed by zeros. So, each power of two has a 
Hamming weight of one, which is not considered to be a prime. 
On the other hand, 


e every number of the form 2"+1 with n > 0, including every Fermat 
number F,, = 2?" +1, is a pernicious number. 


This is because the sum of the digits in binary form is 2, which 
is a prime number. 


3.5.34. There exist some special numbers which are related to the 
pernicious numbers and in turn are connected with perfect numbers. 

So, for example, odious numbers are numbers with an odd number 
of unities in their binary expansion. The first odious numbers are 1, 
2, 4, 7, 8, 11, 13, 14, 16, 19, 21, 22, 25, 26, 28,... (sequence A000069 
in the OEIS). 

As any even perfect number has prime number of ones in its binary 
expansion, we can state that 


© any even perfect number greater than 6 is an odious number. 


On the other hand, evil numbers are numbers with an even num- 
ber of unities in their binary expansion. This sequence starts from 
the numbers 0, 3, 5, 6, 9, 10, 12, 15, 17, 18, 20, 23, 24, 27, 29,... 
(sequence A001969 in the OEIS). 
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So, it is obvious that 


e there exists exactly one even perfect number which is an evil num- 
ber: It is 6 = 110g. 


For the detailed proofs of facts, properties, and theorems listed 
in this section, as well as some additional information, see, for 
example, in [AkFr09], [AIEr44], [Bond93], [Buch09], [DeDe12], 
[DeKo13], [Dele98], [Deza17], [Deza18], [Deza21], [Erdo34] [JoLo99], 
[Laga02], [McDa74], [MSC96], [Nico69], [PeBy70] [Pill43], [Rama00], 
[Ramal5], [Robi84], [Sier55], [Spir18], [Stew54], [Uspe76], and 
[Wiki22]. 


Exercises 


1. Check that all proper divisors of the first four perfect numbers are 
abundant. What can be said about “proper” multiples of the first 
four perfect numbers? Formulate and prove the corresponding 
proposition. 

2. Prove that all numbers 12t,945t, t € N, are abundant. 

3. Find all two-digit highly abundant numbers; all two-digit super- 
abundant numbers. Are there perfect numbers which are highly 
abundant? Are there perfect numbers which are superabundant? 

4. Find all one- and two-digit highly composite numbers. Are there 
perfect numbers which are highly composite? 

5. Check that 6 and 28 are practical numbers. Check that n!, n = 
1,2,3,4,5 and p,#, n = 1,2,3,4,5 are practical numbers. Find 
the first three practical Fibonacci numbers. 

6. Check that the first four perfect numbers are Ore harmonic 
numbers. 

7. Check that 6 is a centered pentagonal number, i.e., it can be 
represent with a dot in the center and all other dots surrounding 
the center in pentagon’s layers (see sequence A005891 in the 
OEIS); 496 is a centered hendecagonal number, i.e., it can be 
represent with a dot in the center and all other dots surrounding 
the center in hendecagon’s layers (see sequence A069125 in the 
OEIS). What can be said about 28? 
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8. Check that 6 can be represented as a pentagonal pyramidal num- 
ber (see sequence A002411 in the OEIS). What can be said about 
28 and about 496? 

9. Find the first five Mersenne primes in the Pascal’s triangle; find 
the first five perfect numbers in the Pascal’s triangle. Can we 
find in the Pascal’s triangle any even perfect numbers? 

10. Prove that, starting with 7, every third Carol number is a multi- 
ple of 7. Prove that, starting with 7, every third Kynéa number 
is a multiple of 7. 

11. An (m,k)-superperfect number is a positive integer n such that 
o'(n) = kn. Prove that the first (2, 2)-superperfect numbers are 
2, 4, 16, 64, 4096, 65536, and 262144. 

12. An Ore number is a positive integer, n, such that the harmonic 


T(n) 


mean of all its divisors H(n) = Tania is an integer. Check 


43 12 55 7 32 27 20 _ 
that H(n) = Vai S 5 5: 4s 2) ie? TS for n= 1, 2, By acy LO: 
respectively. Prove that the numbers 1, 6, 28, 140, 270, 496, 672, 
1638, 2970, 6200, 8128, 8190 are Ore numbers. Prove that any 


perfect number is an Ore number. 


3.6. Open Problems 


The following are the two biggest problems in the theory of perfect 
numbers: 


e Are there any odd perfect numbers? 
e Are there infinitely many even perfect numbers? 


Are there any odd perfect numbers? 


3.6.1. It is unknown whether any odd perfect numbers exist, though 
a variety of results has been obtained. 
In fact, odd perfect numbers either do not exist or are rare. 
There are a number of results on perfect numbers that are actually 
quite easy to prove but nevertheless superficially impressive; some 
of them obviously come under Richard Guy’s strong law of small 
numbers. 
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For example, any odd perfect number N must satisfy the following 
conditions (see Section 3.2): 


e N is a perfect square times an odd power of a single prime; 

e N is divisible by at least nine primes and has at least 75 prime 
factors, not necessarily distinct; 

N has at least 1500 decimal digits; 

N has a prime divisor greater that 10°; 

N has a prime divisor less than e4-97401-101°. 

N< ) ae where & + 1, is the number of distinct prime factors 
of N; 

N is of the form N = 1(mod 12) or N = 9(mod 36). 


In 1496, Lefévre stated that Euclid’s rule gives all perfect num- 
bers, thus implying that no odd perfect number exists. 

More recently, Pomerance has presented a heuristic argument sug- 
gesting that indeed no odd perfect number should exist. 

He has constructed a heuristic which gives an upper bound in 
general for how likely odd perfect numbers are. 

When Pomerance first used his heuristic, it was known that the 
lower bound for odd perfect numbers was 102°; in this case, one gets 
a likelihood of about 10~” for an odd perfect number to exist. 

Now, it is checked that there is no odd perfect number under 
101°? and we can run his argument through to get a heuristic prob- 
ability that there is an odd perfect number with probability of about 
10-340. 

In fact, Pomerance’s heuristic actually is a bit stronger and can 
be read as estimating the chance of an odd multiply perfect number 
of the form N = pm?, where o(N) = (2*)N for some k. This is 
relevant since there is also a more general open question of whether 
the only multiply perfect odd number is 1. 

The probability of such a number existing is very small. Unfor- 
tunately, we are also very far from proving their non-existence. 


3.6.2. In 1948, Ore introduced the concept of harmonic numbers 


(ie., the numbers n for which the harmonic mean H(n) = an of 


their positive integer divisors is an integer) and proved that perfect 
numbers are also harmonic. 
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So, any odd perfect number should be at the same time an odd 
Ore harmonic number. 

Now, there exists the only known odd Ore harmonic number; it 
is 1. 

Ore conjectured that 


e no odd harmonic divisor numbers exist other than 1. 


If the conjecture is true, this would imply the non-existence of 
odd perfect numbers. 

Cohen, Goto, Sibata, and others starting with Ore himself 
have performed computer searches listing all small harmonic divi- 
sor numbers. 

From these results, lists are known of all Ore harmonic numbers 
up to 10'* (Cohen (1997) got the bound 2- 10°; Goto and Okeya 
got the bound 10!*), and all Ore harmonic numbers for which the 
harmonic mean of the divisors is at most 1200 (Cohen (1997) got the 
bound 131; Goto and Shibata (2004), got the bound 300; Goto and 
Okeya got the bound 1200). All of such numbers are even. 

So, it is checked that 


e if n is a nontrivial odd harmonic number, then H(n) > 1200; 
e if nm is a nontrivial odd harmonic number, then n > 10'. 

Moreover, for the Ore’s conjecture, the following theoretical facts 
are known: 


A prime power is not harmonic. 
A square-free integer which is greater than 6 is not harmonic. 
An integer which is congruent to 3 modulo 4 is not harmonic. 


If n is a product of two prime powers and is harmonic, then n is 
an even perfect number. 


For any positive integer c, there exist only finitely many numbers 
n satisfying H(n) = c. 


3.6.3. Many of the properties proved about odd perfect numbers 
also apply to Descartes numbers, and Nielsen has suggested that 


Downloaded from www.worldscientific.com 


220 Perfect and Amicable Numbers 


sufficient study of those numbers may lead to a proof that no odd 
perfect numbers exist. 

A Descartes number is an odd number which would have been an 
odd perfect number if one of its composite factors were prime. In 
other words, a Descartes number n has the form n = m-p, where m 
and p are coprime and 2n = o(m) - (p+ 1), in which p is taken as a 
“spoof” prime. 

They are named after Descartes who observed that the number 


D = 3?.77-117-137-22021 = (3-1001)? -(22-1001—1) = 198585576189 


would be an odd perfect number if only 22021 were a prime number 
since the sum of divisors’ function for D would satisfy, if 22021 were 
prime, 


aDy=(F 491) (7 474) OP $s) 1 ps1) 
- (22021 + 1) 
= (13) - (3-19) - (7-19) - (3-61) - (22-1001) 
BP F019 19" «G1 (8927 211 19) 
26 (8? 7 11? 218") «9? 361) 
Oe (8? 91? < 187) < 22081 = 2p. 


where we ignore the fact that 22021 is composite: 22021 = 19? - 61. 
This example is the only one currently known. 


Are there infinitely many even perfect 
number? 


3.6.4. The most important open problem of the theory of perfect 
numbers is represented by the following question: 


e Are there infinitely many even perfect numbers? 
Equivalently, we could ask: 


e Are there infinitely many Mersenne primes? 
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The answer is probably “yes.” In fact, consider the prime num- 
ber theorem (1896, independently by Hadamard and de la Vallée 
Poussin): 


r x 
“a a ~ loga oe (=) 


It means that 


ec ee 

zoo ¢/ log x 
So, by the prime number theorem, the nth prime number is approx- 
imately equal to nlogn (more exactly, cnlogn < pn < Cnlogn, 
where C > c > 0 are some positive absolute constants). Then, we 
can prove that the probability of a “random” number n being prime 
is at most wx 
It is easy to see that 


A A A C 


> — = = -, 
logM, log2"” nlog2 nn 


for some positive absolute constant A. 


where C = a is an absolute constant. Summing over all positive 


integers, we get the following estimation: 


— OA — A — A “OC “1 
Die ring ee 


n=l n=1| 


In other words, it is proven that 5° 


gent sum 77°, 4 


are infinitely many Mersenne primes. 


lo-e) A . ‘ 
n=1 log My 18 greater than a diver- 


(harmonic series); so, it seems likely that there 


However, our reason cannot be used as a proof of infiniteness 
of the set of Mersenne primes since the Mersenne numbers are not 
“random.” 


Lenstra—Pomerance—Wagstaff and Gillies’ 
conjectures 


3.6.5. Lenstra—Pomerance-Wagstaff conjecture states that there is 
an infinite number of Mersenne primes; more precisely, it states that 
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e the number of Mersenne primes less than x is asymptotically 
approximated by 


e’ - logs logs a, 
where y is the Euler—Mascheroni constant. 


In other words, the number of Mersenne primes with a given expo- 
nent p less than x is asymptotically e7 - logs x. 

This means that there should on average be about e? - log, 10 © 
5.92 primes p of a given number of decimal digits such that M, is 
prime. The conjecture is fairly accurate for the first 40 Mersenne 
primes, but between 220000000 and 285000000, there are at least 12 
rather than the expected number which is around 3.7. 


3.6.6. The Gillies’ conjecture is a conjecture about the distribution 
of prime divisors of Mersenne numbers; it was formulated by D. B. 
Gillies in 1964: 


e Ifx<y<./Mp, as - — oo, and M, — ov, the number of prime 
divisors of M, in the interval [x,y] is Poisson distributed with 


l 
ie (724) , if x > 2p, 


logx 

mean ~ i 

log oe , uo v< 2p. 
[ log 2p 


He noted that his conjecture would imply that 


e the number of Mersenne primes less than x is ~ we log log x; 
e the expected number of Mersenne primes M, with x < p < 2z is 


e the probability that M, is prime is ~ 2282? 


plog2° 


The Lenstra~-Pomerance—Wagstaff conjecture gives different values, 


e the number of Mersenne primes less than x is 4 log log x; 
e the expected number of Mersenne primes M, with x < p < 2z is 
~ e7; 


e the probability that M, is prime is - = oP if p = 3(mod 4), and is 


e” log 6p 


Bleed otherwise. 
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Asymptotically, these values are about 11% smaller. 
While Gillies’ conjecture remains open, several papers have added 
empirical support to its validity, including Ehrman’s 1964 paper. 


New Mersenne conjecture 


3.6.7. In connection with the problem of infiniteness of the set of 
Mersenne primes, mathematicians are very interested in the following 
question: 


e Is the new Mersenne conjecture true? 


We recall that the new Mersenne conjecture of Bateman, Self- 
ridge, and Wagstaff (1989) states that 


e for any odd positive integer p, if any two of the following conditions 
hold, then so does the third: 


ep = 2° +1 or p = 4k £3 for some natural number k (sequence 
A122834 in the OEIS); 

e 2?—1 isa prime (a Mersenne prime M,; sequence A000043 in the 
OEIS); 

e — 1 is a prime (a Wagstaff prime; sequence A000978 in the OEIS). 


The first odd primes of the form 2" + 1 or 4* +3 are 3, 5, 7, 13, 
17, 19, 31, 61, 67, 127,... (sequence A122834 in the OEIS). 

The exponents p which give Mersenne primes are 2, 3, 5, 7, 13, 
17, 19, 31,... (sequence A000043 in the OEIS). 

The first few (odd) primes p such that the numbers >+* are 
(Wagstaff) primes, are 3, 5, 7, 11, 13, 17, 19, 23, 31, 43,... (sequence 
A000978 in the OEIS). 

The known numbers p for which all three conditions hold are 3, 
5, 7, 13, 17, 19, 31, 61, 127 (sequence A107360 in the OEIS). 

It is also a conjecture that 


e no number which is greater than 127 satisfies all three conditions. 


As of 2021, all the Mersenne primes up to 282°89933 — 1 are known, 


and for none of these does the third condition hold except for the 
ones just mentioned. 
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R. Lifchitz has shown that the new Mersenne conjecture is true 
for all positive integers less than or equal to 30402456 by systemati- 
cally testing all primes for which it is already known that one of the 
conditions holds. His website documents the verification of results 
up to this number. 


Other open questions 
3.6.8. Consider a sequence 
CCo = 2, CC; = 2° —1, CC, 
= 9 a, OC Se nn Og SOO a hes 


Starting with CC,, this sequence forms a subset of the set of 
Mersenne numbers. An open question is: 


e Are all the numbers CC, primes? 


These numbers grow very quickly. In fact, the numbers 
CCy = 2; CC, = 27 -1=3; CCp = 22 -1=7; 

CC3 = 2" —1= 127: 

CC, = 2!?7 — 1 = 170141183460469231731687303715884105727 


are primes. It is unknown if the number 


CC. > 1921217599719369681875006054625051616349 


is prime. It seems very unlikely that CCs (or many of the larger 
terms) would be prime, so this is no doubt another example of Guy’s 
strong law of small numbers. 

Note that if there is even one composite term in this sequences, 
then all of the following terms are composite too. 


3.6.9. One more open question about the behavior (the infiniteness) 
of some subset of the set of Mersenne numbers is the following: 


e Are there more double Mersenne primes? 
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The double Mersenne number M M,, is a Mersenne number of the 
form 


MM, = Mm,, = pee! il, ane NN. 


The first few double Mersenne numbers are My, = 1, My, = 
M3 = 7, Mu, = M7 = 127, Mm, = M15 = 32767 (sequence A077586 
in the OEIS). 

An early misconception was that 


e ifn = M, is prime, then so is M,. 
Indeed, each of the first four such numbers is prime: 
MMz=2?? —1=7, 
MM3 = 2° —1= 127: 
MMs = 23! — 1 = 2147483647; 
MM, = 2'?" — 1 = 170141183460469231731687303715884105727. 


However, the next four (MMj3, MMy7, M Myo, and M M3) all have 
known factors and so are composite. 
One more question: 


e Are there any more primes in this sequence? 


Probably not, but it remains an open question. 

Note that the sequence of numbers CC,,n = 2,3,4,... discussed 
above is a subsequence of the sequence of the double Mersenne num- 
bers, and a positive answer to the question of primality of these 
numbers will give a positive answer to the questions regarding the 
numbers M M,. 


3.6.10. Besides the problem of the infiniteness of the set of Mersenne 
primes, we have an important open question about the infiniteness 
of Mersenne composites: 


e Are there infinitely many composite Mersenne numbers M, with 
prime indexes? 
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We have shown in Section 3.4 that if p = 4k + 3 and 2p + 1 are 
primes (in fact, a Sophie Germain prime and a safe prime, corre- 
spondingly), then the Mersenne number 2? — 1 is composite because 
it has a prime divisor 2p + 1. 

As it seems reasonable to conjecture that there are infinitely many 
primes pairs (p, 2p +1), we can expect that 


e there are infinitely many composite Mersenne numbers M, with 
prime index p. 


Sophie Germain primes and safe primes have applications in 
public-key cryptography and primality testing. Two distributed 
computing projects, PrimeGrid and Twin Prime Search, include 
searches for large Sophie Germain primes. 

The largest known Sophie Germain prime (as of 2021) is 
137211941292195 - 2171969 _ 4 (Jarai et al., 2006). It has 51780 digits. 

However, the conjecture “there are infinitely many Sophie Ger- 
main primes” remains unproven. 


3.6.11. Perfect numbers (in fact, superabundant numbers or, more 
exactly, colossally abundant numbers) are also of interest in con- 
nection with the Riemann hypothesis. In fact, in 1915, Ramanujan 
proved that under the assumption of the Riemann hypothesis, the 
inequality 
a(n) < e’nloglogn 

(the so-called Robin’s inequality) holds for all sufficiently large n. 

This inequality is known to fail for 27 numbers (sequence A067698 
in the OEIS): 2, 3, 4, 5, 6, 8, 9, 10, 12, 16, 18, 20, 24, 30, 36, 48, 
60, 72, 84, 120, 180, 240, 360, 720, 840, 2520, and 5040. The largest 
known value that violates the inequality is 5040, a superabundant 
(in fact, a collossally abundant) number. 

In 1984, Robin proved that the inequality is true for all n > 5040 
if and only if the Riemann hypothesis is true. 


For some additional information, see, for example, in [AkFr09]}, 
[Buch09], [BSW89], [Call92], [Cohe97], [Dezal7], [DeKo18], [Dick05], 
[Ehrm67], [Garc54], [Guy94], [Ingh32], [Kano57], [Kara83], [Pome73], 
[PoLu10], [Rama00], [Robi84], [Sier64], [Titc87], and [Wiki22]. 


Downloaded from www.worldscientific.com 


Perfect Numbers 227 


Exercises 


1. Prove that if p is an odd composite number, then 2? — 1 and — 
are both composite. 

2. Check that for the numbers 8, 5, 7, 13, 17, 19, 31, 61, and 127, 
all three conditions of the new Mersenne conjecture hold. 

3. Check that the numbers 2, 3, 5, 7, 11, 13, 17, 19, 23, 31, 43, 61, 
67, 79, and 89 satisfy at least one condition of the new Mersenne 
conjecture. 

4. Find the first four “double even perfect” numbers, e.g., the perfect 
numbers, which are produced by double mersenne primes M M,, = 
Mm, = 2Mn — 1. 
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Chapter 4 


Amicable Numbers 


4.1. History of the Question 


4.1.1. Many ancient cultures were concerned with the relationship 
of a number with the sum of its divisors, often giving mystic interpre- 
tations. In Chapter 3, we also considered one such relationship, per- 
fect numbers. In this chapter, we consider another important class 
of numbers, constructed using the properties of their divisors. 

A pair of amicable numbers (or an amicable pair) is formed by 
two different positive integers related in such a way that the sum of 
the proper divisors of each is equal to the other number. 

The smallest pair of amicable numbers is (220,284). They are 
amicable because the proper divisors of 220 are 1, 2, 4, 5, 10, 11, 20, 
22, 44, 55, and 110, whose sum is 284: 


14+2+44+5+10+4+11+4 204+ 22+4+4 55+ 110 = 284; 


and the proper divisors of 284 are 1, 2, 4, 71, and 142, whose sum is 
220: 


14+2+4+4 71 +4 142 = 220. 


The first few amicable pairs are: (220, 284), (1184, 1210), (2620, 
2924), (5020, 5564), (6232, 6368), (10744, 10856), (12285, 14595), 
(17296, 18416), (63020, 76084), and (66928, 66992),... (sequence 
A259180 in the OEIS; also see A002025 and A002046). It is unknown 
if there are infinitely many pairs of amicable numbers. 


229 
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The notion of amicable numbers is a generalization of the notion of 
perfect numbers: Any perfect number which is a number that equals 
the sum of its own proper divisors and so can be considered as amica- 
ble to itself, thus any perfect numbers form an “amicable” pair with 
equal elements. So, we get degenerate amicable pairs (6,6), (28, 28), 
(496, 496), (8128, 8128), etc. 

On the other hand, the notion of amicable numbers is a particular 
case of the notion of sociable numbers: a k-tuple of sociable numbers 
is formed by k positive integers related in such a way that the sum of 
the proper divisors of the first number is equal to the second number, 
the sum of the proper divisors of the second number is equal to the 
third number,..., the sum of the proper divisors of the last (kth) 
number is equal to the first number. 

In other words, any perfect number forms an aliquot sequence of 
period 1, a pair of amicable numbers constitutes an aliquot sequence 
of period 2, while a k-tuple of sociable numbers forms an aliquot 
sequence of period k. 


4.1.2. Amicable numbers were discovered later than the perfect 
numbers, probably in the period of the Neoplatonic mystical school 
(AD third century) of Greek philosophers. 

However, Iamblichus of Chalis, a Syrian Neoplatonist philosopher 
of Arab origin (circa AD 245-325) ascribes (circa AD 320) the knowl- 
edge of amicable numbers to the earliest Pythagorean school (circa 
500 BC). 

In Arabic mathematical writings, the amicable numbers occur 
repeatedly. They play a role in magic and astrology, in the casting 
of horoscopes, in sorcery, in the concoction of love potions, and in 
the making of talismans. 

These numbers were mentioned in the Prolegomena (1377), a 
book by the Arab sociologist, philosopher, and historian Ibn Khaldun 
(1332-1406). 

Through the Arabs, the knowledge of amicable numbers spread to 
Western Europe. They are mentioned in the works of many promi- 
nent mathematicians around AD 1500, e.g., French mathematicians 
Nicolas Chuquet (circa 1445-1500) and Estienne de la Roche (de 
Villefranche) (1470-1530), the German monk, Protestant reformer, 
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and mathematician Michael Stifel (1487-1567), Italian mathemati- 
cians Gerolamo Cardano (1501-1576) and Niccolo Fontana Tartaglia 
(1500-1557). 

Up to this historical period, only a single set of amicable numbers, 
namely the pair (220,284), was known. The discovery of the spe- 
cial relationship between the two moderately large numbers for that 
time is evidence of considerable familiarity with number-theoretic 
properties. 


4.1.3. The first algebraic rule for amicable numbers was invented by 
in the 9th century by an Arab mathematician, physician, astronomer, 
and translator Abu-al-Hasan Thabit ibn Qurra (826-901), who lived 
in Baghdad in the second half of the 9th century and made impor- 
tant discoveries in algebra, geometry, and astronomy. In astronomy, 
Thabit is considered one of the first reformers of the Ptolemaic sys- 
tem, and in mechanics, he was a founder of statics. 

The Thabit ibn Qurra theorem states that if p = 3-2"! —1, 
q=3-2”-1, andr =9-2?"-! — 1 are primes, then A = 2"pq and 
B=2"r are amicable. 

This is the first algebraic formula for amicable numbers. 

For n = 2, it gives the first and the smallest amicable pair, 
attributed to the legendary Pythagoras. 

Two additional pairs (17296, 18416) and (9363584, 9437056) of 
the Thabit’s rule can be obtained for n = 4 and n = 7 (with no other 
for n < 191600). See the following table for detailed information. 


n=A4 n=7 
p= 23 p=191 
q=47 q¢ = 383 


r= 1151 r = 73727 
A = 17296 | A = 9363584 
B= 284} B=18416 | B = 9437056 


In the early 14th century, an Arab mathematician and 
astronomer, Ibn al-Banna’ al-Marrakushi (1256-1321) (also known as 
Abu’lLAbbas Ahmad ibn Muhammad ibn Uthman al-Azdi) and also 
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Kamal al-Din Hasan ibn Ali ibn Hasan al-Farisi (1267-1319) (or Abu 
Hasan Muhammad ibn Hasan) discovered the pair (17296, 18416) cor- 
responding to n = 4. 

In the 16th century, the Iranian mathematician Muhammad Baqir 
Yazdi, the last notable Islamic mathematician, discovered the pair 
(9363584, 9437056) corresponding to n = 7. 

Much of the work of Eastern mathematicians in this area has been 
forgotten. 

Thabit ibn Qurra’s formula was rediscovered by P. Fermat (1601— 
1665) and R. Descartes (1596-1650), to whom it is sometimes 
ascribed. 

According to a statement by Mersenne, P. Fermat in 1636 redis- 
covered the Thabit’s rule and found the pair (17296, 18416), corre- 
sponding to the case n = 4. 

Descartes stated in a letter to Mersenne in 1638 that he had been 
led to the same rule and gave the third pair of amicable numbers 
(17296, 18416). 

So, before the Euler’s time, only three amicable pairs were known. 


(220, 284) ~500 BC Pythagoras 


(17296, 18416) | AD 1300 | al-Banna, Farisi, Fermat (1636) 
(9363584, 9437056) | ~AD 1600 Yazdi, Descartes (1638) 


4.1.4. Leonard Euler (1707-1783) was the first to systematically 
study amicable numbers. He developed several methods for gener- 
ating amicable pairs and discovered 59 new pairs. 

In 1747, he published a list of 30 pairs but did not reveal his 
method fully until his elaborate paper De Numeris Amicabilibus 
of 1750 [Eule50]. In this paper, 61 new pairs where listed. But 
K. Hunrath in 1909 found one to be false, and in 1914, F. Rudi 
found another false pair. 

The basic idea of Euler’s methods is to find an amicable pair 
(EM, EN) with a given common factor E, coprime to the unknown 
M and N. Since F is given, the sum of divisors of E can be com- 
puted. For such a choice, we get that numbers M and N have equal 


Downloaded from www.worldscientific.com 


Amicable Numbers 233 


sums of divisors, and one can try to find pairs of numbers under this 
condition. 

Euler considered various combinations of variables in M and N. 
The simplest choice leading to an amicable pair is M = pq and 
N =r, where p,q, and r are distinct primes of the form 


p=2° (2 41a 1 gH 2 48") 1, 
pS eer’ OPP 4 OP 7, 
If k = 1, we obtain 
pH 2-0" = 1 gS G-2 aH 1 pao ee 1, 


which leads to Thabit’s rule. 
Rewriting k as k = n —™m, we get the classical Fuler’s rule; it 
states that if 


p= 9. OO" 1) i, ga" OF 11, 
r=gmin.(gn-m 1 1)2 4, 


where n > m > 0 are integers and p,q, and r are prime numbers, 
then A = 2"nq and B = 2"r form a pair of amicable numbers. 

In this notation, the Thabit ibn Qurra theorem corresponds to 
the casem=n-— 1. 

Euler’s rule creates additional amicable pairs for (m,n) = 
(1,8), (29,40) with no others being known. 

A.-M. Legendre and P. L. Chebyshev studied the case k = 7 
for the conditions p = 2”(2* +1) -—1, q = 2™(27* + 2") -1, r= 
2m (g2k+1 4 93k 4 9k) 1. For m = 1, they found the amicable pair 


(2172649216 = 28 . 257 - 33023, 2181168896 = 2° - 8520191). 


A. M. Gererdin considered several other values of k,m but found 
no new amicable pairs. 

A 16-year-old Italian schoolboy, Nicolo Paganini, found in 1866 
the second smallest pair of amicable numbers (1184 = 2° - 37,1210 = 
2-5-117), having been overlooked by earlier mathematicians. 

P. Seelhoff found two new pairs in 1884. He used factorization 
method and may have been the first to take advantage of the more 
extensive prime tables compiled in the 19th century. 
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L. E. Dickson discovered two new pairs in 1911 when he completed 
the examination of a case left unfinished by Euler. 

Prime tables did not extend beyond 10° in Euler’s time, but by 
1909, Lehmer’s factor table up to 10’ had been published. 

T. E. Mason in 1921 found 14 new amicable pairs. 

P. Poulet was the first to use the powerful modern primality test- 
ing method developed by Lucas in 1875. He described his applica- 
tion of factorization methods to the search for amicable numbers and 
claimed to find 108 new amicable pairs (in fact, 104; four pairs were 
later found to be false). It was a new record after L. Euler. 

M. A. Gerardin applied indeterminate analysis systematically as 
early as 1906 when he explored the forms (2? - 5+ p,2?-q-r) and 
(2+.23-p,2*-q-r) without finding new pairs. But later, he found five 
new pairs and was the first to develop methods for exotic amicable 
pairs and found four pairs of this type. Gererdin also found four 
amicable pairs jointly with Poulet. 

E. B. Escott (1934) was the most prolific discoverer of amicable 
numbers before the computer era. He made an extensive application 
of factorization methods to several forms of pairs, some not studied 
before, and found 233 new pairs, although among them, 14 were later 
found to be false. 

B. H. Brown, in 1939, knowing only Euler’s and Paganini’s exotic 
pairs, which contain even numbers, found an exotic pair (12285 = 
3°-5-7-13, 14595 = 3-5-7-139) with odd entries, which he ascertained 
to be the least odd amicable pair. Brown’s method was a form of 
indeterminate analysis applied to several simple forms, such as (M = 
3” -a-p, N = 3"-q), in which for given a and m, the possible values 
of n, p, and q are determined. 


4.1.5. P. Poulet continued to search for amicable pairs and his later 
discoveries were communicated to N. G. W. Beeger in 1941 and 1942 
and published in 1948; 42 new pairs where found. 

M. Garcia in 1957 used the unknown common factor method. His 
list contained 153 new pairs. 

H. L. Rolf using the exhaustive numerical method was the first to 
discover an amicable pair on a computer. He investigated all numbers 
less than 10°. He proved that there are 13 such pairs and noted that 
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all of them, except the biggest one, (79750, 88730), were listed by E. 
B. Escott in 1934. Rolf listed also all mathematicians who got some 
amicable pairs and noted that in 1964, there were in total about 400 
known amicable pairs (in fact, 391 as reported by [Rolf65]). 

J. Alanen, O. Ore, and J. Stemple extended the numerical search 
to 10° and discovered eight new amicable pairs. 

E. J. Lee discovered new amicable pairs by indeterminate analy- 
sis methods programmed for computers, in which 264 new amicable 
pairs were found. 

P. Bratley and J. McKay extended the numerical search to 107 in 
1968 and found 14 new amicable pairs. 

Lee noticed in an investigation of the possible form of even amica- 
ble pairs that only the following three pairs, discovered by P. Poulet, 
had sums divisible by 9: 


(666030256 = 2* - 19 - 331 - 6619, 696630544 = 24 - 199 - 331 - 661), 
(4150593232 = 24 - 43 - 61 - 98899, 4213181998 = 2* - 43 - 859 - 7129), 
(4796703664 = 2* - 43 - 67 - 104059, 4855069456 = 2* - 43 - 373 - 18919). 


Lee found eight new even pairs with the same property. 

He has also proved that neither member of an even amicable pair 
can contain the factor 3 (it is the answer to a question posed by 
H. L. Rolf). 

Of the eight new pairs with sums divisible by 9 discovered by Lee, 
six were of the form 


(M=E-p-q:7r,N=E-p-s-t) 
and two were of the form 
(M=E-p-q:7,N=E-s-t-u), 
where p,q,7r,5,t,u are distinct primes, and p,q,r,s,t,u = 1(mod 6), 
E,o(E) = 1(mod 3). 
Lee also found 121 other new pairs of the form (M = E-p-q,N = 
E-r-s) with E < 10°. 
W. Borho in 1976 discovered 38 new pairs. 


A. Wulf discovered several new pairs in his 20-year (1930-1950) 
investigation. 
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H. Cohen (1970) and, independently, P. Bratley, F. Lunnon, and 
J. McKay (1970) took the numerical search to 10° announcing 57 
new pairs. 

In 1972, E. J. Lee and J. S. Madachy published a list containing 
1107 amicable pairs known at that time. 

In 1986, H. J. J. te Riele proposed an efficient exhaustive numer- 
ical search method for amicable pairs. With the aid of this method, 
1427 amicable pairs with smaller members below 10!° were com- 
puted, many being new. In the same year, H. J. J. te Riele, W. 
Borho, S. Battiato, Y. Hoffmann, and E. J. Lee published a table 
containing 10455 amicable pair between 10!° and 10°? known to the 
authors. In addition, S. Battiato and W. Borho in 1988 found 15 odd 
amicable pairs, with neither number divisible by 3, between 10°° and 
10°. These pairs are all having the form 


(M =O 87%... ay N = o- hy *s2<*ty), 


where a = 54- 73-119. 137-17? - 19-61? - 97 - 307. te Riele in 1974 
discovered four amicable pairs with 32, 40, 81, and 152 digits. In 
1984, he found 14 new large amicable pairs between 10!?° and 107°. 

By 1988, the largest known amicable pair was a 1041-digit pair 
(M,N) of the form 


(M = 2°-p*?- py -p2-p3-pa- ps, N= 2°- p+ qi - qa). 


It was found by H. Wiethaus (Germany). 
S. Y. Yan [Yan94] found a new large amicable pair 


(M = 2%" .p- p+ po, N = 2" -p-q) 


in 1993 by using Borho’s analogue of Thabit’s rule. Both M and N 
are 65-digit integers. Ninety-five new large amicable pairs have also 
been found by using the above 65-digit pair as a breeder with an 
algebraic constructive method. 

H. J. J. te Riele has collected all known type-(i,1), i = 2,3,..., 
amicable pairs and counted all daughter pairs which can be con- 
structed from them with the constructive method. From the 234 
known type-(2,1) amicable pairs (which includes the 65-digit pair 
above), he found 13122 daughter pairs. Moreover, using his new 
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semi-numerical method, te Riele found 116 new amicable pairs 
(M,N) with 4-10! < M+ N < 10” as well as many amicable 
triples. 


4.1.6. So, in 1946, there were 390 known pairs, but the advent of 
computers has allowed the discovery of many thousands since then. 
Exhaustive searches have been carried out to find all pairs less than 
a given bound, this bound being extended from 10° in 1970, to 10! 
in 1986, to 101! in 1993, to 101” in 2015, and to 10! in 2016. 

There are 13 pairs less than 10°, 42 pairs less than 10°, 236 less 
than 10°, 1427 less than 10!°, 3340 pairs less than 10", 4316 less 
than 2.01- 10", and 5001 less than 3.06 - 10". 

In 1972, 1,108 amicable pairs were known (see the list by Lee and 
Madachy, [LeMa72]). In 2003, the number of amicable pairs exceeded 
four million. As of 2021, there are over 1227267785 known amicable 
pairs. 

In the following, we list all pairs less than 10°. 


(220, 284) Pythagoras | c. 500 BC 
1 


(1184, 1210) Paganini 1866 
(2620, 2924) Buler 1747 
(5020, 5564) Euler 1747 
(6232, 6368) Euler 1750 
(10744, 10856) Euler 1747 
(12285, 14595 Broun 1939 
(17296, 18416) | al-Banna | c. AD 1300 
Farici c. AD 1300 
Fermat 1636 
(63020, 76084) | Euler 1747 
(66928, 66992) Euler 1750 
(67095, 71145) | Euler 1747 
(69615, 87663) | Euler 1747 
(79759, 88730) Rolf 1964 


The following table summarizes the largest known amicable pairs 
discovered in recent years. 
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Garcia 


Jobling and Walker 


Walker et al. 
Walker et al. 
Jobling 


The biggest known amicable pair (M,N) with two 24073-digit 
numbers has the form 


(M =a-S-p*.q,N =a-q-p*? - qo), 
where 
a=2-5-1l,m=(p+q)-p 1, @ =(p—S)-p* -1, 
S = 37-173 - 409 - 2136109 - 257817180192109 
- 68340174428454377539, 
p = 9256169382472975450373801702076259629979604536445121, 
¢ = 2109584302180541176790186019850591076809887074370 
25081922673599999. 


For detailed analysis related to the problem questions, see, 
for example, [Rolf65], [LeMa72], [GPR03], and [Yan96]. For refer- 
ences and some additional information, see, for example, {[LeMa72], 
[Brow39], [Lee68], [Lee69], [BLM70], [Borh72], [AOS67], [Cohe70], 
[Cohe93], [Riel74], [Riel84], [Rolf65], [Rolf67], [BaBo88], [BrMc68], 
[Dick05], [Wiki22], [Weis22], and [Sloa22]. 


4.2. Divisor Function and 
Amicable Numbers 

Definition of perfect numbers and divisor 

functions 


4.2.1. An amicable pair is formed by two different positive integers 
related in such a way that the sum of the proper divisors of each is 
equal to the other number. 
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The sum of positive integer divisors of a number n, excluding the 
number itself, is called its aliquot sum; so, two positive integers form 
an amicable pair if the aliquot sum of each number is equal to the 
other number. 

In terms of the aliquot sum function (or restricted divisor 
function) 


s(n) = S d, n€EN, 


d\n, dAn 


giving the sum of all proper divisors of a positive integer n, Le., 
all positive integer divisors of n other than n itself, the classical 
definition of an amicable pair (V7, N) takes the form 


s(M)=N and s(N)=M. 


For instance, the proper divisors of 220 are 1, 2, 4, 5, 10, 11, 20, 22, 
44, 55, and 110; so, 


9(220) =14+244454104 114+ 204+ 22444554 110 = 284; 
the proper divisors of 284 are 1, 2, 4, 71, and 142, and 
9(284) =14+2+4+471+142 = 220. 
So, we get an amicable pair (220, 281) because 
s(220) = 284, while s(284) = 220. 


While the ancient Greeks originally defined amicable numbers in 
terms of the sum of the proper divisors, it is more convenient for 
most purposes to define a pair of positive integers (IV, N) in terms 
of the sum of divisors function 


an) = Sod, neéeN, 
d\n 


giving the sum of all positive integer divisors of a positive integer n, 
including n itself. By definition, a(n) = s(n) +n, so in terms of the 
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sum of divisors function, a pair of positive integers (M, NV) is called 
perfect if they satisfy the condition 


o(M) =N+M =o(N). 


In this case, the number N + M is called the sum of pair. For 
instance, 


o(220) = 14+24+4+4+5+4104+11+4 20+ 224+4+455+4 110+ 220 = 504, 


o(284) =14+24+4+71+4 142 + 284 = 504, 
and we obtain an amicable pair (220, 281) with the sum of pair 504: 
$(220) = 220 + 284 = 0(284). 


Much of the study of amicable numbers relies on the fact that a(n) 
is a multiplicative function. 


4.2.2. The sums of divisors produce various other kinds of numbers. 

Numbers n for which s(n) = n or o(n) = 2n are called perfect. 
They can be considered as amicable to itself (formally, o(n) =n + 
n = o(n)), so any perfect number n form an “amicable” pair (n,n) 
(formally, o(n) =n+n=o(n)). 

Numbers n for which s(n) <n or o(n) < 2n are called deficient, 
and where s(n) > or o(n) > 2n, the numbers are called abundant. 

On the other hand, the notion of amicable numbers is a particular 
case of the notion of sociable numbers: A k-tuple of sociable numbers 
is formed by k positive integers (11, 22,...,2Z,) related in such a way 
that 


Sar) = Ba, Sta) — 85,12 Sep) Swe, BE) = Ti. 
By definition, for k = 1, we get an amicable pair. 


In terms of the sigma function, a k-tuple of sociable numbers is 
formed by k positive integers (71, 2%2,...,2%) such that 


o(£1) = 21+ 42, o(@2) = 2794+ 23,...,0(LE_1) = e_1 + Lp, 
a(xx) =I, +L]. 


Formally, for a given positive integer n, we define the aliquot 
sequence of n as 
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Then, for any perfect number n, we get the constant sequence 
n,n,n,n,...; for any amicable pair (M,N), we get the sequence 
M,N,M,N,...; for any k-tuple of sociable numbers (21, £2,..., 2x), 
we get the sequence 71, %2,...,0%,21,12,..-,Xp,.... All constructed 
sequences are periodical: Any perfect number forms an aliquot 
sequence of period 1, a pair of amicable numbers constitutes an 
aliquot sequence of period 2, while a k-tuple of sociable numbers 
forms an aliquot sequence of period k, k > 3. 

For instance, the quadruplet (1264460, 1547860, 1727636, 
1305184) gives an example of amicable 4-cycle. 

In fact, the sum s(1264460) of the proper divisors of 1264460 = 
2?.5-17-3719 is 


1+24+4+4+5+4+10+17+ 204 34+ 68 + 85 + 170 + 340 + 3719 
+ 7438 + 14876 + 18595 + 37190 + 63223 + 74380 + 126446 
+ 252892 + 316115 + 632230 = 1547860; 


the sum s(1547860) of the proper divisors of 1547860 = 2?-5-193-401 
is 


14+24+4+4+5+410+ 20+ 193 + 386 + 401 + 772 + 802 + 965 
+ 1604 + 1930 + 2005 + 3860 + 4010 + 8020 + 77393 + 154786 
+ 309572 + 386965 + 773930 = 1727636; 


the sum s(1727636) of the proper divisors of 1727636 = 2? - 521-829 
is 


14+2+4+44 521 + 829 + 1042 + 1658 + 2084 + 3316 
+ 431909 + 863818 = 1305184; 


lastly, the sum s(1305184) of the proper divisors of 1305184 = 2° - 
40787 is 


1+2+4+8+416 + 32 + 40787 + 81574 + 163148 
+ 326296 + 652592 = 1264460. 


It is easy to see that sociable numbers give a generalization of 
amicable numbers, while perfect numbers can be considered as a 
particular case of amicable pairs with two equal elements. 
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Using other approaches, we can get many interesting classes of 
special numbers (amicable n-tuples, multi-amicable pairs, friendly 
numbers, etc.), closely connected with amicable numbers and having 
arithmetical properties, depending on the structure of their positive 
integer divisors. 

We consider many such classes of numbers in Section 4.5 of this 
chapter and, especially, in Chapter 5. 


4.2.3. For further consideration, we need some additional defini- 
tions. 

Let (M,N) be a pair of amicable numbers with M < N, and 
write M = gm and N = gn, where g = gcd(M,N) is the greatest 
common divisor of M and N. If m and n are both coprime to g and 
square-free, then the pair (IZ, N) is said to be regular; otherwise, it 
is called irregular (or exotic). 

If the amicable pair (M,N), M < N, is regular and M and N 
have 7 and j prime factors, respectively, then the pair (IM, NV) is said 
to be of type-(i, 7). 

For example, for the first amicable pair 


(220, 284) = (2? -5-11,2?- 71), 
the greatest common divisor g = gcd(220,284) is 4, and so, m = 
55 = 5-11 and n = 71. Therefore, the pair (220,284) is regular of 
type-(2, 1). 
For the second amicable pair 


(1184, 1210) = (2° «37, 2+ 5+ 11"), 


the greatest common divisor g = gcd(1184,1210) is 2, som = 592 
and n = 605. As m is not coprime to g (and moreover not square- 
free), the pair (1184, 1210) is exotic. 


Thabit ibn Qurra theorem 


4.2.4. The Thabit ibn Qurra theorem (or Thabit’s rule) is a method 
for discovering amicable numbers invented in the 9th century by the 
Arab mathematician Thabit ibn Qurra. 
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Theorem (Thabit ibn Qurra theorem). Jf p = 3-2"! — 1, 
q = 3-2"—1, andr = 9-27"! — 1 are all primes, then (M = 
2”-p-q,N =2”-r) is an amicable pair. 


We consider two proofs of this theorem. 


I. The first proof uses classical definition of amicable pairs due to 
sums of aliquot parts of the numbers M and N. 

Consider all proper divisors of M. They are 1, 2,..., 2”, p,2p,..., 
2", q,2q,---, 24, pq, 2pq,...,2”~ pq. Their sum is 


s(M) = (1+2+---+2")+p(1+2+---+2") 
+q(L+2+++-+2") + pq(1+2+4+-+-+2"7") 
= (2"** —1)(1+ptq) + (2"— l)pq 
= (2"*1 —1)(1 + (3- 2”! — 1) + (8- 2” -1)) 
+ (2" —1)(3- 2%"! —1)(3 - 2" — 1) 
SO 1 Ger ae 16.2 
SO OPH! Or OG 


ee ida oe a aa eee | 
S060" 95 0" 9 = 0 Ot Se. 


Consider all proper divisors of N. They are 1,2,...,2",7r,2r,..., 
2”-lr, Their sum is 


s(N) =1+---+2"4+r(1+24---+2"71) 
= (2*t1 — 1) 4 2" -1) + (27-19-24) 
= 9". (24.9-92"-1_4)_ 9.921444 
Ss ( G2 8 aaa ad oa) 
= 2". (3. 2") —1)(3- 2" — 1) = 2"pq = M. 


So, s(M) = n, s(N) = M, and numbers M = 2”-p-q, N = 2"-r 
form an amicable pair. 

II. The second proof uses the multiplicativity of sigma function 
and the fact that o(2") = 2*+1 —1, while o(p) = p+1 for any prime 
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number p. In fact, we have that 
MAN =O pg) 26 "= DG nS 1) +O" 1) 

ae iL ee james ae: We ame Oe a ake 

Go OF a oO) 

a0. tO a1), 
On the other hand, 

o(M) = 0(2"pq) = (2"7* —1)(p + (q+) 
= (2"t7 — 1)-3-2"7. 3-2" = 9. 27r-1gntt _ 1) 
and 
o(N) = 0(2"r) = (2"t1 -1)(r +1) = 2" -1)-9-2?"1 
a1 = 1), 


So, we get that o(M) = M+ N =o0(M), and hence, the numbers 
M =2”"-p-q, N = 2”"-r form an amicable pair. 


For n < 2000, Thabit’s rule only generates amicable pairs when 
n = 2,4, and 7: 


(220, 284) = (27-5 - 11,2? - 71); 
(17296, 18416) = (24. 23 - 47, 2* - 1151); 
(9363584, 9437056) = (27 - 191 - 383, 2" - 73727), 


and no other such pairs are known. 

Although we know only three amicable pairs generated by 
Thabit’s rule and, moreover, Thabit himself did not use his rule 
to find any new amicable pair, it is the first and one of the most 
important algebraic methods in the theory of amicable pairs. Most 
of the modern algebraic methods for generating amicable pairs are 
based on Thabit’s rule and its analogues. 

Numbers of the form 3-2” — 1 are known as Thabit numbers. 

The first few Thabit numbers are 2, 5, 11, 23, 47, 95, 191, 383, 
767, 1535, 3071, 6143, 12287, 24575, 49151,... (sequence A055010 in 
the OEIS). 
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In order for Thabit’s rule to produce an amicable pair, two con- 
secutive Thabit numbers must be prime; this severely restricts the 
possible values of n. 

The first Thabit primes, i.e., Thabit numbers which are prime, are 
2, 5, 11, 23, 47, 191, 383, 6143, 786431, 51539607551, 824633720831, 
... (sequence A007505 in the OEIS). 

As of 2021, there are 64 known prime Thabit numbers. Their n- 
values are: 0, 1, 2, 3, 4, 6, 7, 11, 18, 34, 38, 43, 55, 64, 76,..., 
1232255, 2312734, 3136255, 4235414, 6090515, 11484018, 11731850, 
11895718, 16819291, 17748034 (sequence A002235 in the OEIS). 

To establish the theorem, Thabit ibn Qurra proved nine lemmas 
divided into two groups. The first three lemmas deal with the deter- 
mination of the aliquot parts of a natural integer. The second group 
of lemmas deals more specifically with the formation of perfect, abun- 
dant, and deficient numbers. 


Euler’s version of Thabit’s method 


4.2.5. Euler was the first to study amicable numbers systematically. 
Based on Thabit’s rule, he developed several new methods of gener- 
ating of amicable numbers and found 59 new amicable pairs. Since 
Euler’s time, many more amicable pairs have been found, most of 
them with the help of various modifications of Thabit’s and Euler’s 
methods. 

The Euler’s theorem (Euler’s rule) for discovering amicable num- 
bers is a generation of the Thabit ibn Qurra theorem. 


Theorem (Euler’s theorem). /f p = 2™.-(2""™™4+1)-—1, q = 

ar. (27-™4.1)—-1,r=27+™. (2"—-™ + 1)? —1 are all primes, where 

1<m<n-1, then (M = 2”-p-q,N = 2”-r) is an amicable pair. 
Thabit ibn Qurra theorem corresponds to the case m =n -— 1. 


Consider 


M+N= 2” (pq si r) = eC seas am at iy 
m2 ae ee 1) 
- oe aL, jo ae ae 1) = Cae ei 1)) 
= a ae vo _ 1). 
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On the other hand, 
o(M) = 0(2"pq) = (2"** —1)(p +1) +1) 
= ea _ io a Dae 
while 
o(N)=o(2"r)(2"* —1)(r +1) =O" — 1)-2™ (9-4 1/7 
= gern geet = Te a a ae 

So, o(M) = M+ N =o(N), and hence, the numbers M = 2" -p-q 
and N = 2”.r form an amicable pair. 

Form =n — 1, it holds that p= 2""'.3=—1, ¢ = 2° +3 =1, 


r = 2?7-1. 3? _ 1, and we can state that Thabit’s rule follows from 
Euler’s rule in this case. 


4.2.6. Note that Euler’s rule gives all amicable pairs of the form 
(2" pq, 2"r).. Tn fact, 


e if numbers 2” -p-q,2"”-r with distinct odd primes p,q,r form 
amicable pair, then p = 2”-'-g—1, q = 2”-g—1, andr = 
gen-1 .g? —1, with g=2' +1 and 1 <l<n—1. 


By the definition of an amicable pair, the numbers n,p,q,r 
must satisfy the conditions 


(p+1)(qt+1)=r41, and (2"**-1)(p+1)(q4+1) =2"(pq +r). 
It follows that 


r=pq+pt+q and (p— (2"—-1))(q— (2"—1)) =2”". 


So, we can state that 
p—(2"=1)=0"" and g—O" =1)=2""' 
for some integer / with 1 <1 <n-—1, and therefore, 


p= (2 —1)42"" and g= (@* —1)42"", 
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Using the condition r = pqg+p+q, we get now that 
p=O" = 1, gS 4 1 = 1, 
f=pg tp tg =o (2) 4-1) = 1, 


The above form of Euler’s rule can be obtained for m =n — I. 


4.2.7. For practical reasons, it is more convenient to formulate 
Euler’s rule in the following algorithmic form (see Section 4.4): 


e For a given positive integer n, choose a positive integer x, 1 < 
xa<n-1; let g = 2.-*4+1; ifp = 2%-g-—1, q = 2”-g-1, 
r= 2"+®. 9? _] are all primes, then (M = 2”-p-q,N = 2"-r) is 
an amicable pair. 


Since 
M +N = 2"(pq + 8) = 2"((2%g — 1)(2%g — 1) + 2"**g? — 1) 
= 22nteg? _gnteg 92mg 4 o2ntag? _ (gn+] _ )gnteg? 
o(M) = 0(2")o(p)o(q) = 2°" — 1)(2%g)(2"g) = (2"F* — 12°" g?, 
o(N) = o(2")o(r) = (24 — 124g, 


we get that 0(M) =M+N =o(N). So, by definition, the numbers 
M =2"-»-qand N = 2”-r form an amicable pair. 


Euler’s rule creates additional amicable pairs for (m,n) = 
(1,8), (29,40) with no others being known. So, there are exactly five 
pairs obtained by Euler’s methods: 


(220, 284) Pythagoras 
(17296, 18416) al-Banna, Farisi, Feremat 
(9363584, 9437056) Yazdi, Descarts 


(2172649216, 2181168896) Legendre, Chebyshev 
n = 40 | & = 29 | (2724918040393706557785752240819405848576, te Riele 
2724918040396184856306258038787235905536) 


The biggest pair has 40 digits in each of its numbers. te Riele 
checked that there are no other such pairs with n < 50. 
In 1994, Yan proved ([Yan94]) that 


e Euler’s method only gives five amicable pairs for n < 1000. 
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So, Thabit’s rule gives three pairs of amicable numbers, no more 
amicable pairs have been generated by this rule for 7 < n < 191600. 

Euler’s rule only gives two more pairs than Thabit’s. No more 
amicable pairs have been generated by this rule for 40 < n < 1000. 


How Euler obtained his rule 


4.2.8. In 1747 and 1750, Euler published two extensive papers, 
where he proposed five methods of searching for amicable pairs and 
added 59 new amicable pairs to the three amicable pairs known thus 
far. 

The basic idea of Euler’s first four methods is to find an amica- 
ble pair (Em, Fn) with a given common factor EF, coprime to the 
unknown m and n. Since F is given, the sum S = o(E) of divisors 
of E can be computed. For such a choice, we get that 


So(m) = E(m+n) = Sa(n), 


so numbers m and n have equal sums of divisors, ¢(m) = o(n), and 
one can try to find pairs of numbers under this condition. 
Euler considered various combinations of variables in m and n. 
The simplest choice FE = 2”, m = p-q, n =r, where p,q,r are 
distinct odd primes, leading to the conditions 


i.e., produce Thabit’s and Euler’s rules, described above. 
By choosing A = 3?-7-13, m = p-q,n =r, Euler found that the 
first odd amicable pair 


(M = 69615 = 37-7-13-5-17, N = 87633 = 37 -7-13- 107). 


On the other hand, one can try to find an unknown common factor 
F if the numbers n and m are given. In fact, Euler considered such an 
approach by assuming that m and n, satisfying the condition o(m) = 
o(n) are given, while F is to be found, satisfying the condition 


o(E) m+n 
E a(m) ~ 
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If, moreover, gcd(E,m) = gcd(E,n) = 1, then (Em, En) is an ami- 
cable pair: 


o(Em) = o(E)o(m) = E(m+n) = Ems En, 
o(En) = o(E)o(n) = o(E)o(m) = o(Em). 


Garcia found 153 new amicable pairs with the help of this “unknown 
common factor” method. 


4.2.9. It is interesting to investigate how Euler obtained his rule. 
From the Thabit’s rule, we know that if we can find three primes 
of the form 


p= so" 1 @=3 2? -1, ¢= 9-2 1, 


then we can obtain an amicable pair (M, N) = (2"-q-p,2"-r). We 
also know that 


gpa ger 3-0" 359" 49.9 
Pp 
= 9.9 919 = 9.9 to 1). 


If we let aj = a, = 1 and ag = a, + Qa, then the Thabit ’s rule can 
be rewritten in a slightly more general form as follows: 


paso a1, gaa 1, PST 1, 


Now, we try to generalize this idea further by putting M = 2"-q and 
N =2*.r, where 


p= 3% .5P1.97% — 1, g = 3% . 5227 — 1, pr = 303 . 53 .973 — 1, 


We suppose that a;, 6;, yj; are non-negative integers with a, < ag < 
a3, By < Bo < 83, 91 < 72 < 93. If p,q,r are all primes, we have 


o(2*pq) = (2*** — 1)(p + 1)(q+1) 
_ (2h+1 _ ia 5P1+B2gn +72 | 


a2) = OF 1p =1) = (2° — 198590”. 
In order for (M,N) to be an amicable pair, we must have 


o(2* pq) = o(2*r). 
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So, in this case, it holds that 
a3 =a, +02, 63 = 61+ Po, 3= 71 + 72: 
Also, 
pga tr = gu tosphi thou ty _ 301 5A19/ 
ee ed gay ee a 
= 3015 F197 (302592972 — 1 — 302-01 582-Pigy—n 
+ 303—01 593-81 9738-71 ) 
gunman (acagrager) 1 — 3a pee ie), 


Since 

2* (pg +r) = o(2*pq)o(2*r), 
then 

k=, 1 =Q2, 61 = Bo. 
So, 

gp ett 12) 
must be 


Speer 1), 
Therefore, we get 
pea} = 302 582. 

I. If we choose y2—7 = 1, then we have 2'+1 = 3!-5°. Therefore, 
a, = ag = 1, 6; = Bo = 0, and with y2 = 7, we get M = 2" -n-q 
and N = 2" .r, where 

p= 3-21, @=3-o) —1, p= 7" 1, 

This is the Thabit’s original rule. 

II. Taking y2 — 1 = 2, we would have 2? + 1 = 3°-5!. Therefore, 
Oy) a2 0, By Bo i where 

pHs-9? 1, g=5-2% <1, rH 9. oP = 1, 


As r = 57.2772-2_] = (5.22-1_1)(5-2%-1+1) is always composite, 
there is no corresponding amicable rule. 
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III. Taking y2—7, = 3, we would have 2? +1 = 37-5°. Therefore, 
ay ag 25 fos Bo 0, where 


p= 37.2773 _ 1, gq = 37-2 -1, pr = 34 .9?72-3 _ 1, 


So, if p,q,r are all primes, then (M,N) = (2% -p-q,2%-r) is an 
amicable pair. This rule seems to be new, although no amicable pairs 
have been found for 4 < yg < 100 by numerical computation, as all 
constructed p,q,7r are not simultaneously primes. 


4.2.10. We can perform a similar analysis with the products 3° - 5° 
of 3 and 5 being replaced by products of any fixed primes s; and 59, 
ie., we should put M = 2". p-q and N = 2" -r, where 


v= se," Se —1, q = 80? . sf? 9? —1, r= 803. 53.978 — 1, 
This leads eventually to the following result: 


e Let n and k be positive integers with k < n; let p,q, and r be 
defined as 


p= (2* _ joe" =i, 7= (2° = 1)2” -llr= ee _ joe" ~t: 


if p,q,r are all primes, then (M = 2"-p-q,N = 2"-r) is an 
amicable pair. 


This is, in fact, the Euler’s rule with k =n — a. 


Analogue of Thabit’s method 


4.2.11. As we have already seen, after n = 7, the Thabit’s method, 
as well as the Euler’s method after n = 40, seems to dry up and has 
not produced any other amicable pair. 

In an effort to overcome this difficulty several authors have intro- 
duced variants of Thabit’s and Euler’s methods. 

In 1986, Borho and Hoffmann found a new analogue of Thabit’s 
rule for amicable pairs. The Borho and Hoffmann’s rule gives the 
following algorithm: 
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e Let n be a positive integer and choose x with 1 <a <n-—1 such 
that with g = 2"-* +1, the number p = 2”-g—1 ts prime; now, 
choose y with 1 <y<n—1 such that 


q= 2+ (2°41 -1)-g, r= 2" -g-g-1, s= 2" 1.9? -g—1; 


if q,7,8 are also all primes, then (M = 2"-q-p-r,N = 2"-q-8) 
is an amicable pair. 


Therefore, 


It is easy to check that (p+1)(r+1) = 5+1. So, s = pr+p+l. 


M+ N =2"q(pr +s) = 2"q(2s — p—r) = 2"*1qs — 2"pq — 2" qr 


= grt 


= grt 


— grt 


Moreover, 


gs — 2"q(p +r) = 2"*1 9s — 2"9q(g(2" + 2" %q) — 2) 
*gs — 2%q(g(2* + 2" + 2P~*(anthg) — 2) 


1gs — 2q(g?(2" +2"-(2"*1 —1)) — 2). 


o(N) = (2°? —1)(q+1)(s +1) = (27? -1)qstq+st1) 


= gnt 
— gnt+l 


= grt 


= one 


( 
( 
Pl gg Og (2° gy (2? — 12g" + 2) 
( 
( 


“gst 2" (q4+st+1)+(¢4+1(s=1) 
goblet iQ =9-1) 4949) 


gs + 2%q(27-¥g?((2"** — 1)(1 — g) — 24) +2) 


Kgs + 2%q(2*-%g?((2"** — 1)(1 — g) — 2%) +2) 


Ppa Og gry g(- gn— mere 2Y) + 2) 


‘las —_ 2”"q am Yy Gore 12% 4° —_ 2) 


Te "Gg zie Ci 1)} = 2), 


So, we proved that M+ N =o(N). 
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On the other hand, we have 


o(N) = o(2"qs) = (2"** —1)(q+1)(s +1) 
= (at — 1)(2% + 2"? — 1g + 1)" ¥"9°a), 


while 
o(M) = o(2"qpr) = (241 — 1)(¢+1)(p+ I(r +1) 
= (20+? — 1)(28 + (247 — 1)g +. 1)(2%g)(2” gq) 
= (248 — 1)(2¥ + (24 — 1)g + 1)("-Y+* @Pa). 


So, we proved that o(N) =o(M). 
Therefore, the condition o(M) = M+ N =o(N) holds, and the 
numbers M = 2"-q-p-r and N = 2”-q-s form an amicable pair. 


Though this theorem was proven by Borho and Hofmann, they did 
not use it to find any new amicable pair. They only investigated this 
method for some small values of parameters and gave the example 


of n = 2, x = 1, y = 1, which corresponds to the pair 


(M = 63020 = 2? . 23-5. 137,.N = 76084 = 2? - 23 - 827), 


discovered by Euler without using the theorem above. 

Checking all possible parameters for n < 1000, Yan [Yan94] found 
that a new large amicable pair (IV, N) can be obtained for n = 47, 
x = 42, and y = 37; both elements of the pair have 65 decimal digits. 
So, 


e for 2 <n < 1000, the Borho and Hoffmann’s rule generates only 
two amicable pairs when n = 2,4 = 1,y = 1 orn = 47,2 = 42, 
y = 37: 


(M, N) = (63020, 76084); 

(M, N) = (247 - 9288811670405087 - 145135534866431 
- 313887523966328699903, 
247 . 9288811670405087 
-45556233678753109045286896851222527). 


Downloaded from www.worldscientific.com 


254 Perfect and Amicable Numbers 


Both these pairs as well as all five pairs obtained by Euler’s rule 
are regular pairs of type-(2, 1). 


4.2.12. Of course, there are some other analogues of Thabit’s and 
Euler’s rules for amicable pairs. For example, Lee developed an 
algorithm for searching amicable pairs of type-(2,2). The Lee’s rule 
states that 


e if, for a given positive integer n, the numbers 
p= 30" 1, 935-08 00, eH 7" 1, gH 1 a 


are all primes, then (M = 2”-p-q,N = 2"-r-s) is an amicable 
pair. 


It is easy to see that 


M + N = 2"((3 -2"-1 — 1)(35 - 2"*1 — 29) 
+ (7-2"-! —1)(15 - 21 — 13)) 
= (2"*1 — 1)(1 —5 - 27" — 94.271), 
Moreover, it holds that 
o(M) = 0(2"pq) = (2"** —1)(p+ (q+ 1) 
= (27+! — 1)(105 - 22" — 84.21) 
= (2741 —1)(r +1)(s +1) = a(N). 


So, 0(M) = M+ N =a(N), and hence, the pair (M = 2”-p-q,N = 
2” -r-s) is an amicable pair. 
It can be checked that 


e for 2 <n < 5000, the Lee’s rule generates only one amicable pair 
when n = 2: 


(M = 5020 = 27.5 -151,N = 5564 = 2? . 13- 107). 


4.2.13. Experience shows that it is not easy to use pure algebraic 
methods such as Thabit’s rule, Euler’s rule, and their analogues to 
find new amicable pairs. More powerful methods, called algebraic 
constructive methods, are represented here by the well-known Borho’s 
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rule, which allow us to get new amicable pairs from a given “old” 
amicable pair, called breeder pair (or mother pair). 
The algorithm of the Boro rule is as follows: 


e Take an amicable pair A=a-u, B=a-s, where s is prime, and 
(a,us) = 1; ifp=u+s+1 is prime and if a is not divisible by p, 
then check for n = 1,2,3,... the primality of q. =(uw+1)-p"—-1 
and qg = (u+1)-(s+1)-p"—1; ifm and q are primes, then the 
pair (M = A-p"-q,N =a-p"-q) is an amicable pair. 


In fact, if the numbers A = a-u and B = a-s are amicable, 
then o(A) = 0(B) = A+B, ie, 


o(a)o(u) = o(a)(s +1) =a(u +s). 
Therefore, it holds that 


o(a)o(u) _ o(a)o(u) _ _ 
a ge 


and 


n+l 
o(Ap"q1) = o(a)o(u)” i il (u-+1)p" = a(u+1)p"(p"*1 — 1), 
n+l _ 
o(ap"q2) = a(a)* —*(u + 1)(s + 1)p” 
= se" —Hicr ner) 


= a(u + 1)p"(p"** — 1), 

p”(au((u + 1)p” — 1) + a((u+ 1)(s + 1)p" — 1)) 
a(u+ 1)p"(up” + (s + 1)p” — 1) 

=a(u + 1)p"(p"t* — 1). 


Ap"q + ap" qe 


Downloaded from www.worldscientific.com 


256 Perfect and Amicable Numbers 


So, one can state that 


o(Ap"qi) = a(ap"q2) = Ap"q: + ap" qa, 


i.e., the numbers A-p”-q, and a- p”- q2 form an amicable pair. 
Let us try to use the Borho’s rule to find a new amicable pair 
from the Pythagorean pair 


(Aj O00 = 07.5211, = 4 So" = 71). 


As A = 27.55 and B = 2?-71, we have that a = 4,u=55,s = 71 EP, 
p=ut+s+1=55+714+1 = 127 € P, and gcd(p,a) = 1. So, we get 
the following rule (Borho called it Thabit-rule): 


e The pair (220- 127" - q,,4- 127" - q2) is an amicable pair for each 
positive integer n such that q, = 56-127" —1 and qo = 56: 72- 
127” — 1 are both primes. 


For n = 1, we can see that q1, q2 are not primes, but for n = 2, 
we get 


(220 - 127? . 903223, 4 - 127? - 65032127). 


Starting from one of the Euler’s pairs (A = 3+-5-11-29-89, B = 
3*.5-11- 2699), we have A = 34- 5-11-2581, B = 3*- 5-11 - 2699, 
a = 34-5-11, and u = 2581. It is easy to see that s = 2699 and 
p=u+s+1= 5281 are primes. 

So, we get the following rule (let it be called Euler rule): 


e The pair 34-5-11-2581-5281” -q,,34-5-11-5281” -q2) is an amicable 
pair for each positive integer n such that q, = 2582-5281" —1 and 
q2 = 56 - 2700 - 5281” — 1 are both primes. 


Already for n = 1, we get a new amicable pair, which was found 
by Lee: 


(34 5-11-29 - 89 - 5281 - 13635541, 3* - 5 - 115281 - 36815963399), 


te Riele proved that n = 19 is the next value leading to an amicable 
pair. However, Borho showed that there are no other values n < 267 
for which this rule yields amicable pairs. 
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Borho’s study was motivated by the question whether the set of 
amicable pairs of the form (M = p”- 6b -q1,N = p”- bo + q2) with 
prime p, coprime with b;b2, can be infinite in the sense that there are 
infinitely many positive integers & and primes q; = qi(k), g2 = qa(k), 
for which the pair (M = p”- by - qi, N = p” - bg - q2) is amicable. 

The theoretical base of the Borho’s rule is the following fact: A 
necessary condition of infiniteness of the set of amicable pairs (M = 
p”-b1-q,N =p" - bg - q2) is the condition 


In fact, there are at least 67 (in fact, more than 2000) amicable 
pairs of the form A =a-u, B =a-s, where s € P, and (a,u-s) = 1; 
at least for 22 such pairs, the number p= u-+ s+ 1 is prime; so, we 
get at least 22 new rules for generating amicable pairs. 

Unfortunately, the numbers q; and q2 grow very quickly with 
n, and very often, at least one of them is composite. Only a few 
amicable pairs have actually been found in this way. 

Wiethaus considered a variant of Borho’s rule. With the help of 
Wiethaus’s rule, more than 10000 new amicable pairs were found, 
including the first amicable pair whose members have more than 
1000 decimal digits. 


For references and more information, see, for example, [Seeh84] 
[Dick11] [Maso21] [Poul18] [Poul48] [LeMa72], [Brow39], [Lee68], 
[Lee69], [BLM70], [Borh72], [AOS67], [Cohe70], [Cohe93], [Riel74], 
[Riel84], [Yan94], [Yan96] [Rolf65], [Rolf67], [BaBo88], [BrMc68], 
[GPR03], [Wiet88], [Dezal7], [Cost78], [Erdo55], [Erdo76], [Esco46], 
[Pome77], [Pome81], and [Riel84a]. 


Exercises 


1. The first ten amicable pairs are (220, 284), (1184, 1210), (2620, 
2924), (5020, 5564), (6232, 6368), (10744, 10856), (12285, 14595), 
(17296, 18416), (63020, 76084), and (66928, 66992) (sequence 
A259180 in the OEIS). Find in this list all regular pairs. Find 
their types. Are there in this list any exotic pairs? 
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2. Find all one- and two-digit Thabit numbers 3-2”—1. Choose from 
this list all primes. Choose from these primes the primes which 
generate an amicable pair. 

3. Check that all three pairs which are obtained by the Thabit’s rule 
are regular of the type-(2,1). What can be said about the five 
pairs which are obtained by Euler’s rule? 

4. Are all amicable pairs which we can obtain by Borho and 
Hoffmann’s rule regular? Of which type? 

5. Are amicable pairs which we can obtain by the Borho’s rule (which 
allow us to get new amicable pairs from a given “old” amicable 
pair) regular? 

6. Find all pairs (m,n) of positive integers such that T(n) = m and 
7T(m) =n: 

7. What can be said about solutions to the system of equations 
o2(n) = mM, 02(n) =m? 


4.3. Properties of Amicable 
Numbers 


In this section, we consider a list of well-known properties of amicable 
numbers. 


Simplest properties of amicable pairs 


4.3.1. The simplest property of amicable numbers states that 


e for any amicable pair (M,N), with M < N the smaller member M 
is a deficient number, while the bigger member N is an abundant 
number. 


In fact, as o(M) = M+N =o(N), and M < N, we get 


o(M)=M+N>M+M=2M, o(N)=M+N<N+N=2N, 


hence by definition, M is abundant and N is deficient. 
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It is obvious that 


e for any amicable pair (M,N), the following condition holds: 


MON 
o(M) ~ o(N) © 


Recall that, by definition, for any amicable pair, it holds that 


o(M)=M+N=od(N). 
So, dividing the equality o(M) = M+ N by o(M) = o(N), we get 
M N M N 


~ o(M) | o(M) o(M) | o(N) 


The property is proved. 


Prime factors of amicable numbers 
4.3.2. It is proven that a pair of amicable numbers should have 


several distinct prime factors. More exactly, 


e in any amicable pair (M,N), one member has at least three distinct 
prime divisors. 


O As an illustration, we can see that for the Thabit’s and Euler’s 
pairs, we have M = 2”.p-q and N = 2”.-r, so the number N 
has three distinct prime factors, 2,p,q. In general, one can obtain 
a contradiction using the first property in our list. For example, a 
pair (p,q) of two primes cannot be amicable, as both members are 
deficient. 

In all known amicable pairs, one member has at least two and the 


other has at least three different prime factors. 
In general, Kanord (1953) proved that 


e if one member of the pair is of the form p® and the other of the form 
qi : gs? tee a where P,41;92;---;Q are distinct primes, then 
both members are odd, a is odd, a > 1400, k > 300, N = p* > M, 


and M > 1015, 


Downloaded from www.worldscientific.com 


260 Perfect and Amicable Numbers 


Concerning amicable pairs where one member has precisely two 
distinct prime factors, Kanold proved also that 


e a pair (M =p) - ps”, N= qi; - qf?) cannot be an amicable pair. 
In view of Thabit’s and Euler’s rules, this result is the best 
possible. 
Borho (1974) proved that 


e ifk is the total number of prime factors of an amicable pair (M, N) 
(counting multiple prime factors), then MN < ke 


4.3.3. Most of the smallest amicable pairs, including all pairs 
obtained by Thabit’s and Euler’s rules, are even, i.e., amicable pairs 
in which both members are even positive integers. In 1969, Lee has 
proved in [Lee69] that 


e neither member of an even amicable pair can contain the factor 3. 


Recall that, by definition, for any amicable pair, it holds that 
o(M) =M+N=od(N), and so, it holds that 
M N 
————es + — = 
o(M)  o(N) 
The deficient member N of an amicable pair (M,N)), M < N, 


cannot be a multiple of 3, as in this case, it is also a multiple of 6 
and so should be abundant. Let M be divisible by 3. In this case, 


M = 2%.38.c, N=27.-b. 
Since N 4 0(mod 3), we have 
o(M) =M+N =o(N) =1,2(mod 3). 


So, a and y must both be even so that M = 2?-3-K and N = 2?-L, 


where K > 1 and L > 3K since N > M. For k > 1, it holds that 
a) < 3, and for | > 3k, it holds that aN) < 4, a contradiction to 


48 M N_ _ 
the condition o(M)y + oN) i i 


4.3.4. On the other hand, it is easy to check that in many efficiently 
small odd amicable pairs (i.e., amicable pairs in which both members 
are odd), both members are divisible by 3. 
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Bratley and McKay (1968) conjectured that both members of any 
odd pair are divisible by 8. 

This was disproved in 1988 by Borho and Battiato, who gave 
15 odd amicable pairs between 10°° and 10’° with members being 
coprime to 6. Many more such amicable pairs were found in 1992 by 
Garsia. So, it is checked that 


e there are odd amicable pairs (M,N) such that gcd(M,6) = 
gcd(N,6) =1. 


An example of such a pair with two 32-digit members is given as 
follows: 


(422626945375 14864075544955198125, 
42405817271188606697466971841875). 


In 1997, Kohmoto found many odd amicable pairs greater than 
10/9? with smallest prime divisor 7. In other words, 


e there are odd amicable pairs (M,N) such that gcd(M,30) = 
gcd(.N, 30) = 1. 


As of 2021, no odd amicable pair is coprime with 210, i.e., with 
smallest prime divisor greater than 7, are known. 


4.3.5. In every known case, the numbers M and N of an amicable 
pair (IW, N) are either both even or both odd. In the first case, we 
call such a pair an even amicable pair; in the second case, we call 
such a pair an odd amicable pair. 

It is not known whether an even—odd amicable pair, i.e., an amica- 
ble pair with members of opposite parity, exists. If it does, the even 
member must either be a square number or twice one, and the odd 
number must be a square number. In other words, 


e for an even-odd amicable pair (M,N), one of its members has the 
form 2°L? and the other has the form K?, where L and K are odd 
numbers. 


Downloaded from www.worldscientific.com 


262 Perfect and Amicable Numbers 


More precisely, Kanold (1953) proved that if a = 1, then M = 

Kk? < N = 2L?, and L must contained at least five distinct prime 

factors. If a > 1, then M = 2°L? < N = K?. 
Haggis (1970) proved that 


e for an even—odd amicable pair (M,N), it holds that MN > 10"', 
while M > 10° and N > 10°. 


4.3.6. However, it is easy to check that 


e there exist amicable pairs in which the two members have different 
smallest prime factors. 


In fact, there are seven such pairs known. 
The first example of an amicable pair where the two members 
have different smallest prime factors was found in 2015. It is 


(445953248528881275 = 37-5?-7-13-19-37- 43-73 - 439 - 22483, 
659008669204392325 = 52. 7-13-19-37- 73-571 - 1693 - 5839). 


The biggest known pair of such form is 


(9759636606249354825 = 32. 5?-7-117- 13-139 - 241 - 6967 - 16879, 
14162430025984014775 = 5°- 7-117 - 13 - 223 - 439 - 7369 - 71317). 


4.3.7. Also, every known pair shares at least one common prime 
factor. It is not known whether a relatively prime amicable pair, i.e., 
an amicable pair (7, N) with coprime members M and N, exists. 
It is obvious that a pair of coprime amicable numbers cannot be 
generated by Thabit’s or Euler’s rule. 
However, if any such pair exists, then 


e the product MN of the members of a relatively prime amicable pair 
(M,N) has at least 22 distinct prime factors and is greater than 
10°", 
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In fact, Haggis (1975) determined that 
e there are no relatively prime amicable pairs (M,N) with M < 10°. 


If we fix the number of different prime factors of an amicable pair, 
then one can state that 


e there are only finitely many relatively prime amicable pairs with 
fixed number of different prime factors. 


4.3.8. Consider a pair of amicable numbers (M,N) with M < N; 
with M and N represented in the form M = gm, N = gm, where 
g = gcd(M,N) is the greatest common divisor of M and N. If 
gcd(g,m) = gcd(g,n) = 1, and m and n are both square-free, then 
the pair (IW, N) is said to be regular; otherwise, it is called irregular 
or exotic. If (M,N) is regular and, moreover, m and n have i and j 
prime factors, respectively, then (1/7, NV) is said to be of type-(i, 7). 

For example, for the pair (220, 284), the greatest common divisor 
of 220 and 284 is 4 and som = 55 and n = 71. Therefore, (220, 284) 
is a regular pair of type-(2, 1). 

The numbers 6955216 = 2*-19-137-167 and 7418864 = 2*-463679 
form a pair of type -(3, 1). 

The pair (12285 = 3° .5-7-13,14595 =3-5-7:- 139) is exotic. 

It is proven that 


e there exist no pairs of type-(1,j) for any positive integer j > 1. 
The largest value of 7 for which amicable pairs of type-(i,1) are 


known, is 7 = 7; in 2001, Garsfa found the first such amicable pair, 
and one year later, Pedersen found two other examples. 


Sums of amicable pairs 
4.3.9. In 1968, M. Gardner observed that 


e the most even pairs (M,N) have sums M+ N divisible by 9. 
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In particular, this property holds for all Thabit’s pairs. In fact, 
using Thabit’s rule, we get that 


MEN =o" (O52? = 1) (3 Oo" = 18 +2" =1) 
—goo Ba 90-18 Bg) 
= 0.07 (522 — 1), 
ie., the sum M + N is divisible by 9. 
However, there are even amicable pairs (M,N) with M+ N 4 
O(mod 9). For example, the amicable pair (666030256, 696630544) is 
an amicable pair whose sum is 571750000640 = 8(mod 9). 


Lee (1969) noticed, in an investigation of the possible form of even 
amicable pairs, that only the following three pairs 


(666030256 = 2*- 19 - 331 - 6619, 696630544 = 2+. 199 - 331 - 661), 
(4150593232 = 24 - 43 - 61 - 98899, 4213181998 = 24 - 43 - 859 - 7129), 
(4796703664 = 24 - 43 - 67 - 104059, 4855069456 = 2+ - 43 - 373 - 18919) 


discovered by Poulet, had sums divisible by 9. 
In [Lee69], he found eight new even pairs with the same property, 
i.e., with the sums of pairs not divisible by 9: the first is 


(24 - 19 - 6451 - 27103, 2* - 109 - 307 - 103231),... 
...,(2° - 751 - 79 - 799063, 2° - 751 - 2239 - 29537). 


In this paper, Lee characterized all the possible exceptions of the 
rule M + N = 0(mod 9) for even amicable pairs (M,N). 
The simplest form possible for even pairs with the property 


M+N 4 0(mod 9) 


is (M = E-p-q-r,N = E-s), where p,q,r,s are distinct primes, 
F is even, 


P,4,7, 8 = 1(mod 6), and E,o(E) = 1(mod 3). 


It was shown that there are no such simplest pairs with E < 101. 
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All the eight new pairs with sums not divisible by 9, discovered 
by Lee, were of the form 
(M=E-p-q:7,N=E-p-s-t), 
where p,q,7r,5,t are distinct primes, 
DP, 4,7, 8,t,u = 1(mod 6), E,o(E) = 1(mod 3). 
Lee also found 121 other new pairs of the form (WM = E-p-q,N = 
E--s) with E < 10°. 
Later, Pedersen listed all 557 known up to the time exceptions. 
The first such pairs are 
(666030256, 696630544), (967947856, 1031796176), 
(2840437756, 3156691844), 
(4150593232, 4213181968), (4796703664, 4855069456), 
(10168398448, 11159012552), 
(33707179456, 33844856128), (53151801712, 55270703248), 
(62393407792, 65270990608), ... 
(sequence A291550 in the OEIS). 


4.3.10. There are also many amicable pairs (M,N) such that the 
sum of the pair is divisible by 10. 

The first such pairs are (6232, 6368), (10744, 10856), (12285, 
14595), (66928, 66992), (67095, 71145), (79750, 88730), (100485, 
124155), (122265, 139815), (122368, 123152), (141664, 153176), 
(142310, 168730), (176272, 180848), (185368, 203432),... (sequence 
A291422 in the OEIS). 

Considering the set of known amicable pairs, one can check that 


e more then 80% of amicable pairs (M,N) satisfy the condition M+ 
N = 0(mod 10). 


More exactly, it is checked that up to the first 100 amicable pairs, 
74% of the sums satisfy this condition; up to the first 1000: 82.5%; 
up to the first 2000: 85.25%; up to the first 5000: 88.1%. Among 
the 1947667 pairs up to 19 digits from Sergei Chernykh’s database, 
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there are 1872573 pairs with the pair sum divisible by 10, thus about 
96.14%. 
According to the sum of amicable pairs conjecture, 


e as the number of the amicable numbers approaches infinity, the per- 
centage of the sums of the amicable pairs divisible by 10 approaches 
100%. 


Twin amicable pairs 


4.3.11. A twin amicable pair is an amicable pair (IW, N) such that 
there are no integers between M and N belonging to any other ami- 
cable pair. 

It is easy to check that 


e the first eight smallest amicable pairs are twin pairs. 


In fact, one can use a numerical approach to check that for the 
first eight amicable pairs, (220, 284), (1184, 1210), (2620, 2924), 
(5020, 5564), (6232, 6368), (10744, 10856), (12285, 14595), and 
(17296, 18416), the definition of twins holds. However, the ninth pair 
(63020, 76084) is not a twin pair, as both the members of the next 
pair (66928, 66992) are greater than 63020 and smaller than 76084. 

The first few twin amicable pairs are (220, 284), (1184, 1210), 
(2620, 2924), (5020, 5564), (6232, 6368), (10744, 10856), (12285, 
14595), (17296, 18416), (66928, 66992), (122368, 123152), (196724, 
202444), (437456, 455344), (469028, 486178), (503056, 514736), 
(522405, 525915),... (sequence A273259 in the OEIS). 


Distribution of amicable numbers 


4.3.12. Let A(x) be the number of amicable pairs with the smallest 
member of the pair not exceeding 2. 

For example, A(10?) = 1, A(10*) = 5, A(10°) = 13, A(10®) = 
42, A(10") = 108, A(10°) = 236, A(10°) = 586, A(10") = 1427, 
A(10"™) = 3340, A(10!?) = 7642, A(10!3) = 17519. 

In 1955, Paul Erdés showed that the density of eae num- 


bers, relative to the positive integers, is 0, ie., lim—=~, = 0. 
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He improved a result by Kannold (1954) that the density of ami- 
cable pairs is less than 0.204. 


His method can be used to obtain an estimate of the form A(x) < 
log eae 2° 
Erd6s conjectured also that 


A@)=0( Gr) 
) 


for every k, while Pomerance (1987, 1981) proved the stronger result: 


A(x) <a: — Voge 


Studying the tables of amicable pairs up to 10°-10!°, Bratley 
and te Riele conjectured that A(x) is approximately proportional to 
ay. where k; is some positive number. 


For references and additional information, see, for example, 
[GPRO3], [Yan96], [Borh74], [Gard68], [Garc03], [Erdo55], [Bras88], 
[Dick05], [Salo90], [Sier64], [Sing00], [Stru87], [Sloa22], and [Wiki22]. 


Exercises 


1. The first 10 amicable pairs are: (220, 284), (1184, 1210), (2620, 
2924), (5020, 5564), (6232, 6368), (10744, 10856), (12285, 14595), 
(17296, 18416), (63020, 76084), and (66928, 66992) (sequence 
A259180 in the OEIS). Find in this list all even pairs; all odd 
pairs. Are both members of each pair in the list divisible by 3? 

2. Using the list of first 10 amicable pairs above, find in the list all 
twin amicable pairs. 

3. Find the first two amicable pairs which are not twins pairs. 

4. Using the list of first 10 amicable pairs above, find the sum of 
each pair. Are these sums divisible by 3, by 9, by 10? 

5. Using the list of first 10 amicable pairs above, what can be said 
about prime factors of members of these pairs? Find the types of 
all regular pairs in the list. Check that there are no pairs with 
coprime members. Check that the smallest prime factors of both 
members in each pair from the list coincide. Check that there are 
no pairs of the type-(1, j). 
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4.4. Search for Amicable Numbers 


4.4.1. In the theory of perfect, amicable, and sociable numbers, 
there exist three classical groups of methods for finding all these 
three kind of special numbers. There are three essentially different 
types of methods of such generation, namely the exhaustive numer- 
ical searching methods, the algebraic assumption methods, and the 
algebraic constructive methods (for more information, see, for exam- 
ple, a monograph by S. Y. Yan [Yan96]. 

Methods of the first type are directly based on numerical calcu- 
lations of values of sigma function. For example, if o(N) = 0(M) = 
N + M, then numbers M and n form an amicable pair (M,N). On 
the other hand, if o(N) = 2N, then N is a perfect number. 

In the second type of methods, an assumption is made about 
the prime structure of the considered numbers. For example, the 
Thabit’s rule states that for a given n = 1,2,3,..., if p,q, and r are 
distinct primes of a special form, then the numbers M = 2”.p-q 
and N = 2”-r form an amicable pair (M,N). On the other hand, 
for k = 1,2,3,..., if 2° —1 is a prime, then N = 2*-1(2* — 1) is an 
even perfect number. 

In the third type of methods, new elements of considered set of 
special numbers are constructed from a given (breeder) element of the 
same set. For example, the Borho’s rule states that if an amicable 
pair A = a-u, B = a-s is given, where s is prime, (a,us) = 1, 
p=u+s-+1 is prime, and a is not divisible by p, then the pair 
(M = A-p"-q,a-p"-q2) is an amicable pair for each n = 1, 2,3,... 
such that both q, = (u+1)-p"—1 and q@ = (u+1)-(s+1)-p”-1 
are primes. 


In this section, we present the main facts concerning the historical 
and contemporary aspects of the search for amicable numbers. 

For this class of special numbers, all three types of searching meth- 
ods are used: exhaustive numerical methods (based on the fact that 
o(M) = M+WN = o(N) for an amicable pair (M, N)), algebraic 
assumption methods (based on the Thabit’s rule, its generalizations 
and analogue), and algebraic constructive methods (which, similar 
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to Borho’s rule, allow us to generate new amicable pairs from a given 
old pair). 


Numerical methods for amicable pairs 


4.4.2. The numerical methods are the simplest methods, in which 
the computation is directly based on the calculation of the sigma 
function; in fact, on numerical calculation of o¢(M) and o(N) for a 
checked pair (IM, N) of positive integers. 
Recall that a pair (m1, mz) is a pair of amicable numbers if 
mz =a(m1) —m, and my = o0(m2) — mg. 


So, we get the following simplest numerical method. 


Algorithm for searching all pairs (m1,mz2) of amicable 
numbers with m, < m2, where m, is in the interval [A, B] 


e For m, from A to B, find 


ine =o (mi) — hy SOP Py? ee Be) MH Py a ae De 
Beil Jet : 
allie ae ee a le ee 
pi-l p2—1 Ps —1 So ° 
e If m2 > mz, then find 
mg = o(m2) — 1m = of" + a97-...-a,") — af" + ag? ---. aE 
1 1 | 
a ae, le Oe 
gq—1 qg2—1 ae —1 pe ‘ 


e If mg = m1, then (m1, mz) is an amicable pair. 
For 10? < m1 < 10°, the algorithm generates 42 amicable pairs, 
from 
(220 = 2? .5.-11, 264 = 962-71) 
till 
(998104 = 2%- 17-41 - 179, 1043096 = 2° - 23 - 5669). 


For 10? < m < 10”. the algorithm will generate all the 1427 ami- 
cable pairs in the range, but this would take too long to be practical. 
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The major computation of algorithm is the computation of a(n) 
which is based on the complete integer factorization of n. Since at 
the present time, no efficient factoring algorithm has been found, the 
algorithm cannot be performed in deterministic polynomial time. 


4.4.3. In 1993, te Riele proposed a new method based on the follow- 
ing observation suggested by Erdés: 


e For a given positive integer s, if %1,%2,...,0,,... are integer solu- 
tions of the equation o(x) = 8s, then any pair (x;,x;), for which 
xj+2; =8, is an amicable pair. 


The proof is obvious since, by choice of x; and xj, it holds that 
o(aj) = aj +2; = o(2;) = 5. 
It is not difficult to calculate all the integers within a certain range 
which have the same sigma value. For example, for 200 < x < 300, 
all the following integers 204, 220, 224, 246, 284, and 286 have the 
same sigma value of 504 but only 220 + 284 = 504. 
A critical choice of this method is the value s of the pair sum. 


Inspection of the pair sums of known amicable pairs revealed that in 
many cases, these sums only have small prime divisors. So, instead 
of randomly selecting the numbers as candidates for the solution of 
o(x) = 8, te Riele used the so-called smooth numbers (i.e., numbers 
with only small prime factors) as candidates. His idea is based on the 


following simple fact: If o(p*)|s and if o(y) = a7) has a solution 


y with (y,p) = 1, then o(yp%) = a(y)o(p*) = s, ie., z = yp* isa 
solution to the equation o(a) = s. Based on this fact, a recursive 
algorithm can be designed to find a factor a(p®) and to solve a(y) = 
Cas with (y,p) =1. (See [Yan96] and [GPR03].) 

Similar algorithms can be used for searching other classes of spe- 


cial numbers, defined in terms of the sigma function: augmented ami- 
cable pairs (m,n) with o(m) = o(n) = m+n—1, quasi-amicable pairs 
(m,n) with o(m) = o(n) =m+n+1,; multiple amicable pairs (m,n) 
with o(m) = an+™m, o(n) = Bm+n,a- 6 > 1, sociable k-cycles 
(m4, mM2,...,™M,) with o(m,) = my + m2, o(m2) = m2+mMsz,..., 
o(Mp_1) = Mp_1 + Mpg, O(ME) = ME + m4, etc. We consider these 
classes of special numbers in Chapter 5. 


Downloaded from www.worldscientific.com 


Amicable Numbers 271 


Algebraic assumption methods for 
amicable numbers 


In the second type of methods, an assumption is made about the 
prime structure of numbers m and n, which are checked as candidates 
for an amicable pair (m,n). 


4.4.4. The Thabit’s algebraic assumption method is based on the 
Thabit’s rule for generating amicable pairs: 


e For a given n = 1,2,3,..., ifp = 3-2" !—-1, q=3-2"-1 and 
r=9-27"-1_ ] are all primes, then (m = 2”-p-q,n = 2”-r) is 
an amicable pair. 


Although Thabit did not use his rule to find any new amicable 
pair beyond the Pythagorean pair (220, 284), it is the first algebraic 
method in the theory of amicable numbers. 

We present here the corresponding algorithm. 


Algorithm for searching all Thabit’s amicable pairs 
(2”-p-q,2”-r) with n in the interval [A,B] 


e For n from A to B, find 
p= 3.0 1, 933s 8 1, PHO HL 
e If p,q,r are all primes, then find 
G=2" 0, b=—2'7: 
e Indicate (a,b) as an amicable pair. 


From a practical point of view, to confirm the results obtained 
for p,q,r by probabilistic primality tests, one can use determinis- 
tic primality algorithms (such as the elliptic curve primality-proving 
algorithm) or apply the multiplicative property of sigma function to 
check where or not the following conditions hold: 


0(2")o(p)o(q) = o(2" )o(r) = 2"pq + 2"r. 


If p,q,7r are not primes, then the above conditions cannot be satisfied. 
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Unfortunately, in the range 1 < n < 2000, Thabit’s rule only 
generates amicable pairs when n = 2,4, and 7: 


(220, 284) = (27-5-11,2?- 71); 
(17296, 18416) = (24. 23 - 47, 2+ - 1151); 
(9363584, 9437056) = (2” - 191 - 383, 2’ - 73727). 


Although only three amicable pairs have been generated by 
Thabit’s rule, it is the first and one of the most important alge- 
braic methods, and most of the modern algebraic methods are based 
on Thabit’s ideas. 


4.4.5. Based on Thabit’s rule, Euler developed several new methods 
for generating amicable numbers and found 59 new amicable pairs. 
The classical version of the Fuler’s rule states that 


e for a given positive integer n = 1,2,3,..., if there exists 1<a< 
n—1 such that for g = 2"-* +1, the numbers p = 27g-1, q= 
2"g—1, s = 2"*%g?_—1 are all primes, then (m = 2”-p-q,n = 2”-s) 
is an amicable pair. 


Euler’s rule is a generalization of Thabit’s rule. It reduces to 
Thabit’s rule when x = n — 1. 
We present here the corresponding algorithm. 


Algorithm for searching all Euler’s amicable pairs 
(2”-p-q,2"-r) with n in the interval [A,B] 


e For n from A to B, check all 7 = 1,2,...,n—1. 
e For a given x, find g = 2”-* + 1; find also 


p= 29-1, g=2"g-1, s =2"**g* -1. 
e If p,qg,r are all primes, then find 
@ = 2" pg, b= 2" 9: 


e Indicate (a,b) as an amicable pair. 
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Similar to Thabit’s method, Euler’s method only gives five ami- 
cable pairs for n < 1000. The biggest pair has 40 digits in each of its 
members. 

So, Euler’s rule only gives two more pairs than Thabit’s rule. No 
more such amicable pairs have been generated for 40 < n < 1000. 

However, from Euler’s time, many more amicable pairs have been 
found, most with the help of various variations of Euler’s methods. 


Analogue of Thabit’s method 


4.4.6. In 1986, Borho and Hoffmann found a new analogue of 
Thabit’s rule: 


e For a given positive integer n = 1,2,3,..., if there exists x with 
1<a<n-—1 such that for g = 2"”-* +1, the number p = 2%g—-1 
is prime and then there exists y with 1 <a <n-—1 such that the 
numbers q = 2% + (2"+1 — 1)g, r = 2"-%gq—1, s = 2" -¥t%g2q—-1 
are all primes, then (a = 2"-p-q-r,b = 2"-q- 8) is an amicable 
pair. 


The Euler’s rule is a generalization of the Thabit’s rule. It reduces 
to the Thabit’s rule when « =n — 1. 
We present here the corresponding algorithm. 


Algorithm for searching all Borho and Hoffmann’s 
amicable pairs (2"pqr,2"%) with n in the interval [A,B] 


For n from A to B, check all x = 1,2,...,n—1. 

For a given x, find g = 2"~* + 1; find also p = 27g — 1. 
If p is prime, then check all y = 1,2,...,n —1. 

For a given y, find 


qg= 2% + (2"*1! -1)g, r= 2" "gq—1, s= 2" 4% g*q—- 1. 


If q,r,s are all primes, then find 
a= 2" par, b= 2" qs. 


e Indicate (a,b) as an amicable pair. 
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This theorem was due to Borho and Hofmann, but they did not 
use it to find any new amicable pair. They only investigated this 
method for some small values of parameters and gave the example 
of n = 2, x = 1, and y = 1, which corresponds to the pair 


(M = 63020 = 2? . 23-5. 137, N = 76084 = 2? . 23 - 827), 


which was discovered by Euler without using the theorem above. 

Using this algorithm, Yan [Yan94] has examined all values of 
n,x,y with 2 <n < 1000,0<a<n,0< y <n and has found 
that n = 47, x = 42, y = 37 make the corresponding p,q,r,s all 
primes. This leads to the new amicable pair. 

So, for 2 <n < 1000, Borho and Hoffmann’s algorithm generates 
only two amicable pairs when n = 2,4 = 1,y = 1, q = 23,p =5,r 
137, s = 827 and n = 47, x2 = 42, y = 37, 


q = 9288811670405087, p = 145135534866431, 
r = 313887523966328699903, 
8 = 45556233678753109045286896851222527. 


The first pair is an Euler’s pair, the second pair is a Yan’s pair. 

4.4.7. The Lee’s rule states that 

e for a given positive integer n = 1,2,3,..., if the numbers p = 
S22 1a gah 2 2, pS Sa, gH 1 eee 
are all primes, then (a = 2”-p-q,b = 2”-r-s) is an amicable pair. 


The corresponding algorithm is presented in the following. 


Algorithm for searching all Lee’s amicable pairs 
(2"pq, 2"rs) with n in the interval [A, B] 


e For n from A to B, find 


p=3-2"4_-1, ¢g= 35-21-29, rp = 7-2" 1-1, s = 15-21-13. 
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e If p,q,7r,s are all primes, then find 
a= 2"pq, b= 2"rs. 
e Indicate (a,b) as an amicable pair. 


Only one pair (5020 = 2?-5-151,5564 = 2?- 13-107) has been 
found by this rule up to n = 5000. 


Constructive methods for amicable pairs 


In all these constructive methods, a given amicable pair is used as a 
mother pair (breeder pair) to generate new child pairs. 


4.4.8. A simple constructive method for producing new amicable 
pairs from a given pair can be obtained using the well-known Borho’s 
rule: 


e If an amicable pair X =a-u, Y =a-s is given, where s is prime, 
(a,us) = 1, p=u+s+41 is prime, and a is not divisible by p, 
then the pair (M = X -p"-q,N =a-p”- q2) is an amicable pair 
for each n = 1,2,3,... such that both q. = (u+1)-p"—1 and 
go = (u+1)-(s+1)-p"—1 are primes. 


The corresponding algorithm is represented as follows. 


Borho’s algorithm for searching new amicable pairs 
(M=X -p”-q, N=a-p” -q2) using a given pair 
(X =a-u,Y =a-s) with n in the interval |{A, B] 


e Select an amicable pair (X = a-u,Y =a-s) with prime s and 
gcd(a,us) = 1 as a mother. 

e Findp=u+s+1. 

e If p is prime and gcd(p,a) = 1, then list all n from A to B. 

e For a given n from A to B, find 


qm = (u+1)-p"-1, m= (u+1)- (s+1)-p"-1. 


e If q1,q2 are primes, then find M = Xp"q,, N = ap"qo. 
e Indicate (M,N) as an amicable pair. 
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Unfortunately, from a practical point of view, Boro’s rule is not 
too interesting, as numbers q; and q2 grow very quickly, and only 
few amicable pair were found using this method. 


4.4.9. In 1984, Herman J. J. te Riele proposed an useful algebraic 
constructive method for finding new amicable pairs. 

In this method, an amicable pair which is used as a breeder to 
generate new child pairs should necessarily be of type-(z, 1) (in par- 
ticular, of type-(2, 1)). 

te Riele’s rule is thus: 


e Let (M',N’) = (a-u,a-p) be a given amicable pair with gcd(a,p) = 
1, where p is a prime; if a pair of primes (r,s) withp<r<s and 
gcd(a,rs) = 1 exists, satisfying the bilinear Diophantine equation 


(r— p)(s—p) = (p+ 1)(p+u) 


and if a third prime q exists with gcd(au,q) = 1 such that q = 
r+s+u, then (M=a-u-q,N =a-r-s) is also an amicable pair. 


For example, choosing the amicable pair (3? - 5° - 13 - 59,3? - 5° 
13-18719), we have a = 32-5-13, u = 57-11-59 = 16225, p = 18719, 
and after factorization, we get (p + 1)(p + u) = 2!73°-5-7- 137. 
Writing (p + 1)(p + u) as 2688 - 243360, we obtain the three primes 
r = 18719 + 2688 = 21407, s = 18719 + 243360 = 262079, and 
q = 21407 + 262079 + 16225 = 299711 and, therefore, the amicable 
pair 

(37 . 5°. 13-11-59 - 299711, 3? . 5° - 13 - 21407 - 262079). 
A second amicable pair is obtained by writing (p + 1)(p + wu) as 
3120 - 20964. 


If, in addition, gcd(a,u) = 1, then the right-hand side of the 
bilinear equation above can be written as 


20) (uy)? 


and we may expect his number to have more prime factors. So, ami- 
cable pairs of type-(i, 1) with large i may be expected to be suitable 
as input to te Riele’s rule. 


(p+1)(pt+u)= 
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The largest value of 7 for which amicable pairs of type-(i,1) are 
known is 7 = 7; in 2001, Garsia found the first such amicable pair. 

The number of daughter amicable pairs, obtained with te Riele’s 
rule from Garsfa’s amicable pair of type-(7, 1), is 1433. The mother 
pair with the largest numbers of daughters, generated with te Riele’s 
rule, namely 80136, is the pair of type-(5,1), found by Pedersen in 
1997. 

Consider the proof of te Riele’s rule under the condition 
gcd(a,u) = 1. In this special case, the result can be formulated as 
follows. 


e Let (M' =a-u,N’ =a-p) be a given amicable pair with gcd(a, u) = 
gcd(a,p) = 1, where p is a prime. If a pair of primes (r,s) with p < 
r<s and gcd(a,rs) = 1 exists, satisfying the bilinear Diophantine 
equation 


(r — p)($— p) = (a(u))? 


and if a third prime q exists with gcd(au,q) = 1 such that q = 


r+s+u, then (M=a-u-q,N =a-r-s) is also an amicable pair. 


Since (M’, N’) = (au, ap) is an amicable pair, we have 


a(au) = o(ap), o(u) =a(p), o(au) = o(ap) = a(u +p). 
Also, for some positive integers A and B, we can write 


r=p+A,s=p+B. 


I. If the pair (au, ap) is an amicable pair, then ola)o(u) 


=ut+p. 
So, the condition (r—p)(s—p) = ala) -(a(u))? becomes (r —p)(s— 
p) = (u+ p)a(u). Hence, 


rs—p(r+s)+p?=(u+p)o(u), rs—p(q—u)t+p?=(utp)(p+1), 
rs—p(q—u)=upt+ut+p, rs=pqt+utp. 
Therefore, we have 
o(M) = o(auq) = o(apq) = o(a)(p + 1)(q + 1), 
a(N) = o(ars) = o(a)(r+1)(s +1). 


As (p+ 1)(¢+1) =pqtptqtl=rs—u+tqtl=rst+r+s4tl= 
(r+1)(s +1), then o(M) = o(N). 
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II. On the other hand, it holds that 
a(M) = o(auq) = o(au)o(q) = a(u+ p)(q +1) 
=a(ug+u+pq+p) =a(ug+rs), 


while 


This completes the proof. 


M+ N =auq+ars =a(uq+rs). 


This method can be realized by the following algorithm. 


te Riele’s algorithm for searching new amicable pairs using 


a given pair 


e Select a type-(i,1) amicable pair (M’, N’) as a breeder. 


Rewrite the breeder pair as (au, ap) in order to get a, u, and p. 
Compute R = tO) -(o(u))?. 

Factor R into its prime decomposition form: R = pf! -p5?-...-pz*. 
Generate all the possible combinations R= A-B, A < B. 

Test all such combinations by computing and primary testing of 


Tr, 8,9: 
r=pt+A,s=p+B,q=rtstu. 


If r,s,q are all primes, gcd(a,rs) = 1, and gcd(au,q) = 1, then 
find M = auq, N = ars. 
Indicate (M,N) as an amicable pair. 


For example, consider as a breeder pair the 65-digit pair, found 


by Yan in 1994 (see [Yan94]). So, we get a pair (au, ap) with 


a = 2*7 . 9288811670405087, 
u = 145135534866431 - 313887523966328699903, 
p = 4555623367875310904528689685 1222527. 


In this case, 


R= 29) (o(u))? = 9375.7. 114 13-17-97. 214-257-673 


- 96758454900053 - 9288811670405087. 
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It is easy to see that R is a 70-digit integer with 1249280 even 
divisors less than its square root, each having even co-divisor. With 
these combinations, R is written in all possible ways as a product 


R=A-B 
such that 
r=pt+A, s=p+B,q=rt+st+u. 


If r,s,q are primes, r < s, gcd(a,rs) = 1, then (M =a-u-q,a-r-s) 
is an amicable pair. 
Testing all the possible 1249280 combinations of R = A- B, 95 
new amicable pairs have been found from Yan’s 65-digit mother pair. 
Moreover, using this rule, te Riele has completed a search for 
all daughter pairs from the known 234 type-(z,1) breeder pairs. He 
found 13122 daughter pairs including the 95 pairs represented above. 


4.4.10. In 1968, Lee proposed a general algebraic method for con- 
structing amicable pairs. It was based on the obvious fact that any 
amicable pair can be written in the form (M = a,-p-q,N =a2-r), 
where gcd(a,,p) = gcd(a1,q) = gcd(az2,r) = 1. 

For given a1, a2, Lee’s method allows us to find all possible values 
of p,q,r by using all possible decompositions X - Y of the value 
a (a2z)(a1a20(a2) + o(a1)(a1 — a2)(a1 — o(a2))). 

Unfortunately, it is very difficult to find a1, a2 such that p,q,r are 
integral, and Lee’s method is essentially impractical. 

Yan [Yan96] proposed another general method for construct- 
ing amicable pairs. His algorithm, starting from a breeder pair 
(M',.N’) = (a1p,a2q), uses the given numbers a1, az to calculate a 
constant W = W(aj,a2). After complete factorization of W into its 
prime decomposition form, one should consider all possible decompo- 
sitions W = UV,U < V. For each combination W = UV,U < V, the 
numbers qi = qi(U, a1, a2), d2 = q2(V,a1, 42), Pi = pi(qi; 92; 41, a2) 
should be calculated. If q1, q2, pi are all primes (and hence integers), 
then under some additional conditions (q1 4 q2, gcd(a2,q92) = 1, 
gcd(a,p1) = 1), one obtains a new amicable pair 


(M =a,-p1,N =a2-q- q@). 
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This method is general, as any amicable pair, including exotic, 
could be used as breeder pairs to construct new (usually large) ami- 
cable pairs. 

There exist two other general constructive methods also based on 
the representation of an amicable pair (M,N) in the form (M,N) = 
(wm, wn), where w = gcd(M, N) and gcd(w,m) = gcd(w,n) = 1. 

The forward methods start from a common factor w of M and 
N and try to find two other factors m and n such that (M,N) = 
(wm, wn) is an amicable pair. 

The backward methods start with two given factors m and n of M 
and N and try to find a number w such that (M,N) = (wm, wn) is an 
amicable pair. In this case, the numbers w,m,n are not necessarily 
primes. 

For detailed consideration of these methods as well as most of the 
algorithms presented in this section, one can refer to [Yan96]. For an 
additional information see, for example, [BoHo86], [Lee68] [Riel84], 
[Dezal7], and [Wiki22]. 


Exercises 


1. Using Borho’s rule and starting from Pythagorean amicable pair 
(220, 284), construct a new amicable pair (it is, for example, (220- 
127? - 903223, 4 - 127? - 65032127)). 

2. Using Borho’s rule and starting from Euler’s amicable pair, (3° - 
5-11-29-89 and 3*-5- 11-2699), construct a new amicable pair 
(it is, for example, (34-5-11-29-89-5281 - 13635541, 34 -5-115281- 
36815963399)). 

3. Check that any Thabit number can be represented as 2”~!+2"—1. 


4.5. Amicable Numbers in the 

Family of Special Numbers 
Amicable numbers as deficient and 
abundant numbers 


4.5.1. In this section, we consider natural connections between ami- 
cable, deficient, and abundant numbers. Recall that numbers with 
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the sum of their proper divisors less than the number itself are called 
deficient and where it is greater than the number, abundant. 


The first few deficient numbers are 1, 2, 3, 4, 5, 7, 8, 9, 10, 


11,... (sequence A005100 in the OEIS), while the first abundant num- 
bers are 12, 18, 20, 24, 30, 36, 40, 42, 48, 54,... (sequence A005101 
in the OEIS). 


In Chapter 3, we provided a list of simple properties of deficient 


and abundant numbers: 


All prime numbers are deficient. 

All prime powers p*, k € N, are deficient. 

The product of two primes except 2-3 is deficient. 

All odd numbers with one or two distinct prime factors are 
deficient. 

Any divisor of a deficient number is deficient. 


e Any n=2-3*, k > 1, is abundant. 
e Every multiple of a perfect number (except the perfect number 


itself) is abundant. 
Every multiple of an abundant number is abundant. 


In Section 4.3, we proved that 


in any amicable pair, the bigger member is deficient and the smaller 
member is abundant. 


As in an amicable pair (IV, N), the numbers M and N cannot be 


simultaneously deficient and abundant, we can state that: 


e there exists no amicable pair (p,q) with two prime members; 
e there exists no amicable pair (p*,q*), p,q € P,k,s € N, in which 


both members are powers of primes; 

there exists no amicable pair in which both members are products 
of two primes; 

there exists no amicable pair in which both members have at most 
two distinct prime factors; 

there exists no amicable pair in which both members are divisible 
by 6. 
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4.5.2. Moreover, using the functions s(n) and o(n), we can define 
other classes of special numbers relative to amicable numbers: aug- 
mented amicable pairs (m,n) with o(m) = o(n) = m+n-1, 
quasi-amicable pairs (m,n) with o(m) = o(n) = m+n-+1; mul 
tiple amicable pairs (m,n) with o(m) = an+™m, o(n) = bm+n, 
a-8 > 1, sociable k-cycles (m1, mo,..., mg) with o(m ,) = m1 +m, 
a(m2z) = mz +m3,..., T(ME-1) = Mp-1 + Mp, (ME) = ME + M1, 
etc. We consider these classes of special numbers in Chapter 5. 


Amicable numbers and aspiring numbers 


4.5.3. There exists one more class of special numbers closely con- 
nected with the notion of divisor functions and, hence, with the the- 
ory of perfect and amicable numbers. 

Let 


s(n) = iS d=o(n)—n 


d\n, dAn 


be the restricted divisor function, and we define the aliquot sequence 
of nas 


s°(n) =n,s1(n) = s(n), s?(n) = s(s(n)),..., s*(n) = s(s*-1(n)),.... 


Many aliquot sequences terminate at 0, all such sequences necessarily 
end with a prime number followed by 1 (since the only proper divisor 
of a prime is 1), followed by 0 (since 1 has no proper divisors). 

The first numbers whose aliquot sequence terminates with 1 are 
1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,... (sequence A080907 
in the OEIS). 

All primes are in this set because s(p) = 1 for any prime p. 

However, there are a variety of ways in which an aliquot sequence 
might not terminate. 

A perfect number N forms the constant aliquot sequence 
N,N,N,..., i.e., has a repeating aliquot sequence of period 1. For 
example, the aliquot sequence of 6 is 6, 6, 6, 6,.... 

An amicable number (e.g., the number M from an amicable 
pair (M,N)) forms the aliquot sequence M,N,M,N,..., ie., has 
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a repeating aliquot sequence of period 2. For instance, the aliquot 
sequence of 220 is 220, 284, 220, 284,..., while the aliquot sequence 
of 284 is 284, 220, 284, 220,.... 

A sociable number has a repeating aliquot sequence of period 3 
or greater. For instance, the aliquot sequence of 1264460 is 1264460, 
1547860, 1727636, 1305184, 1264460,.... 

Some numbers have an aliquot sequence which is eventually peri- 
odic, but the number itself is not perfect, amicable, or sociable. For 
instance, the aliquot sequence of 95 is 95, 25, 6, 6, 6, 6,.... Num- 
bers such as 95 that are not perfect but have an eventually repeating 
aliquot sequence of period 1 are called aspiring numbers. 

In other words, an aspiring number is a positive integer that is not 
perfect but whose aliquot sequence becomes constant after a finite 
numbers of steps. The first few aspiring numbers are 25, 95, 119, 148, 
417, 445, 565, 608, 650, 652, 675, 685, 783, 790, 909,... (sequence 
A063769 in the OEIS). 

There are many numbers whose aliquot sequences have not yet 
been completely computed, so this sequence is not fully known. 
In particular, 276 may, perhaps, be an element of this sequence, 
although this is very unlikely. 

Numbers less than 1000 with unknown aliquot sequences are 276, 
306, 396, 552, 564, 660, 696, 780, 828, 888, 966, and 996. 

The following list indicates the termination number of the aliquot 
sequence starting at n = 1,2,3,...: 1, 2, 3, 3, 5, 6, 7, 7, 3, 7, 11, 3, 
13, 7, 3,... (sequence A115350 in the OEIS). Here, a(n) gives the 
prime number if the sequence terminates in a prime followed by 1 (as 
an exception, a(1) = 1), a(n) gives a perfect number if the sequence 
terminates in a perfect number (check that in the list there exists 
no number that terminates at 28, the second perfect number!), a(n) 
gives the smallest number of the cycle if the sequence terminates in 
an aliquot cycle, a(n) = 0 if the sequence is open ended. So far, 
276 is the smallest number for which the termination of the aliquot 
sequence is not known. 

Catalan’s conjecture states that every aliquot sequence terminates 
ina prime number followed by 1, a perfect number, a friendly pair, 
or an aliquot cycle. 
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Amicable numbers and prime numbers 


4.5.4. In the context of Thabit’s, Euler’s, and other rules, which 
allow us to generate amicable pairs, we are interested in prime num- 
bers which take part in formulas of such type. 

The simplest algebraic formula which produces amicable pairs is 
Thabit’s formula: 


eifp=3-2"-1 -1, 9 = 3-2" —1, and r = 9+ 27°"! —1 are all 
primes, then (M = 2”-p-q,n=2"-r) is an amicable pair. 


Numbers of the form 3-2” — 1 are known as Thabit numbers. 

Formally, a Thabit number (or Thabit ibn Qurra number, or 
321 number) is an integer of the form 3-2" — 1 for a non-negative 
integer n. 

The first few Thabit numbers are 2, 5, 11, 23, 47, 95, 191, 383, 
767, 1535, 3071, 6143, 12287, 24575, 49151,... (sequence A055010 in 
the OEIS). 

The first few Thabit numbers that are prime (Thabit primes or 
321 primes) are 2, 5, 11, 23, 47, 191, 383, 6143, 786431, 51539607551, 
824633720831,. .. (sequence A007505 in the OEIS). 

As of 2021, there are 64 known prime Thabit numbers. Their 
n-values are 0, 1, 2, 3, 4, 6, 7, 11, 18, 34, 38, 43, 55, 64, 76,.... 
2312734, 3136255, 4235414, 6090515, 11484018, 11731850, 11895718, 
16819291, 17748034 (sequence A002235 in the OEIS). 

The primes for 234760 < n < 3136255 were found by the dis- 
tributed computing project 321 search. 

In 2008, PrimeGrid took over the search for Thabit primes. It 
is still searching and has already found all currently known Thabit 
primes with n > 4235414. 


4.5.5. When both n and n—1 yield Thabit primes, and 9-2?”-!—1 
is also prime, a pair of amicable numbers can be calculated by well- 
known algorithms. 

For example, n = 2 gives the Thabit prime 11, n—1 = 1 gives the 
Thabit prime 5, and our third term is 71. Then, 2? = 4, multiplied 
by 5 and 11 results in 220, whose divisors add up to 284, and 4 times 
71 is 284, whose divisors add up to 220. 
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The only known n satisfying these conditions are 2, 4, and 7, 
corresponding to the Thabit primes 11, 47, and 383 given by n, the 
Thabit primes 5, 23, and 191 given by n — 1, and the third prime 
terms 71, 1151, and 73727. The corresponding amicable pairs are 
(220, 284), (17296, 18416), and (9363584, 9437056). 

It is easy to check that 


e the binary representation of the Thabit number 3-2” —1 isn+2 
digits long, consisting of “10” followed by n ones. 


For example, 5 = 101g, 11 = 10119, 23 = 10111g, etc. 
Intact, 362° Laos Ot aS ot ae or 
++ +24+1=1011...11o. 


4.5.6. The PrimeGrid project is also searching for primes of the form 
3-2"+1, such primes are called Thabit primes of the second kind (or 
321 primes of the second kind). 

The first few Thabit numbers of the second kind are 4, 7, 
13, 25, 49, 97, 1938, 385, 769, 1537, 3073, 6145, 12289, 24577, 
49153,... (sequence A181565 in the OEIS). 

From them, the first few Thabit primes of the second kind are 
7, 13, 97, 193, 769, 12289, 786433, 3221225473, 206158430209, 
6597069766657, 221360928884514619393,... (sequence A039687 in 
the OEIS). 

Their n values are 1, 2, 5, 6, 8, 12, 18, 30, 36, 41, 66, 189, 201, 
209, 276,... (sequence A002253 in the OEIS). 


4.5.7. For integer b > 2, a Thabit number base 6b is defined as a 
number of the form (b+ 1)- 6” — 1 for a non-negative integer n. 

Similarly, for integer b > 2, a Thabit number of the second kind 
base b is a number of the form (b+ 1)- 6" + 1 for a non-negative 
integer n. 

The Williams numbers are also a generalization of Thabit num- 
bers. For integer 6 > 2, a Williams number base b is a number of 
the form (b — 1)- 6b" — 1 for a non-negative integer n, as well as a 
Williams number of the second kind base b is a number of the form 
(b—1)-b" +1 for a non-negative integer n. 
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Ordinarily, a Thabit prime base b is a Thabit number base b that 
is prime, and a Williams prime base b is a Williams number base b 
that is also prime. It is easy to check that 


e every prime p is a Thabit prime of the first kind base p, a Williams 
prime of the first kind base p+ 2, and a Williams prime of the 
second kind base p; if p > 5, then p is also a Thabit prime of the 
second kind base p — 2. 


There exists a conjecture that 


e for every integer b > 2, there are infinitely many Thabit primes of 
the first kind base b, infinitely many Williams primes of the first 
kind base b, and infinitely many Williams primes of the second 
kind base b. 


Moreover, it is conjectured that 


e for every integer b > 2, b 4 1(mod 3), there are infinitely many 
Thabit primes of the second kind base b. 


If the base b is congruent to 1 modulo 3, then all Thabit numbers 
of the second kind base 6 are divisible by 3 and greater than 3, so 


e there are no Thabit primes of the second kind base b. 


4.5.8. Pierpont numbers 3™ - 2" + 1 are a generalization of Thabit 
numbers of the second kind, 3-2” + 1. 

Gauss proved that we can subdivide a circle into n parts using 
a ruler (an unmarked straightedge) and a compass (which draws 
circles) if and only if n is a power of two times a product of distinct 
Fermat primes. 

Later, Pierpont proved (1895) that we can divide a circle into 
n parts using origami (paper folding) if and only if n is a product 
of a power of two times a power of three times a product of distinct 
primes of the form 2“-3°+1, u,v > 0, ie., times a product of distinct 
Pierpont primes. 

The first few Pierpont primes are 2, 3, 5, 7, 13, 17, 19, 37, 73, 97, 
... (sequence A005109 in the OEIS). 
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As any Fermat prime is a Pierpont prime 2" - 3" +1 (with v = 0, 
u = 2”), then any constructible polygon can be constructed using 
origami. 

On the other hand, a Pierpont prime of the second kind is a prime 
number of the form 23" — 1, u,v > 0. 

So, any Thabit’s prime is a Pierpont prime of the second kind 
2"3" — 1 with v = 1, while any Mersenne prime is a Pierpont prime 
of the second kind 2“3" — 1 with v = 0. 

Moreover, the third prime 9 - 2?”~! — 1 from the Thabit’s rule is 
also a Pierpont prime of the second kind 2"3" — 1 with v = 2 and an 
odd uw. 

These numbers are 2, 3, 5, 7, 11, 17, 23, 31, 47, 53, 71, 107, 127, 
191, 383,... (sequence A005105 in the OEIS). 

The largest known primes of this type are Mersenne primes; cur- 
rently, the largest known is 282989933 — 1. The largest known Pier- 
pont prime of the second kind that is not a Mersenne prime, it is 


3. 211895718 _ 1 so a Thabit’s prime. It was found by PrimeGrid. 


Amicable numbers and Gaussian integers 


4.5.9. Amicable pairs are two integers where the sum of the proper 
divisors of one is the other and vice versa. 

Since the Gaussian integers have many of the properties of the 
regular integers, we sought to discover whether there exist any pairs 
of Gaussian integers with the same property. 

For the definition of Gaussian amicable numbers, we should con- 
sider the ring (Z|i],+,-) of Gaussian integers, 


Zli] = {a+bi|a,b€Z}, where i? = -1, 
and try to construct the sum of divisors function ozjj(a+ bi) for this 
ring. 
Having ozj)(a + bz), one can define a Gaussian amicable pair as 


a pair (M,N), M,N € Z/i], such that it holds that 


ozj(M) = M+ N = og (N). 
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In the case of acceptable choice, one can obtain for Gaussian per- 
fect numbers an analogue of Thabit’s rule. (see, for example, [Spir18] 
and [McDa74]). 

In fact, in [Clar13], it is shown that the pair 


(736 — 165601 = (1 +2)® - (45 + 2i) - 23 - (—2), 
17648 + 768i = (1 + 1)8(1103 + 487)) 
is a Gaussian amicable pair as well as the ordinary amicable pair 


(294706414233, 305961592167) 
= (34. 77-11-19. 47-7559, 34. 7-11-19 - 971 - 2659), 


discovered by te Riele in 1995. 

However, the smallest ordinary amicable pair (220, 284) (as well as 
any ordinary amicable pair of type-(2, 1) is not a Gaussian amicable 
pair in the interpretation by Clark (2013), [Clar13]. 

It is possible also to use a similar approach for the construction 
of Eisenstein amicable numbers in the ring (Z[w],+,-) of Hisenstein 
integers, 


—14+iv3 


Z[w] = {a+ bw | a,b € Z}, where w = ; 


For more information about the construction of the sum of divi- 
sors function o7;.,)(a+bw) in the ring (Z[w], +, -) of Eisenstein integers 
and the choice an analog of classical condition o(M) = M+ N = 
o(N) for ordinary (rational) amicable numbers (IM, N), which allows 
us to obtain Eisenstein amicable numbers an analogue of Thabit ibn 
Qurra theorem, see, for example, [Smal02]. 


For some additional information, see, for example, [Buch09]}, 
[Dezal17], [Deza21], [Wiki22], [Sloa22], [Dick05], [Pier95], [Weis22], 
and [Prim22]. 


Exercises 


1. Prove that there are no amicable pairs of the form (p%,q°), p,q € 
P; (pip2, 9192); Pir VY € Py (6m, 6n), m,n € N. 
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2. Find the first 10 Thabit numbers; choose from this list all primes. 
How many Thabit primes lead to an amicable pair? What can 
be said about binary representation of Thabit numbers? Prove 
that, with the exception of 5, no Thabit number is palindromic in 
binary. 

3. Find the first 10 Thabit numbers of the second kind; choose from 
this list all primes. What can be said about the binary represen- 
tation of Thabit numbers of the second kind? 

4. Check that 25, 95, 119, and 1438 are aspiring numbers, i.e., their 
aliquot sequences terminate by a perfect number. 

5. Find the terminated number of the aliquot sequence starting at 
n = 1,2,3,...,30. How many sequences are terminated by (p, 1), 
where p € P? Why the term p before 1 is a prime? How many 
sequences are terminated by a,a,a,...? Why the number a is 
perfect? 

6. A Pierpont number is a positive integer of the form 3“2"+1. Find 
the first 10 Pierpont numbers; first 10 Pierpont primes. Prove that 
any Fermat number is a Pierpont number. 

7. A Pierpont number of the second kind is a positive integer of the 
form 3“2” — 1. Find the first 10 Pierpont numbers of the second 
kind; first 10 Pierpont primes of the second kind. Prove that any 
Thabit number is a Pierpont number of the second kind. Prove 
that any Mersenne number is a Pierpont number of the second 
kind. Prove that all three primes from the Thabit’s rule are Pier- 
pont primes of the second kind. 


4.6. Open Problems 


In the theory of amicable numbers, there are several well-known open 
problems, among which the biggest one is the following: 


e Are there infinitely many amicable pairs? 
4.6.1. In order to discuss this open question and other questions 


and conjectures of the theory of amicable numbers, let us recall some 
basic definitions of this theory. 
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An amicable pair (IM, N) is called an even amicable pair if it is in 
the form 


(Mt SOP 3 oF ep N =29. gf ....- 8), 


where 2 is the smallest prime factor in both M and N. 

The smallest amicable pair (220 = 2? -5.- 11,284 = 2?-71) is 
obviously even. An example of a sufficiently big even amicable pair 
is as follows: 


(1699746184 = 2? 23-41 - 233-967, 1725115256 = 2°-17- 12684671). 


An amicable pair (1, N) is called an odd amicable pair if it is in 
the form 


Ma py soneee", N=q-...-@, 


where the smallest prime factors p,, gq; in both M and WN are odd. 
The smallest odd amicable pair is the seventh amicable pair 


(12285 = 3°-5-7-13,14595 = 3-5-7- 139); 
the next two are 
(67095 = 3° .5- 71, 71145 = 3° -5-17- 31) 
and 
(69615 = 37. 7-13-5-17,87633 = 37-7-13- 107). 


An amicable pair (MW, NV) is called an even—odd amicable pair if it 
is in the form 


M = py ivs* Bes N=q....- 4°, 


where one of the smallest prime factors p,, q, of M and N is even 
(e.g., equals 2) and other is odd. 

There are no known pairs of such form. 

An amicable pair (/, N) is called a relatively prime amicable pair 
if M and N are coprime, i.e., if the pair has the form 


Map e209 Dy 5 N =qf...qf*, 


where all pj, p2,---, Pk; 91;92;---5Gr in both M and N are distinct 
prime numbers. 
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As before, there are no known pairs of such form. 

An amicable pair (M,N), M <_N, is called a regular amicable 
pair if M and N can be represented in the form M = gm, N = gn, 
where g = gcd(M, N) is the greatest common divisor of M and N, 
m, n are both square-free, and gcd(g,m) = gcd(g,n) = 1. Otherwise, 
the pair M, N is called irregular (or exotic). If (MM, N) is regular and, 
moreover, ifm and n have i and j as prime factors, respectively, then 
(M, N) is said to be of type-(i, 7). 

For example, the pair (220, 284) is a regular pair of type-(2, 1). 
The numbers 

(6955216 = 2*. 19 - 137 - 167, 7418864 = 2* - 463679) 
form a pair of type-(3,1). The pair (12285 = 3°-5-7-13,14595 = 
3-5-7- 139) is exotic. 

For a given amicable pair (IM, N)), the number M +N is called the 
pair sum (or sum of pair). For any known amicable pair (i.e., even 
or odd), its pair sum is an even number having some special charac- 
teristics. For example, for many amicable pairs, their pair sums are 
divisible by 10, while a lot of pairs have pair sums divisible by 9. 

All pairs from the examples above share these properties. Obvi- 
ously, all five pair sums are divisible by 10; moreover, 


220 + 884 = 504 = 9 - 46, 
1699746184 + 1725115256 = 3424861440 = 9 - 380540160. 


4.6.2. The answer to the main question of the theory of amica- 
ble numbers, Are there infinitely many amicable pairs? is, probably, 


Though Erdés proved that 


e the density of the set of amicable pairs, relative to the positive 
integers, is 0, 1.€., 


aL «2-00 


where A(z) is the number of amicable pairs with the smallest member 
of the pair not exceeding x, today (2021) there are over 1227267785 
known amicable pairs. 
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Numerical analysis of the tables of amicable pairs up to 10!° and 
theoretical arguments allow us to conjecture that 


e the value A(x) is approximately proportional to oto with some 
positive k > 1. 


The relative conjectures deal with perfect numbers (as a particular 
case of amicable numbers, see Chapter 3) and with sociable numbers 
(as a generalization of amicable numbers, see Chapter 5). In fact, 
the following conjectures are well known in number theory: 


e There are infinitely many amicable pairs. 
e There are infinitely many perfect numbers. 
e There are infinitely many sociable numbers. 


4.6.3. Similar questions can be formulated about some subclasses of 
amicable numbers. 


“Are there infinitely many even amicable pairs?” 

e “Are there infinitely many odd amicable pairs?” 

e “Are there infinitely many even—odd amicable pairs? Moreover, 
does there exists at least one even—odd amicable pair?” 

e “Are there infinitely many relative prime amicable pairs? More- 

over, does there exists at least one relative prime amicable pair?” 


The answer to the first two questions probably should be “yes.” 

As for the last two questions, if there exist even—odd or relative 
prime amicable pairs, they should be very special and very big. 

However, from Euler’s time, we have the two well-known 
conjectures: 


e There exists at least one amicable pair with opposite parity. 
e There exists at least one amicable pair (M,N) with gcd(M,N) = 1. 


Euler was probably the first to consider the above two conjectures. 

No answer has been found yet. It seems to be as hard and inac- 
cessible as the existence of odd perfect numbers. 

However, if one changes the conjecture “There exists at least one 
amicable pair with opposite parity,” taking instead of the condition 
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“exactly one member of a pair is divisible by 2” the similar condition 
“exactly one member of a pair is divisible by 3,” one obtains the 
following proposition, which is still a conjecture in the theory of 
amicable numbers: 


e There exists at least one odd amicable pair (M,N) with N but not 
M (or with M but not N) divisible by 3. 


This problem seems to be tractable with today’s technologies. 


4.6.4. The “divisibility by 3”-property is an important part of many 
propositions about amicable numbers. It is well known that both 
members M and N of any even amicable pair (M, N) are not divisible 
by 3, e.g., gcd(M,3) = gcd(N,3) = 1. However, before 1988, all 
known odd amicable pairs were of the form 


N= 8" pl ice Dp," M =3". gf... ge, 


so 3 was the smallest odd prime factor in both M and N. 

Thus, Bratley and Mckay in 1968 conjectured that all odd amica- 
ble pairs must be divisible by 3. 

This was shown to be false by Battiato and Borho in 1988. They 
found 15 counterexamples which are not divisible by 3. All these 15 
new odd amicable pairs were of the form 


PS ey eer ur M=5"- qf... gh, 


so the smallest odd prime factor in both M and N was 5. 
An example of such a pair with two 32-digit members is given as 
follows: 


(42262694537514864075544955198125, 
42405817271188606697466971841875). 


In 1997, Kohmoto found many odd amicable pairs greater than 
10'% with the smallest prime divisor 7. 

However, while at present, over 1000 pairs coprime to 30 = 2-3-5 
are known (Kohmoto, 1997; Garcia, Pedersen, and te Riele, 2003; 
Sandor and Crstici, 2004; etc.), the problem of finding amicable pairs 
coprime to 210 = 2-3-5-7 is still open. So, we have the following 
conjecture: 
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e There exist amicable pairs (M,N) such that every prime factor of 
M and N is at least 11. 


4.6.5. The conjecture above is a part of one much more general 
conjecture which states that 


e given a prime p, there is an amicable pair (M,N) such that every 
prime factor of M and N is at least p. 


At present, all known amicable pairs either have p = 2, 3,5, or 7. 
None are known with p > 7. 

Since there are infinitely many primes, the last conjecture implies 
that the main amicable pairs’ conjecture “There are infinitely many 
amicable pairs.” 

One more very general question is: 


e Are there regular amicable pairs of all possible types? 


4.6.6. There are two famous results connected with pair sums 
M+N. 

It is obvious that the most known even pairs (M,N) have pair 
sums M +N divisible by 9. 

In particular, it holds that for all pairs generated by using the 
Thabit’s rule 


MN =o" (9s 9?) = 1) a (360 = 1360" = 1) 
= 29.0" 05 = 3.9". 3) 0.055? 1), 


However, there are even amicable pairs (M,N) with M+ N 4 
O(mod 9). For example, the amicable pair (666030256, 696630544) is 
a pair whose sum is 571750000640 = 8(mod 9). 

In 1969, Lee [Lee69] found several such pairs in the list of the 
known amicable pairs and constructed eight new even pairs with the 
same property. 

In this paper, Lee characterized also all the possible exceptions of 
the rule M + N = 0(mod 9) for even amicable pairs (M, N). 
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In all, 557 exceptions of the pair sums M + N are equal to 2 or 
to 0 modulo 3. 
So, an open question is: 


e Does there exists an amicable pair with pair sum equal to 
1 modulo 3? 


There are also many amicable pairs (IV, NV) such that the sum of 
the pair is divisible by 10. 

It is checked that up to the first 5000 amicable pairs, 88.1% of 
the sums satisfy this condition. 

According to the sum of amicable pairs conjecture, 


e as the number of the amicable numbers approaches infinity, the 
percentage of the sums of the amicable pairs divisible by 10 
approaches 100%. 


4.6.7. Finally, consider some conjectures related to prime numbers 
considered in the theory of amicable numbers. 

Recall that the prime numbers of the form 3-2" —1, n > 0, are 
known as Thabit primes. 

They are sufficiently used in the Thabit’s formula: In order for 
Ibn Qurra’s formula to produce an amicable pair, two Thabit primes 
for consecutive indexes n — 1,n must be obtained. 

As of 2021, there are 64 known prime Thabit numbers. The small- 
est is 2, the biggest known is 3 - 2!7748034 _ 1. So, at present, we do 
not know 


e if there are infinitely many Thabit primes. 


A Pierpont prime of the second kind is defined as a prime number 
of the form 2“3" — 1, u,v > 0. 

So, any Thabit’s prime is a Pierpont prime of the second kind 
2"3" — 1 with v = 1, while any Mersenne prime is a Pierpont prime 
of the second kind 2%3” — 1 with v = 0. Moreover, the third prime 
g-22”-1 _] from Thabit’s rule is also a Pierpont prime of the second 
kind 2”3” — 1 with v = 2 and an odd u. 
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The largest known primes of this type are Mersenne primes; cur- 
rently, the largest known is 257959993 — 1. The largest known Pier- 
pont prime of the second kind that is not a Mersenne prime is 
3. 211895718 _ 1 so a Thabit’s prime. It was found by PrimeGrid. 


The open question of the form: 
e “Are there infinitely many Pierpont primes of the second kind?” 


leads us to the famous Mersenne conjecture about infiniteness of the 
set of Mersenne primes. 

On the other hand, the Pierpont primes of the first kind, defined 
as prime numbers of the form 2"3°+1, u,v > 0, give for v = 0 the set 
of Fermat primes. It is another example of interesting mathematical 
facts connected with the theory of amicable pairs. 

There are other sets of primes of special form which can be listed 
in connection with our consideration. 

For integer b > 2, a Thabit prime base b is defined as a prime of 
the form (b+ 1)- 6b" — 1 for a non-negative integer n. Similarly, for 
integer b > 2, a Thabit prime of the second kind base b is a number 
of the form (b+ 1)-6" +1 for a non-negative integer n. 

For integer b > 2, a Williams prime base b is a prime of the form 
(b—1)-b" —1 for a non-negative integer n, as well as a Williams 
prime of the second kind base b is a prime of the form (b—1)-b" +1 
for a non-negative integer n. 

There is a conjecture that 


e for every integer b > 2, there are infinitely many Thabit primes of 
the first kind base b, infinitely many Williams primes of the first 
kind base b, and infinitely many Williams primes of the second 
kind base b. 


If the base b is congruent to 1 modulo 3, then all numbers of the 
form (b+ 1)-b6" +1 are divisible by 3. However, there is a conjecture 
that 


e for every integer b > 2, b 4 1(mod 3), there are infinitely many 
Thabit primes of the second kind base b. 
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For some additional information, see, for example, [Dick05], 


[GPRO03], [Yan96], [Deza17], [Deza21], [BrMc68], and [BaBo88]. 


Exercises 


i” 


The first 10 amicable pairs are (220, 284), (1184, 1210), (2620, 
2924), (5020, 5564), (6232, 6368), (10744, 10856), (12285, 14595), 
(17296, 18416), (63020, 76084), and (66928, 66992) (sequence 
A259180 in the OEIS). Check that for all these pairs, the pair 
sums equal 0 or 2 modulo 3. Check that it is true for all amicable 
pairs represented in this chapter. 


. Using the list of the first 10 amicable pairs above, check that for 


any amicable pair in the list, both members have common prime 
factor p € {2,3,5,7}. Check that it is true for all amicable pairs 
represented in this chapter. 


. Prove that if the Mersenne conjecture “There are infinitely many 


Mersenne primes” is true, then the conjecture “There are infinitely 
many Pierpont primes of the second kind” is true. 


. Prove that if the conjecture “There are infinitely many Pierpont 


primes” is false, then the conjecture “The number of Fermat 
primes is finite” is true. 
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Chapter 5 


Generalizations and 
Analogue 


5.1. History of the Question 


5.1.1. The history of generalizations of perfect and amicable num- 
bers is quite new. 

First of all, this is the history of sociable numbers. Mathemati- 
cians count it from 1918, when Pulet found the two first aliquot 
cycles. 

However, as sociable numbers are a generalization of perfect and 
amicable numbers, we can consider the long and rich history of these 
two famous classes of numbers as a part of the history of socia- 
ble numbers. Then, it stars from Pythagorean time (see Chapters 3 
and 4). 

On the other hand, there are other generalizations and analogues 
of classical case, such as multiply perfect, quasi-perfect, almost per- 
fect numbers, amicable k-tuples, etc. Some of these numbers were 
known a long time ago. 

For example, an untouchable number is a positive integer that 
cannot be expressed as the sum of all the proper divisors of any 
positive integer (including the untouchable number itself). That is, 
these numbers are not in the image of the aliquot sum function s(n). 
Their study goes back at least to Abu Mansur al-Baghdadi (circa 
AD 1000), who observed that both 2 and 5 are untouchable. 


299 
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5.1.2. Sociable numbers are numbers whose aliquot sums form a 
cyclic sequence that begins and ends with the same number. They 
are generalizations of the concepts of amicable numbers and perfect 
numbers. 

More precisely, in an aliquot sequence, each number is the sum 
of the proper factors of the preceding number, i.e., the sum excludes 
the preceding number itself. Starting at n, we get the sequence 
n, s(n), (s(n)), s(s(s(m))),..., where s(n) = Salk, agn@- For the 
sequence to be sociable, the sequence must be cyclic and return to 
its starting point. 

The period of the sequence or order of the set of sociable numbers 
is the number of elements in this cycle. 

If the period of the sequence is 1, the number is a sociable number 
of order 1 or is a perfect number. A pair of amicable numbers is a 
set of sociable numbers of order 2. 

In general, if the period is k > 38, the number is called 
sociable of order k. For example, 1264460 is a sociable number 
of order 4 since its aliquot sequence is 1264460, 1547860, 1727636, 
1305184, 1264460,.... 

There are no known sociable numbers of order 3, although 
searches for them have been made up to 5: 10" as of 1970 and up to 
5-10!” as of 2021. 

The smallest members of sociable quadruples are 1264460, 
2115324, 2784580, 4938136, 7169104, 18048976, 18656380, 28158165, 
46722700, 81128632,... (sequence A090615 in the On-Line Encyclo- 
pedia of Integer Sequences, OEIS). The largest known 4-cycle has 71 
digits. Up to 5- 10!?, the listing for aliquot-4-cycles is exhaustive. 

There are many sociable numbers of order 4 and several known 
sociable numbers of order k > 5 (see the following table). 

The first two sociable sequences or sociable chains, namely the sets 
of orders 5 and 28, were discovered and named by the Belgian math- 
ematician Paul Poulet (1887-1946) in 1918. W. Borho constructed 
one of length 4 in 1969. H. Cohen was the first to use a computer to 
find nine new 4-aliquot cycles in 1970. 

The first few sociable numbers are 112496, 14316, 1264460, 
2115324, 2784580, 4938136, 7169104, 18048976, 18656380, 28158165, 
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.. (sequence A003416 in the OEIS), which have orders 5, 28, 4, 4, 4, 
4,4, 4, 4, 4,..., respectively (sequence A052470 in the OEIS). The 
following table (see [Wiki22]) summarizes the smallest members of 
known social cycles as well as the number of such cycles known. 

Excluding perfect numbers, a total of 152 sociable cycles were 
known as of 2009; more than 5000 are known as of 2021 (see tables 
by D. Moews, J. O. M. Pedersen, S. Chernykh, W. Creyaufmiiller, 
Ch. Clavier, and others). 


Number of | Smallest k-sociable 
[| on1s [mown cles) mmber 
1264460 
12496 


21548919483 

1095447416 

805984760 

28 | A072890 14316 


5.1.3. It is an open question whether all aliquot sequences end up at 
either a sociable number or at a prime (and hence 1) or, equivalently, 
whether there exist numbers whose aliquot sequence never terminates 
and hence grows without bound. 

This question about the possible behavior of aliquot sequences 
was first published by the Belgian mathematician Eugene Catalan in 
1888. In 1913, Leonard Eugene Dickson extended it to the so-called 
Catalan’s conjecture: “Each aliquot sequence ends in a prime, in a 
perfect number or in an aliquot cycle.” 

Up to now, it has not been possible to certify the Catalan’s 
conjecture. 

Normally, an aliquot sequence ends in a_ prime. Different 
sequences can come together and end in the same prime. All these 
side sequences are called a prime family. New calculations occasion- 
ally lead to a confluence of two former different aliquot sequences 
into one family. 

Each confluence of two sequences gives some more hope, but 
it’s no proof of the conjecture, it’s only progress toward a possible 
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solution. A great step in this direction was taken in 2005 by 
C. Clavier; he found the confluence of sequences 1578 and 56440 
with a record descent. 

It is possible that there are quite small numbers missing from 
the sequence 12496, 14316, 1264460, 2115324, 2784580, 4938136, ... 
(sequence A003416 in the OEIS) of all sociable numbers. There is 
no proof that 564 (for example) is missing (or not). Starting at 564, 
the aliquot sequence continues for at least 3486 steps, reaching a 198- 
digit number after 3486 iterations. Although it seems unlikely, there 
is no way to be completely certain that the forward aliquot sequence 
doesn’t meet the backwards tree; if it did, 564 would be part of a 
(very long) aliquot cycle. 

Many other numbers are (or were) in a similar situation. 

The smallest start-up number (or key number or beginning num- 
ber) n for which there was ever a doubt was 138, but Lehmer showed 
that the sequence terminates at s!7”(138) = 1. Since then, the first 
number whose behavior is not known, i.e., the start-up number of 
such a so-called open-ended sequence, is 276. Many researchers have 
investigated the behavior of this sequence, but it is not yet known if 
its end exists. 

There are five open-ended sequences in the interval [1, 1000] with 
the key numbers 276, 552, 564, 660, and 966. They are called Lehmer 
five. 

Before the year 1980, there were 14 main sequences starting 
between 1000 and 2000 (Godwin fourteen), but at the present time, 
only 12 remain unknown. Godwin showed that the 1848 sequence 
terminates and so did Dickerman for the 1248 one. 

In 1994, A. W. P. Guy and R. K. Guy published an article with a 
table showing the status of the sequences starting with numbers less 
than or equal to 7044. In the same year, the book Unsolved problems 
in Number Theory (2nd ed.), by R. K. Guy, updates the information 
of the article. In this book, an extensive bibliography on this subject 
can be found. 

Since then, M. Benito and J. L. Varona have been checking the 
aliquot sequences for numbers under 10000. For some starting values, 
they have shown for the first time that the sequence terminates. 
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In 1996, they found the record for the maximum of a terminating 
sequence: The one starting at 4170 converges to 1 after 869 iterations 
getting a maximum of 84 decimal digits at iteration 289. 

In 1999, W. Bosma found that the aliquot sequence starting with 
44922 terminates at 1 after 1,689 iterations and reaches a maximum 
of 85 digits at step 1167. A bit later in 1999, he showed that the 
sequence starting at 43230 finished: It terminates at 1 after 4,357 
steps and reaches a maximum of 91 digits at step 967. 

In 2001, M. Benito and J. L. Varona had proved that the sequence 
starting at 3630 reaches a maximum of 100 digits at index 1263 and 
ends at 1 at step 2624 (with the prime 59 being the previous term). 
Later in 2001, they found that the sequence starting at 6160 finished: 
It terminates at 1 after 3,027 steps (with the prime 601 being the 
previous term) after reaching a maximum of 96 digits at step 1631. 

At present, there are 81 open-ended sequences in the interval 
[1, 10*]; 898 open-ended sequences in the interval [1, 10°]; and 9190 
open-ended sequences in the interval [1, 10°]. Any progress in calcu- 
lation can reduce these numbers. 


5.1.4. By substituting some other functions relative to s(n), we can 
construct various other classes of special numbers. For example, if 
we set st(n) = s(n) + 1, the fixed points of st(n) are called almost 
perfect numbers (or augmented perfect numbers). All powers of 2 are 
almost perfect; no other almost perfect numbers are known. The 2- 
cycles of s+(n) have been called augmented amicable pairs, and we 
can define augmented sociable numbers similarly. There exists a list 
of 188 augmented amicable pairs with smaller members less than 10° 
(D. Moews). 

Similarly, if we set s~(n) = s(n)—1, we get quasi-perfect numbers 
(or reduced perfect numbers), quasi-amicable, (or reduced amicable) 
numbers (also called betrothed numbers because each number in the 
pair is the sum of the proper divisors, greater than 1, of the other) 
and reduced sociable numbers. Quasi-perfect numbers must be odd 
squares above 10*°; none are known. There exists a list of the 180 
pairs of reduced amicable numbers below 10° (D. Moews). 

One can generalize all these notions in various ways by changing 
the criterion we use to say when one number divides another. 
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To generalize the notion of divisibility, we can consider, for exam- 
ple, unitary, bi-unitary, infinitary, and exponential divisors of n. 

After making corresponding definitions, we can talk about unitary 
(bi-unitary, infinitary, etc.) perfect, amicable, and sociable numbers, 
as well as about reduced (augmented, etc.), unitary (bi-unitary, infini- 
tary, etc.) perfect, amicable, and sociable numbers. 

The most interesting question about these generalizations is 
whether there exists an infinite number of unitary perfect numbers. 
At present, just five are known. 

There exists a list of all generalized aliquot cycles, defined as 
above, with members preceding the largest member less than 2-10!! 
(D. Moews). 


5.1.5. A similar, but more general, approach was proposed by Y. 
Kohmoto. He considered a generalization of the sociable numbers 
defined according to the generalized aliquot sequence 


gpa 


Multiply perfect numbers are fixed points of this mapping since 
if a(n) = a(n — 1), then 


, mEN. 


ma(n) = o(a(n)), 


which is the definition of an m-perfect number. If the sequence a(n) 
becomes cyclic after k > 1 terms, it is then called a + -sociable num- 
ber of order k. 

An example of 5-sociable numbers of order 2 can be constructed 
using Mersenne primes. In fact, if M,, Mg are two distinct Mersenne 
primes, then the numbers 2” !M,, and 2”~-!M,, form a 5-sociable 
pair. 

For references and many additional information, see, for exam- 
ple, [Poul18], [Well86], [Cohe70], [Cohe93], [Guy94], [MoMo91], 
[MoMo93], [Borh69], [Cata88], [Dick13], [BLM70], [HaCo83], 
[Wall72], [Wall75], [StSu74], [Dick05], [Yan96], [Sloa22], [Weis22], 
and [Wiki22]. Many interesting facts can also be found on the Inter- 
net: See, for example, the webpages of D. Moews, J. O. M. Pedersen, 


S. Chernykh, W. Creyaufmiiller, Ch. Clavier, and others. 
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5.2. Relatives of Perfect Numbers 


Semiperfect numbers 


5.2.1. A semiperfect number (or pseudoperfect number) is a natural 
number that is equal to the sum of all or some of its proper divisors. 

For example, the number 12 is semiperfect, as it has proper divi- 
sors 1, 2, 3, 4, and 6, and 2+4+6 = 12; the number 20 is semiperfect, 
as it has proper divisors 1, 2, 4, 5, and 10, and 20 =1+4+4+5+410. 
On the other hand, the number 4 is not semiperfect, as it cannot be 
represented as a sum of its proper divisors 1 and 2. 

The first few semiperfect numbers are 6, 12, 18, 20, 24, 28, 30, 
36, 40, 42, 48, 54, 56, 60, 66,... (sequence A005835 in the OEIS). 

A semiperfect number that is equal to the sum of all its proper 
divisors is a perfect number. So, 


e any perfect number is semiperfect. 


Following the definition, we obtain that 


e any semiperfect number is necessarily either perfect or abundant. 


In fact, for a semiperfect number n, it holds that 


o(n) =n+ S> d>n+n=2n, and o(n) > 2n. 
d|n,d<n 


In the case of equality, we get a perfect number; in the case of inequal- 
ity, we get an abundant number. 
It is easy to check that 


e every multiple of a semiperfect number is semiperfect. 


In fact, if m is equal to the sum of its proper divisors d1,...,dm, 
then any of its multiple kn, k € N, is equal to the sum of its proper 
divisors kd,,...,kd,, and hence is semiperfect. 


From the last property, it holds that 


e there are infinitely many semiperfect numbers. 


For example, any number of the form 6t,t € N, is semiperfect. 
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As 945 is semiperfect (it is the smallest odd semiperfect number), 
then, moreover, 
e there are infinitely many odd semiperfect numbers. 


An algorithm for the construction of new semiperfect numbers is 
represented as follows: 


e If k is a positive integer and p is a prime such that 2°-! < p< 
2k+1 | then 2*p is semiperfect. 


In fact, the divisors of this number are 
1p Bic ng”, 2050 2m 
As p < 2**1, then in the base 2, we have 
p=cp-1-2P 1 +--+ +e,-24+¢0, c € {0,1}. 
Therefore, 
Sys (2) = 1)pep= (42 4 oe 2 pap = pp 
fee f Oly 4 cg te, Qe + ep_1- 2" 


is the needed sum representation of 2p. 
In particular, we can state that 


e every number of the form 2*(2*+1 — 1) is semiperfect (indeed, per- 
fect, if 2°*! —1 is a Mersenne prime). 


There are some classes of special numbers which are semiperfect. 


5.2.2. Recall that a practical number is a positive integer n such that 
all smaller positive integers can be represented as sums of distinct 
divisors of n. One can prove that 


e every practical number that is not a power of two is semiperfect. 


In fact, any power of two is abundant and so cannot be semiperfect. 
On the other hand, for any practical number n which has an odd 
prime divisor p, if all numbers 1, 2,...,n—1 are represented as sums 
of distinct divisors of n, then n itself has a similar representation. 


See Chapter 4 for more explanations. 
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5.2.3. A primary pseudoperfect number is a positive integer n satis- 
fying the Egyptian fraction equation 


1 1 
nage -=1, 


where the sum is over only the prime divisors of n. 
It is obvious that 


e each primary pseudoperfect number except 2 is also semiperfect. 


Using the definition above, we obtain that for a primary semiper- 
fect number n, the following representation holds: 


1+ 05am 


Except for the primary semiperfect number 2, this expression gives 
a representation for n as the sum of distinct divisors of n. So, n is 
semiperfect. 


The eight known primary pseudoperfect numbers are 2, 6, 42, 
1806, 47058, 2214502422, 52495396602, and 849042158355968841070 
6771261086 (sequence A054377 in the OEIS). 


5.2.4. We can see that there are sufficiently many semiperfect num- 
bers. In fact, it is proven (Erdéds) that 


e the density of the set of semiperfect numbers exists. 


5.2.5. A semiperfect number that is not divisible by any smaller 
semiperfect number is called primitive semiperfect number (or prim- 
itive pseudoperfect number or irreducible semiperfect number or irre- 
ducible pseudoperfect number). 

It follows from the list of the semiperfect numbers that, for exam- 
ple, the numbers 6 and 20 are primitive semiperfect while the num- 
bers 12 = 6-2 and 18 = 6-3 are not primitive semiperfect. 

The first few primitive semiperfect numbers are 6, 20, 28, 88, 104, 
272, 304, 350, 368, 464, 490, 496, 550, 572, 650,. . . (sequence A006036 
in the OEIS). 
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It is proven that 


e there are infinitely many primitive semiperfect numbers. 


In fact, any number of the form 2"p, where k is a positive integer 
and p is a prime such that 2°~! < p < 2**! is primitive semiperfect. 


However, there are primitive semiperfect numbers of other forms, 
e.g., 770. Moreover, it is proven that 


e there are infinitely many odd primitive semiperfect numbers as well 
as infinitely many primitive semiperfect numbers that are not har- 
monic divisor numbers. 


5.2.6. A weird number is a positive integer that is abundant but not 
semiperfect. 

The smallest weird number is 70. Its proper divisors are 1, 2, 5, 
7, 10, 14, and 35; these sum to 74, but no subset of these sums to 70. 

The first few weird numbers are 70, 836, 4030, 5830, 7192, 
7912, 9272, 10430, 10570, 10792, 10990, 11410, 11690, 12110, 
12530,. .. (sequence A006037 in the OEIS). 

It is easy to show that 


e if n is weird and p is a prime greater than o(n), then pn is also 
weird. 


In fact, in this case, the decomposition of pn as a sum of its distinct 
divisors implies the corresponding decomposition of n; a contradic- 


tion. It is proven in [BeEr74] using an investigation of the function 
a(n) 


a 
It allow us to state that 


e there are infinitely many weird numbers. 


For example, 70p is weird for all primes p > 149. 
In fact, it is proven in [BeEr74] that 


e the set of weird numbers has positive density. 
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All known weird numbers are even. It is not known if any odd weird 
numbers exist. If so, they must be greater than 107!. Moreover, 


© any even weird number must have at least three distinct prime 
factors. 


This is true since all numbers of the form 2" - p™ are deficient or 


semiperfect (in particular, perfect, ifm = 1 and p = 2*+!—1lisa 


Mersenne prime). 


5.2.7. Similar to primitive semiperfect numbers, a primitive weird 
number is defined as a weird number that is not a multiple of other 
weird numbers. 

Of course, the first weird number 70 is primitive as well as the next 
five weird numbers. The first weird number which is a non-primitive 
weird number is 10430 = 70-149. In fact, the first few primitive weird 
numbers are 70, 836, 4030, 5830, 7192, 7912, 9272, 10792, 17272, 
45356, 73616, 83312, 91388, 113072, 243892,... (sequence A002975 
in the OEIS). 

Benkovski and Erdés [BeEr74] found all the weird numbers less 
than 10°. In the following table, all primitive weird numbers up to 
104 are given, and the description of all non-primitive weird numbers 
less than 10° is represented. 


70p, p > 0(70) = 144,p EP 
7192-31 
836 - 421 


836 - 487 
836 - 491 
836 -p,p > 557,p € P 


There are only 24 primitive weird numbers smaller than a million, 
the smallest being 70 and the biggest 786208, compared to 1765 weird 
numbers up to that limit. 
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It is conjectured that 
e there exist infinitely many primitive weird numbers. 


At present, primitive weird numbers with as many as 16 prime 
factors and 14712 digits have been found. 

Melfi (2015) has shown that the infiniteness of primitive weird 
numbers is a consequence of Cramér’s conjecture, which gives an 
estimate for the size of gaps between consecutive prime numbers: 
Intuitively, the gaps between consecutive primes are always small, 
and the conjecture states that pns1— pn = O((log pn)”), where pn 
denotes the nth prime number. 

Kravitz (1976) has shown that 


e for a positive integer k, if p is a prime exceeding 2° such that 
2*p—(p+1) 
(p+1)—2* 
n = 2'-lpq is a weird number. 


the number q = is also prime and greater than 2", then 


With this formula, he found the large weird number 
nm = 2°86. (26! _ 1) . 153722867280912929 ~ 2- 10°. 


The construction by Kravitz yields primitive weird numbers since 
all weird numbers of the form 2'pq are primitive, but the existence 
of infinitely many k& and p which yield a prime q is not guaranteed. 
So, this construction cannot be used for the proof of infiniteness of 
the set of weird numbers. 


5.2.8. An untouchable number is a positive integer that cannot be 
expressed as the sum of all the proper divisors of any positive integer 
(including the untouchable number itself). That is, these numbers 
are not in the image of the aliquot sum function s(n). 

Their study goes back at least to Abu Mansur al-Baghdadi (circa 
AD 1000), who observed that 


e both 2 and 5 are untouchable. 


In fact, the number 2 is untouchable, as it cannot be represented as 
a sum of two distinct positive integers; so, it is not the sum of the 
proper divisors of any positive integer. The number 5 is untouchable, 
as the sum 5 = 1+4 is the only way to write 5 as the sum of distinct 
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positive integers including 1, but if 4 divides a number, 2 does also, 
so 1 + 4 cannot be the sum of all of any number’s proper divisors 
since the list of factors would have to contain both 4 and 2. On the 
other hand, the number 4 is not untouchable, as it is equal to the 
sum of the all proper divisors of 9: 14+ 3 = 4. 

The first few untouchable numbers are: 2, 5, 52, 88, 96, 120, 124, 
146, 162, 188, 206, 210, 216, 238, 246,... (sequence A005114 in the 
OEIS). 

It is conjectured that 


e the number 5 is the only odd untouchable number. 


This proposition, which has not been proven, would follow from a 


slightly stronger version of the Goldbach conjecture. 

In fact, the sum of the proper divisors of the product pq of two 
distinct primes p and q is 1+p+q. Thus, if a number n can be written 
as a sum of two distinct primes, then n+ 1 is not an untouchable 
number. 

It is expected that every even number larger than 6 is a sum of 
two distinct primes; so, probably, no odd number larger than 7 is an 
untouchable number. In addition, 1 = o(2)—2, 3 = 0(4)-4 =1+2, 
7 = 0(8)—8 = 14+2+4, so only 5 can be an odd untouchable number. 


Thus, it appears that 


e besides 2 and 5, all untouchable numbers are composite numbers. 


Really, except 2, all even numbers are composite. 
As, by definition, any perfect number can be expressed as the sum 
of its own proper divisors, we get that 


e no perfect number is untouchable. 

Similarly, 

e none of the amicable numbers are untouchable. 
Also, 


e all Mersenne numbers are not untouchable. 
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In fact, any number M,, = 2” — 1 can be expressed as the sum 
1+2+4---+2"—! of proper divisors of 2”. 
It is easy to see that 


e no untouchable number is one more than a prime number. 


Really, any number p+ 1 with prime p can be represented as the 
sum of the proper divisors 1 and p of p?; it is p +1. 
Also, one can check that 


e no untouchable number is three more than a prime number, 
except 5. 


In this case, any number p+3 with odd prime p can be represented 
as the sum of the proper divisors 1,2, p of 2p; it is p+ 3. 
According to Erdés (1973), 


e there are infinitely many untouchable numbers. 
Moreover, according to Chen and Zhao (2011), 


e the density of the set of untouchable numbers is at least 0.06. 


5.2.9. One more class of special numbers, closely connected with 
divisor function, are the so-called Erdés—Nicolas numbers: positive 
integers that are not perfect but that equals one of the partial sums 
of their divisors. 

That is, a number n is an Erdds—Nicolas number if there exists 
another number m such that 


Ss" d=. 


d\n, d<m 


For example, the number 24 is an Erdés—Nicolas number since 
24=1+4+2+4+3+4+4+4+6+4+8, wherel << 2<3<4<6< 8 are 
consecutive divisors of 24. 

The first few Erdds—Nicolas numbers are 24, 2016, 8190, 42336, 
45864, 392448, 714240, 1571328, 61900800, 91963648, 211891200, 
1931236608, 2013143040, 4428914688, 10200236032,... (sequence 
A194472 in the OEIS). 
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They are named after Paul Erdés and Jean-Louis Nicolas, who 
wrote about them in 1975. 


Multiply perfect numbers 
5.2.10. Given k € N, a positive integer n is called k-perfect (or k-fold 
perfect) if the sum of all positive divisors of n is equal to kn: 


a(n) = kn. 


A number that is k-perfect for a certain k is called a multiply 
perfect number (or multiple perfect number or multiperfect number or 
pluperfect number). 

For example, the number 6 is 2-perfect since 


o(6) =1+24+3+4+6=12=2.-6; 
the number 120 is 3-perfect: 
o(120) = o(2°-3-5)=15-4-6=3- 120. 
The only 1-perfect number is 1. In fact, 
e 1 is the only known odd multiply perfect number. 
By definition, 


e any perfect number is multiply perfect number; in fact, it is 2- 
perfect. 


The set of multiply perfect numbers starts from 1, 6, 28, 120, 
496, 672, 8128, 30240, 32760, 523776, 2178540, 23569920, 33550336, 
45532800, 142990848, ... (sequence A007691 in the OEIS). 


5.2.11. As of 2021, k-perfect numbers are known for each value of 
k up to 11. 

The number 120 is the first 3-perfect number. The next 
few 3-perfect (or triperfect) numbers are 672, 523776, 459818240, 
1476304896, 51001180160, ... (see sequence A005820 in the OEIS). 

There are only six known 3-perfect numbers, and they are believed 
to comprise all such numbers. 
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The first few 4-perfect numbers are 


30240, 32760, 2178540, 23569920, 45532800, 142990848, 
1379454720, 43861478400, 66433720320, 153003540480, 
403031236608, 704575228896, 181742883469056, 
6088728021160320, 14942123276641920,... 


(sequence A005820 in the OEIS). It is conjectured (Sloane, 2012) 
that there are only finitely many terms in this sequence. 
All known 5-perfect numbers are 


14182439040, 31998395520, 518666803200, 13661860101120, 
30823866178560, 740344994887680, 796928461056000, 
212517062615531520, 69357059049509038080, 
87934476737668055040, 170206605192656148480 


(sequence A005820 in the OEIS). It is conjectured that this sequence 
is finite; moreover, probably, these are its only terms. 
All known 6-multiperfect numbers are represented as follows: 


154345556085770649600, 9186050031556349952000, 
680489641226538823680000, 6205958672455589512937472000, 
13297004660164711617331200000, 15229814702070563916152832000 


(sequence A046061 in the OEIS). Similar to 5-perfect numbers, it is 
conjectured that this sequence is finite and probably has exactly six 
(already known) elements. 
As of 2021, there are exactly 5772 multiply perfect numbers. 
The first k-perfect numbers for & = 1,2,3,... are given by the 
sequence 


1, 6, 120, 30240, 14182439040, 154345556085770649600, 
141310897947438348259849402738485523264343544818565120000, ... 


(sequence A007539 in the OEIS). 
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There exists a hypothesis that all k-perfect numbers with k = 
3,4,5,6, and 7 are found. 


5.2.12. There are several interesting properties of multiply perfect 
numbers. For example, 


e if there exists an odd perfect number m, then 2m would be 3-perfect. 


In fact, it holds since (2m) = o(2)-a(m) = 3: (2m). 
However, there is no known odd perfect number as well as no 
odd 3-perfect number. But, similar to odd perfect (i.e., 2-perfect) 
numbers, it is proven that 


e an odd 3-perfect number must be a square number exceeding 10 
and have at least 12 distinct prime factors, the largest exceeding 
10", 


It is easy to show also that 


e the product of any two coprime perfect numbers is a 4-perfect 
number. 


In fact, if n and m are perfect and gcd(n,m) = 1, then o(mn) = 
a(n)o(m) = (2n) - (2m) = 4- (mn). 
So, an odd perfect number (unlikely to exist) and infinitely many 


Mersenne primes will make the sequence of 4-perfect numbers infi- 
nite. However, it is conjectured that this sequence has only finitely 
many terms. 

It can be proven that 


e for a given prime number p, if n is p-perfect and p does not divide 
n, then pn is (p+ 1)-perfect. 


In fact, in this case, o(n) = pn and a(pn) = o(p)a(n) = (p+1)(pn). 
In particular, if n is 3-perfect and (3,n) = 1, then 3n is 4-perfect. If 
n is 5-perfect and (5,n) = 1, then 5n is 6-perfect. 
On the other hand, 


e if pn is (p+1)k-perfect and gcd(p,n) = 1, then n is pk-perfect. 
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Obviously, it holds that o(pn) = ((p + 1)k)(pn) and a(n) = 
((p+1)k)(pn) __ (pk)n 

~o(p) PNM. 
This implies also that 


© an integer 2n, not divisible by 4, is a 3-perfect number if and only 
ifn is an odd perfect number. 


On the other hand, 
e if 3n is 4k-perfect and 3 does not divide n, then n is 3k-perfect. 
It is proven that 


e any 3-perfect number has at least 3 prime divisors, any 4-perfect 
number has at least 4 prime divisors, any 5-perfect number has at 
least 6 prime divisors, any 6-perfect number has at least 9 prime 
divisors, and any 7-perfect number has at least 14 prime divisors. 


5.2.13. There exists another class of special numbers connected with 
the properties of divisibility of divisor functions. One can state that 
the set of multiply perfect numbers form the positive integers n under 
the condition njo(n). It is natural to consider also the condition 

A refactorable number (or tau number) is an integer n that is 
divisible by the count of its divisors: T(n)|n. 

For example, 18 has 6 divisors (1, 2, 3, 6, 9, and 6) and is divisible 
by 6, so 18 is refactorable. 

The first few refactorable numbers are 1, 2, 8, 9, 12, 18, 24, 36, 
40, 56, 60, 72, 80, 84, 88,... (sequence A033950 in the OEIS). 

First defined by Cooper and Kennedy, 1990, these numbers were 
later rediscovered by Simon Colton, 1999. Colton got many results 
on refactorable numbers, proving a variety of congruence restrictions 
on their distribution. 

In particular, Colton has showed that 


e no refactorable number is perfect. 
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Also, Colton proved that 

e there are infinitely many refactorable numbers. 
However, Cooper and Kennedy proved that 

e the set of refactorable numbers have density zero. 


On the other hand, there are still unsolved problems regarding refac- 
torable numbers. For example, it is unknown 


e if there are arbitrarily large n such that both n and n+ 1 are 
refactorable. 


Hyperperfect numbers 


5.2.14. A k-hyperperfect number is a natural number n for which 
the equality 


n=1+k(o(n) —n-1) 


holds. Equivalently, ka(n) = (k+1)n+k—1. A hyperperfect number 
is a k-hyperperfect number for some positive integer k. 
Hyperperfect numbers generalize perfect numbers, as 


e any perfect number is 1-hyperperfect. 


In fact, for a perfect number n, it holds that 1-o(n) = o(n) = 
2n=(14+1)n4+1-1. 

The first few numbers in the sequence of k-hyperperfect numbers 
are 6, 21, 28, 301, 325, 496, 697, 1333, 1909, 2041, 2133, 3901, 8128, 
10693, 16513,... (sequence A034897 in the OEIS), with the corre- 
sponding values of k being 1, 2, 1, 6, 3, 1, 12, 18, 18, 12, 2, 30, 1, 11, 
6,... (sequence A034898 in the OEIS). The first few k-hyperperfect 
numbers that are not perfect are 21, 301, 325, 697, 1333, 1909, 2041, 
2133, 3901, 10693, 16513, 19521, 24601, 26977, 51301,... (sequence 
A007592 in the OEIS). 
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The following table lists the first few k-hyperperfect numbers for 
small values of k, together with the sequence number in the OEIS. 


OEIS Some known k-hyperperfect numbers 


A000396|6, 28, 496, 8128, 33550336, ... 
A007593|21, 2133, 19521, 176661, 129127041, ... 
925, ..- 
1950625, 1220640625, ... 
301, 16513, 60110701, 1977225901, ... 
159841,.... 
10693, ... 
697, 2041, 1570153, 62722153, 10604156641, 13544168521, .... 
1333, 1909, 2469601, 893748277, ... 
51301,... 
3901, 28600321, .... 
Za oy ae 
306181, .... 
115788961, ... 
26977, 9560844577, ... 
1433701, ... 
24601, ... 
296341, ... 
2924101, ... 
486877, ... 
5199013, ... 
10509080401, ... 


95295817, 124035913, ... 

61442077, 217033693, 12059549149, 60174845917, ... 
404458477, 3426618541, 8983131757, 13027827181, ... 
432373033, 2797540201, 3777981481, 13197765673, ... 
848374801, 2324355601, 4390957201, 16498569361, ... 
2288948341, 3102982261, 6861054901, 30897836341, ... 
4660241041, 7220722321, 12994506001, 52929885457, ... 
15166641361, 44783952721, 67623550801, ... 
18407557741, 18444431149, 34939858669, ... 
50611924273, 64781493169, 84213367729, ... 
50969246953, 53192980777, 82145123113, ... 


It can be shown that 


e ifk > 1 is an odd integer such that p = aot} and q = 3k+4 = 2p+3 
are primes, then pq is k-hyperperfect. 
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It is easy to obtain that ko(p2q) = (k+1)p?q+k—1. For example, 
for k = 1, we get p = 2, gq =7, and so, p*q = 28, the second 1-perfect 
(in fact, perfect) number. For k = 3, we get p = 5, q = 18, and so, 


p*q = 325, the first 3-perfect number, etc. 
In 2000, J. S. McCranie has conjectured that all k-hyperperfect 
numbers for odd k > 1 are of this form, but the hypothesis has not 


been proven so far. 
Furthermore, it can be proven that 


e ifp#q are odd primes and k is an integer such that k(p+q) = 
pq —1, then pq is k-hyperperfect. 


Really, it holds that 


ko(pq) = k(p +.1)(q+1) = kpq+k(p+q) +k =(k4+1)pqt+k—-1. 


For example, if p = 3 and q = 5, we get k = 2, and it is easy to see 
that 21 is 2-hyperperfect. 
It is also possible to show that 


eifk > 0 andp=k+1 is prime, then for all a > 1 such that 


q=p*—p+1 is prime, the number n = p°—'q is k-hyperperfect. 


In fact, 


| ors 
ieee 

=a ) ; 

=pq—q+p*-l=p-p* 'q+p-2 


= (hb 1p gt be, 


kop? g) =F (q+1) = (p*-1)(¢+1) 


For example, if k = 16, then p = k +1 = 17, and we are looking 
for primes q of the form 17° — 16; in such a case, the number n = 
17°-1 (17% —16) will be 16-hyperperfect. In fact, n is 16-hyperperfect 
for aw € {11,21, 127, 149, 469,...}. Similarly, n = 23¢—1(23% — 22) is 
22-hyperperfect for i € {17,61, 445,...}, etc. 
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The following table lists known values of & and corresponding 
values of a for which n is k-hyperperfect: 


Pe Onis {“Vanuesot a 


16 |A034922]11, 21, 127, 149, 469,.. 
17,61, 445,... 
$3: 80-101.. 
67, 95, 341,... 
A034923]4, 6, 42, 64, 65,... 
A034924|5, 11, 13,53, 115,.... 


A034925]9, 41, 51, 109, 483,... 


100] A034926)3, 7,9, 19, 29,99, 145,... 


Almost perfect and quasi-perfect numbers 


5.2.15. An almost perfect number (or slightly defective number or 
least deficient number) is a deficient number n such that a(n) = 
2n — 1. 

In other words, we can say that the sum of all proper divisors of n, 
s(n) = o(n)—n, is equal to n—1. So, n—s(n) = 1, and almost perfect 
numbers are the deficient numbers of minimal deficiency (which is 1). 

For example, the number 4 is almost perfect, as 0(4) = 1+3+4= 
7=2-4-1. 

The sequence of almost perfect numbers starts from 1, 2, 4, 8, 16, 
32, 64, 128, 256, 512, 1024, 2048, 4096, 8192, 16384,... (sequence 
A000079 in the OEIS). 

It is obvious that 


© any power of 2 with non-negative exponent is an almost perfect 
number. 


Indeed, ifn = 2%, then a(n) = o(2%) = 2°41-1 = 2-2%-1 = 2n-1. 
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On the other hand, 


e the powers of 2 with non-negative exponents are the only known 
almost perfect numbers. 


Therefore, 
e the only known odd almost perfect number is 1. 


However, it has not been shown that all almost perfect numbers are 
of this form. It is proven that 


e an odd almost perfect number greater than 1 would have at least 
siz prime factors. 


Moreover, 


e ifm is an odd almost perfect number, then m(2m-—1) is a Descartes 
number. 


For more information, see Chapters 4 and 7. 


5.2.16. A quasi-perfect number (or slightly abundant number) is an 
abundant number n such that o(n) = 2n + 1. 

Equivalently, n = s(n) — 1, i.e., the sum of its non-trivial divisors 
(that is, its divisors excluding 1 and n). As in this case, s(n)—n = 1, 
one can state that quasi-perfect numbers are the abundant numbers 
of minimal abundance (which is 1). 

No quasi-perfect numbers have been found so far; in other words, 


e there are no known quasi-perfect numbers. 


If a quasi-perfect number exists, it must be of a very special form. In 
fact, Brown, Abbott, Aull, and Suryanarayana (1973) have proved 
that 


© a quasi-perfect number is an odd square number greater than 10°° 
and having at least seven distinct prime factors. 


5.2.17. However, there exist numbers with abundance 2, i.e., for 
which the sum of divisors is equal to 2n + 2: a(n) = 2n 4 2. 
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The first such number is 20 since 0(20) = 7-6 = 42 2-20+ 2. 

The sequence of such numbers starts from 20, 104, 464, 650, 1952, 
130304, 522752, 8382464, 134193152, 549754241024, 8796086730752, 
140737463189504, 144115187270549504.,. . . (sequence A088831 in the 
OEIS). 

Many of these numbers are of the form 2"—!(2” —3), where 2” —3 
is prime (instead of 2” — 1 with perfect numbers). In fact, for n = 
gn-1(2" — 3), 2° -—3 € P, it holds that 


a(n) = o(2"-7(2" — 3)) = (2" — 1)(2” — 2) = 2"- 2" 3.2" 42 


= 2"(2" —3)4+2=In+2. 


As 2* —3 is prime for k € {2,3,4,5,6,9, 10, 12, 14, 20,22}, we have at 
least 11 solutions. There are solutions of other forms, for example, 
n = 650. 


Superperfect numbers 


A superperfect number is a positive integer n that satisfies the 
condition 


For example, the number 16 is a superperfect number, as a(16) = 
1+2+4+4+8+416 = 31, and o(31) = 14 31 = 32; thus, o(0(16)) = 
32 = 2-16. 

The first few superperfect numbers are 2, 4, 16, 64, 4096, 65536, 
262144, 1073741824... . (sequence A019279 in the OEIS). 

The only known superperfect numbers are those powers of 2 that 
lead to the Mersenne primes. In fact, 


e if M, = 2?—1 is a Mersenne prime, then n = 2?-1 is superperfect. 


It is obvious because in this case, it holds that 


o(n) =o(2?1) = 2? —1, and o(2? —1) = 2? = 2n. 
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For example, 
o(6(2)) =o(8) =4=2+2; o(o(4)) =o(7) =8 =2-4, 
o(o(16)) =o(S1)=— 322 =2> 16; 
o(a(64)) = o (127) = 128 = 2 - 64; 
o(a(4096)) = o(8191) = 8192 = 2- 4096. 


Conversely, any even superperfect number should have the follow- 
ing form: 


e Ifn is an even superperfect number, then n = 2" such that 2*+!—1 
is a Mersenne prime. 


It is not known whether there are any odd superperfect numbers. 
At present, it is checked that there are no odd superperfect numbers 
below 7 - 1074. If odd superperfect numbers exist, they should be 
large and of special form. It is proven that 


e any odd superperfect number n should be a square number such 
that either n or o(n) is divisible by at least three distinct primes. 
5.2.18. An almost superperfect number is a positive integer n that 
satisfies the condition 
o?(n) = a(o(n)) = 2n-1. 
e No almost superperfect numbers have been found yet. 


A quasi-superperfect number is a positive integer n that satisfies the 
condition 


o?(n) = a(o(n)) = 2n4+1. 


e The known quasi-superperfect numbers are just the Mersenne 
primes. 


It is easy to show that any Mersenne prime is quasi-superperfect. 
In fact, if Mp = 2? —1 € P, then 


o(M,) = o(2? —1) = 2?, and 
o(2?) = 2?! 1 = 2. (2? -1)+1=2-M,. 
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5.2.19. Perfect and superperfect numbers are examples of a wider 
class of the so-called m-superperfect numbers, which satisfy the con- 
dition 

o™(n) =2n, where o'(n) = o(n), 


a(n) =o(o(n)),...50°(n) = oo *(n)). 


In this notation, perfect numbers correspond to m = 1 and super- 
perfect numbers to m = 2. 

Now, the reader can define quasi m-superperfect and almost m- 
superperfect numbers as follows: quasi m-superperfect numbers sat- 
isfy the condition 0 (n) = 2n+1, while almost m-superperfect num- 
bers satisfy the condition o(n) = 2n — 1. 


5.2.20. The m-superperfect numbers are in turn examples of (m, k)- 
perfect numbers, which satisfy the condition 


on) = ke. 


With this notation, perfect numbers are (1,2)-perfect, multiply per- 
fect numbers are (1,k)-perfect, superperfect numbers are (2, 2)- 
perfect, and m-superperfect numbers are (m, 2)-perfect. 

Examples of classes of (m,k)-perfect numbers are given in the 
following table. 


es eC a ee 


2, 4, i. a 4096, 65536, 262144 | A019279 
8, 21, 512 A019281 
15, 1023, 29127 A019282 


42, 84, 160, 336, 1344, 86016,... | A019283 
any | 12, 14, 24, 52, 98, 156, 294,... A019292 
any | 2, 3, 4, 6, 8, 10, 12, 15, 18, 21,... | A019293 


For example, the number 12 is (3, 10)-perfect number, as 
o(12) = 28, o(28) = 56, o(56) = 120 = 10-12. 
The number 2 is (4, 4)-perfect number, as 


o(2)=3, o(3) = (4) =7, 67) =8 =4-2. 
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The number 3 is (4,5)-perfect number, as 
o(3) = A, a(4) = ih a(7) = 8, o(8) —-15=—5-3. 


Quasi (m,k)-perfect and almost (m,k)-perfect numbers can be 
defined now similarly as follows: A quasi (m,k)-perfect number sat- 
isfies the condition 0 (n) = kn + 1, while an almost (m,k)-perfect 
number satisfies the condition o(n) = kn — 1. The reader can try 
to find some examples of such special numbers. 


S-perfect numbers 


5.2.21. In number theory, S-perfect numbers (or Granville numbers) 
are an extension of the perfect numbers. 

In 1996, A. Granville proposed the following construction of a 
set S: 

Let 1 € S, and for any integer n larger than 1, let n € S if 


> d<n. 
d|n,d<n,deS 


An S-perfect number (or Granville number) is an element of S for 
which equality holds. That is, n is a S-perfect number if it is equal 
to the sum of its proper divisors that are also in S: 


) d=n. 
d|n,d<n,deS 


It is easy to see that 6 is the first S-perfect number. In fact, as 
1 € S, then the numbers 2, 3, 4, and 5 belong to S and are under 
the condition > Vainacn,aes d < 1: 


1<2,1<3,142=3<4,1<65. 
However, for 6, it holds that Ddin,d<n,des d=n: 
YS) d=14+24+3=6. 
d|6,d<6,deS 


The first few S-perfect numbers are 6, 24, 28, 96, 126, 224, 384, 496, 
1536, 1792, 6144, 8128, 14336, 15872, 24576,... (sequence A118372 
in the OEIS). 
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It is obvious that any deficient and any perfect number belong 
to S: 


e For a given positive integer n, if s(n) <n, thenne S. 


In fact, the restriction of the divisors sum to members of S either 


decreases the divisors sum or leaves it unchanged. So, 


d< Ss d= a(n) <n: 


d|n,d<n,deS d|n,d<n 


In particular, 


e for a given distinct primes p,q and any a CN, it holds that p%, 
pg Ee S. 


It is easy to see that for any deficient number, the inequality is strict 
in the condition above. However, 


e every perfect number is also S-perfect. 


Due to the multiplicativity of o(n), it holds that ws) < et) for 
any divisor d of n, and the inequality is strict if d < n. So, for any 
proper divisor d of a perfect number n, it holds that o(d) — d < d, 
i.e., dis deficient and hence belongs to S. So, for any perfect number 


n, we get 


d= > d= s(n) =n, 


d|n,d<n,deS d|n,d<n 


Le., n is S-perfect. 
But there are numbers, such as 24, which are S-perfect but not 
perfect. In fact (see [KolIv96]), 


e the number n = 2%p with odd prime p is S-perfect if and only if 
p = 2" —1, 2.e., is an Mersenne prime anda=kr—1, k EN. 


For example, 24 = 23-3 = 2%p, where p = 3 = My = 2? — 1 and 
a=3=2-2—1; 96 = 2°-3 = 2%p, where p = 3 = Mg = 2? — 1 and 
a=5=3-2-1, etc. 
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Moreover, it is proven in [Kolv96] that 


e the only S-perfect number of the form 2-32 +p, where p € 
p, gcd(6,p) = 1, is 126 = 2- 37-7. 


In fact, 126 is the only known S-perfect number with three distinct 
prime factors. 

Numbers that fulfill the strict form of the inequality in the above 
definition are known as S-deficient numbers. That is, S-deficient 
numbers are the natural numbers for which the sum of their divi- 
sors in S is strictly less than themselves: 


d<n. 
d\n, d<n, deS 


The first few S-deficient numbers are: 1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 
13, 14, 15, 16,.... 

Numbers that violate the inequality in the above definition are 
known as S-abundant numbers. That is, the S-abundant numbers are 
positive integers for which the sum of their divisors in S is strictly 
greater than themselves: 


> d>n. 


d\n, d<n, deS 


These numbers form the complement of S. The first few S-abundant 
numbers are: 12, 18, 20, 30, 42, 48, 56, 66, 70, 72, 78, 80, 84, 88, 90, 
102, 104,... (sequence A181487 in the OEIS). 

The first positive integer that is not in S is the smallest abundant 
number 12. The next two abundant numbers, 18 and 20, are also not 
in S. However, the fourth abundant number, 24, is in S because the 
sum of its proper divisors in S is: 1+2+3+446+8 = 24. In other 
words, 24 is abundant but not S-abundant because 12 is not in S. In 
fact, 24 is S-perfect, and it is the smallest number that is S-perfect 
but not perfect. 

The smallest odd abundant number that is in S is 2835, and the 
smallest pair of consecutive numbers that are not in S are 5984 and 
5985 [Kolv96]. 


Downloaded from www.worldscientific.com 


328 Perfect and Amicable Numbers 


Unitary perfect numbers 


5.2.22. A positive integer divisor d of a positive integer n is called an 
unitary divisor if d and 4 share no common factors. In other words, 
if the prime decomposition of n has the form n = pf - p$?-...-pp*, 
then all unitary divisors of n are 


Qa a2 Ak a a2 a Ak 1 OD Ak 
Li Oy Be sixag De sD, Py ssn Dy DL ieceg Dy Dy e<= DB, 


The concept of unitary divisor was originally due to R. 
Vaidyanathaswamy (1931), who called such a divisor block factor. 
The present terminology is due to E. Cohen (1960). 

The sum of the unitary divisors of n is denoted by o*(n). It is a 
multiplicative function with o*(p*) = p* + 1 (see sequence A034448 
in the OEIS). 

A unitary perfect number is a positive integer which is the sum of 
its positive proper unitary divisors, not including the number itself, 
i.e., a number n for which it holds that 


a(n) = 20, 
For example, the number 60 = 2? -3-5 is a unitary perfect number 


because 1, 3,4 = 27, 5, 12 = 2°+ 3, 15 = 3-5, and 20 = 2? «5 are its 
proper unitary divisors, and 


14+34+44+5+412+4+154 20 = 60. 
The first five, and only known, unitary perfect numbers are 
6, 60, 90, 87360, and 146361946186458562560000 
(sequence A002827 in the OEIS). 
In fact, 6 = 2-3, 60 = 2-35, 90 = 2: 37. 5 87360 = 2°. 3-5 - 


7-13, and 146361946186458562560000 = 2!8.3-.54-7-11-13-19- 
37- 79-109 - 157 - 313, while the respective sums of proper unitary 


Downloaded from www.worldscientific.com 


Generalizations and Analogue 329 


divisors are as follows (4095 divisors in the last sum): 
6=14+2+3; 60=14+34+4+4+5412+15+ 20; 
90=14+240+-9+ 10+ 184-45; 

87360 = 1+3+4+5+7+4134154+ 21+ 35+ 39+ 64+ 65 
+91+ 105 + 192 + 195 + 273 + 320 + 448 + 455 + 832 
+960 + 1344 + 1365 + 2240 + 2496 + 4160 + 5824 
+ 6720 + 12480 + 17472 + 29120; 
146361946186458562560000 = 1+3+5+6+7 
+11+13+4+19+---+ 13305631471496232960000 
+ 20908849455208366080000 + 48787315395486187520000. 


It is easy to see that 


e there are no odd unitary perfect numbers. 


This follows since 2”) divides the sum of the unitary divisors of 
an odd number n, where v(m) is the number of distinct prime divisors 
of n. One gets this because the sum of all the unitary divisors is a 
multiplicative function and one has the sum of the unitary divisors 
of a power p® of a prime p equal to p® + 1 which is even for any odd 
prime p. Therefore, an odd unitary perfect number must have only 
one distinct prime factor, and it is not hard to show that a power of 
prime cannot be a unitary perfect number since there are not enough 
divisors. 


It is not known whether or not there are infinitely many unitary 
perfect numbers or indeed whether there are any further examples 
beyond the five already known. It is proven that 


e aunitary perfect number greater than 146361946186458562560000 
would have at least nine odd prime factors. 


5.2.23. Using the notion of unitary perfect numbers, one can see 
that several extensions can be made for this class of numbers. 
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So, a positive integer n is called a unitary k-perfect number if 
o*(n)=kn, KEN. 


An unitary multiply perfect number is thus simply a unitary k-perfect 
number for some positive integer k. 

Equivalently, unitary multiply perfect numbers are those n for 
which n divides o*(n). 

So, in this terminology, the unitary perfect numbers are just uni- 
tary 2-perfect numbers. 

In the case k > 2, no example of a unitary k-perfect number is 
known. It is proven that if such a number exists, it must be an even 
number greater than 10!°? and must have more than 44 odd prime 
factors. 


5.2.24. Similarly, one can construct and study the so-called 67- 
unitary multiply perfect numbers. 

A positive integer divisor d of a positive integer n is called a bi- 
unitary divisor of n if the greatest common unitary divisor of d and 
4 is equal to 1. 

This concept is due to D. Surynarayana (1969). 

The sum of the bi-unitary divisors of n is denoted by o**(n) (see 
sequence A188999 in the OEIS). It is a multiplicative function with 
o** (p*) = o(p*) = a2 = 


x (pt +1) for even a. 


for odd a, and o**(p*) = a(p*%) — p 


A positive integer n is called a bi-unitary k-perfect number if 
o**(n) =kn, k EN. 


Then, a bi-unitary multiply perfect number is simply a bi-unitary 
k-perfect number for some positive integer k. In other words, bi- 
unitary multiply perfect numbers are those n for which n divides 
ge). 

The first bi-unitary multiply perfect numbers are 1, 6, 60, 90, 120, 
672, 2160, 10080, 22848, 30240, 342720, 523776, 1028160, 1528800, 
6168960,. .. (sequence A178000 in OEIS). 

In this terminology, a bi-unitary 2-perfect number is naturally 
called a bi-unitary perfect number; it is a positive integer which is 
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equal to the sum of its bi-unitary proper divisors. The only such 
numbers are 6, 60, and 90 (Wall, 1972). 
P. Hagis (1987) proved that 


e there are no odd bi-unitary multiply perfect numbers. 


Haukkanen and Sitaramaiah (2020) found certain even bi-unitary 3- 
perfect numbers, including all such numbers up to 8-10!°, as well as 
all bi-unitary 4-perfect numbers in this range. 


Perfect totient numbers 


5.2.25. A perfect totient number is a positive integer that is equal 
to the sum of its iterated totients. That is, for a given n, we apply 
the Euler’s totient function to the number n, apply it again to the 
resulting totient, and so on, until the number 1 is reached and add 
together the resulting sequence of numbers; if the obtained sum is 
equal to n, then n is a perfect totient number. 

For example, there are two positive integers less than 3 and rel- 
atively prime to it, so the totient of 3 is 2; there is one number less 
than 2 and relatively prime to it, so the totient of 2 is 1; as 3 = 
2+ 1, we can state that the number 3 is a perfect totient number. 
Similarly, there are six positive integers less than 9 and relatively 
prime to it, so the totient of 9 is 6; there are two numbers less than 
6 and relatively prime to it, so the totient of 6 is 2; and there is one 
number less than 2 and relatively prime to it, so the totient of 2 is 1; 
as 9=6+2+1, we can state that the number 9 is a perfect totient 
number. 

The first few perfect totient numbers are 3, 9, 15, 27, 39, 81, 111, 
183, 243, 255, 327, 363, 471, 729, 2187,... (sequence A082897 in the 
OEIS). 

Formally, let 
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Then, one has that n is a perfect totient number if 
n= 5° ¢(n). 
i>1 
It can be observed that many perfect totient are multiples of 3 (in 


fact, 4375 is the smallest perfect totient number that is not divisible 
by 3). Moreover, it is easy to show that 


e all positive powers of 3, i.e., all the numbers of the form 3°,a EN, 
are perfect totient numbers. 


Really, it can be proven by induction using the fact that 
1 Clad oO 4a tad as aa 


So, 
QS G8 SP 8 8? hee OOS) = 2, 
and $(2) = 1. 


Now, we get that 


3% —1 


| ee es eee ae ae) ee =a" 


The property is proved. 
Venkataraman (1975) found another family of perfect totient 
numbers: 


e Ifp=4-3%+1 is prime, then 3p is a perfect totient number. 


The values of a leading to perfect totient numbers in this way are 
0, 1, 2, 3, 6, 14, 15, 39, 201, 249, 1005, 1254, 1635,... (sequence 
A005537 in the OEIS). 


It is not known 


e whether there exists any perfect totient number of the form 3°p, 
where p is a prime and a > 3. 


For references and some additional information, see, for exam- 
ple, [BeEr74], [Melf15], [Krav76], [Erdo73], [ChZh11], [ErNi75], 
[CoKe90], [Colt99], [Zeli02], [BAAS73], [Sury69], [Weis22], [CoRi96], 
[Guy94], [Koni09], [Kolv96], [Wall72], [MSC96], [Deza21], [Yan96], 
[Weis22], [Wiki22], and [Sloa2Q]. 
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Exercises 


11. 


. Check that numbers 2, 5, and 52 are untouchable. 
. Check that 24 is an Erdés—Nicolas number. 
. Check that 1 is 1-perfect, 6 is 2-perfect, 120 is 3-perfect, and 


30240 is 4-perfect. 


. Check that 8 is a refactorable number; find the first five refac- 


torable numbers. 


. Check that 9 is a perfect totient number. Prove that 3, 9, 15, 27, 


39, and 81 are the only perfect totient numbers less than 100. 
Prove that if p= 4-3% +1 is prime, then 3p is a perfect totient 
number. 


. Prove that the only one- and two-digit S-perfect numbers are 6, 


24, 28, and 96. 


. Check that all known 3-perfect numbers have at least 3 prime 


factors, all known 4-perfect numbers have at least 4 prime fac- 
tors, all known 5-perfect numbers have at least 6 prime factors, 
all known 6-perfect numbers have at least 9 prime factors, and 
all known 7-perfect numbers have at least 14 prime factors. 


. Prove that if n is a 3-perfect number, 3|n, but 5 /n and 9 //n, 


then 45n is 4-perfect. 


. Prove that if n is a 5-perfect number and 3]|n, then 3n is 4-perfect. 
10. 


Prove that if 3n is a k-perfect number and 3 //n, then n is 3k- 
perfect. 

Check that 14182439040 = 2’. 34.5-7-117-17-19 is a 5-perfect 
number (in fact, it is the first 5-perfect number). 


5.3. Relatives of Amicable 


Numbers 


Amicable tuples 


5.3.1. Recall that amicable numbers (m,n) can be defined by the 
conditions o(m) — m =n and o(n) —n =m, which can be written 


together as 
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As a simple generalization, we can consider larger tuples, say 


(n1,N2,---,Nx), where we require 
o(n1) = o(ng) ere) =o (np) HSN +ng +-++ + Np. 
All such finite multisets (n1,2,...,n,) are called amicable multisets. 


If all members of an amicable k-multiset coincide, we obtain 
the definition of k-perfect numbers; for example, for the triple 
(120,120,120), the above condition holds, as 120 is 3-perfect: 
o(120) = 360 = 3-120 = 120 + 120 + 120 (compare with the perfect 
number 6, which form a degenerate amicable pair (6,6)). The triple 
(1740, 1740, 1560) with the property 


o (1740) = 0 (1560) = 5040 = 1740 + 1740 + 1560 


has two equal members, while the members of the triple (1980, 2016, 
2556) with the property o0(1980) = o(2016) = o(2556) = 6552 = 
1980 + 2016 + 2556 are pairwise distinct. 

So, in order to obtain a non-trivial construction, similar to 
the construction of amicable pairs, we define an amicable k-tuple, 
k € N,k > 2, as a ktuple (n1,1n2,...,n,) of positive integers 
n1,N2,.--,N~ Such that 


a(n) = o(ng) =--: =o(ng) = +n24+--- +k, 


and ny < ng < ++: < Mg. 


For k = 2, we get the definition of amicable numbers. So, one can 
state that 


e any amicable pair is an amicable 2-tuple. 


For k = 3, we get the set of amicable triples. 

The smallest amicable triple is (1980, 2016, 2556). As was shown 
before, it holds that o(1980) = o(2016) = 0(2556) = 6552 = 1980 + 
2016 + 2556. The next one is (9180, 9504, 11556). 

The first 10 amicable triples (x,y,z), v < y < z, are represented 
in the following table. 
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The smallest amicable quadruple is (3270960, 3361680, 3461040, 
3834000). It is easy to check that 
(3270960) = o(3361680) = o(3461040) = o(3834000) 
= 13927680 = 3270960, +3361680 + 3461040 + 3834000. 
The next one is (3767400, 4090320, 4150440, 4240800). 


The first 10 amicable quadruples (x,y, z,u), 7<y<z <u, are 
represented in the following table. 


3270960 | 3361680 | 3461040 | 3834000 | 13927680 
3767400 | 4090320 | 4150440 | 4240800 | 16248960 
4651920 | 4839120 | 4918320 | 5089392 | 19498752 
4969440 | 5116320 | 5475960 | 5666760 | 21228480 


5682600 | 5831280 | 5920200 | 6939360 | 24373440 
5405400 | 6029100 | 6421800 | 7142100 | 24998400 
6514200 | 6640200 | 6768720 | 7932240 | 27855360 
6126120 | 6541920 | 7559640 | 8076960 | 28304640 
6126120 | 6922080 | 7280280 | 7976160 | 28304640 
6320160 | 6902280 | 7685496 | 8122464 | 29030400 


In order to obtain some new amicable triples, one can use the 
following rule: 


e If (a,b) and (x,y) are amicable pairs and gcd(a,x) = gcd(a,y) = 
gcd(b,x) = gcd(b,y) = 1, then (ax,ay,bx,by) is an amicable 
quadruple. 


In fact, it holds that 


o(ax) = o(a)o(x) = (a+b)(a@ + y) = ax + ay + ber F by. 


Downloaded from www.worldscientific.com 


336 Perfect and Amicable Numbers 


Moreover, o(ax) = o(a)o(x) = o(b)o(x) = o(bsx); the conditions 
o(ax) = o(ay) = o(by) can be obtained similarly. 

One can find some large amicable quadruples using the following 
rule: 


(a,b, c,d) = Cy(173 - 1933058921 - 149 - 103540742849, 173 
- 1933058921 - 15531111427499, 336352252427 
- 149 - 103540742849, 336352252427 - 15531111427499), 


where M, is a Mersenne prime with p > 3 and 


Cpe PM Bo Al? 1 2 19? 6 20" 27 TI? 21092 131.6189 
-179 - 307 - 431 - 521 - 653 - 1019 - 1279 - 2557 - 3221 
-5113 - 5171 - 6949. 


The sequence A259307 in the OEIS collects the numbers that 
belong to at least one amicable multiset. They start from 1, 6, 28, 
120, 220, 284, 496, 672, 1184, 1210, 1560, 1740, 1980, 2016,.... 


Friendly numbers 


5.3.2. The abundancy (or abundancy index) of a positive integer n 
is defined as the rational number I(n) = dh It is not the same as 
abundance, which is defined as o(n) — 2n. 

A positive integer n is called a friendly number if there exists a 
positive integer m ~ n such that atm) = on) Otherwise, n is called 
solitary number. 

In other words, friendly numbers are defined as two or more posi- 
tive integers with a common abundancy. Two numbers with the same 
abundancy form a friendly pair; k numbers with the same abundancy 
form a friendly k-tuple. 

Note that there exist other interpretations of this term. For exam- 
ple, Hoffman (1998) uses the term “friendly numbers” to describe 


amicable pairs. 
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For example, friendly pairs can be represented by 
(6, 28), (30, 140), (80, 200), (40, 224), (12, 234), (84, 270), (66, 308),...; 
friendly triples can be represented by 

(2160, 5400, 13104), (9360, 21600, 23400), (4320, 4680, 26208), ...; 
friendly quadruples by 


(6, 28, 496, 8128), (3612, 11610, 63984, 70434), 
(3948, 12690, 69936, 76986), . . .; 


and friendly 5-tuples by 


(84, 270, 1488, 1638, 24384), (30, 140, 2480, 6200, 40640), 
(420, 7440, 8190, 18600, 121920), .... 


Obviously, “being mutually friendly” is an equivalence relation and 
thus induces a partition of the positive integers into clubs (equiva- 
lence classes) of mutually friendly numbers. So, for a solitary number 
which, by definition, is not part of any friendly pair, its club consists 
only of itself. 

As the numbers 1 through 5 are all solitary (since gcd(a(n),n) = 1 
for n = 1,2,3,4,5, see the following corresponding property), then 
the smallest friendly number is 6, forming, for example, the friendly 
pair (6,28) with abundancy [(6) = a) — —- = 2, the same as 
1(28) = 208) = es = 2. Numbers with abundancy 2 are 
also known as perfect numbers. So, all perfect numbers are friendly 
with each other, forming a friendly group. The shared value 2 is an 
integer in this case but not in many other cases. In fact, numbers 
with abundancy k, k € N, are known as k-perfect numbers. 

On the other hand, in spite of the similarity in name, there is no 
specific relationship between the friendly numbers and the amicable 
numbers, although the definitions of both the classes of numbers 
involve the divisor function. 
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In general, J(n) is not an integer. So, the friendly pair (4320, 
4680) has the abundancy 3, 5: 


(4320) 15120 7 

12820) = ~a0g dng 
4680) 16380 7 
1(4680) = 7{4680) _ —_ 


4680 4680 2 


As another example, the numbers 30 and 140 form a friendly pair 
(30,140) because 30 and 140 have the same abundancy 2, 4: 


o(30)_ 14+2+345464+10+15+30 72 12 


30 30 ~ 30.°~«+5? 
o(140)  14+24+44+54+7+10+ 14+ 20 + 28 +35 +70 + 140 
140 140 
_ 336 12 
or 


The numbers 2480, 6200, and 40640 are also members of this club. 

For an example of odd numbers being friendly, consider the pair 
(135, 819) with abundancy 4 (as it is less then 2, both numbers are 
deficient). 

There are also cases of even being friendly to odd, such as the 
pair (42, 544635) with abundancy %. 

The odd friend may be less than the even one, as in the pair 
(84729645, 155315394) with abundancy ee 

A square number can be friendly. For instance (Hickerson), both 
693479556 (the square of 26334) and 8640 have abundancy 42. 

Small numbers with a relatively large smallest friend do exist: 
For instance, 24 is friendly, with its smallest friend 91963648. The 
friendly pair (24, 91963648) has abundancy 2, 5. 

The sequence of known friendly numbers starts with 6, 12, 24, 28, 
30, 40, 42, 56, 60, 66, 78, 80, 84, 96, 102,... (sequence A074902 in 
the OEIS). 


5.3.3. A solitary number is a number that belongs to a singleton 
club because no other number is friendly with it. 

All prime numbers are known to be solitary as are powers of prime 
numbers. More generally, 
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e if the numbers n and o(n) are coprime so that a(n) is an irreducible 


fraction, then the number n is solitary. 


In fact, if gcd(o(n),n) = 1 and there are m 4 n such that a(n) — 
ain then ma(n) = no(m), m = kn, and o(m) = ko(n), k € N; for 


k > 1, it is impossible, as o(kn) > ka(n). For a prime number p, 


we have o(p) = p+ 1, which is coprime with p. Similarly, o(p%) = 
1+p+---+ pp also is coprime with p. 

The first numbers under the condition gcd(a(n),n) = 1 are 1, 2, 
3, 4, 5, 7, 8, 9, 11, 13, 16, 17, 19, 21, 23,... (sequence A014567 in the 
OEIS). 

However, there exist solitary numbers n for which (o(n),n) > 1. 
The list of known such numbers is thus: 18, 45, 48, 52, 136, 148, 160, 
162, 176, 192, 196, 208, 232, 244, 261, 272, 292, 296, 297, 304, 320, 
352, 369 (sequence A095739 in the OEIS). 

On the other hand, the classification of numbers 10, 14, 15, 20, 
22, 26, 33, 34, 38, 44, 46, 51, 54, 58, 62, 68, 69, 70, 72, 74, 76, 82, 
86, 87, 88, 90, 91, 92, 94, 95, 99, 104, 105,...is still unknown. 

No general method exists for determining whether a number 


is friendly or solitary. The smallest number whose classification is 
unknown is 10; it is conjectured to be solitary. If it is not, its small- 
est friend is at least 10°. 


5.3.4. It is easy to show that every pair (m,n) of friendly num- 
bers gives rise to a positive proportion of all positive integers being 
friendly (but in different clubs) by considering pairs (km,kn) for 
multiple k with gcd(k,mn) = 1. 

For example, the primitive friendly pair (6,28) gives rise to 
friendly pairs (6k, 28k) for all k coprime with 42, i.e., congruent to 
1, 5, 11, 18, 17, 19, 23, 25, 29, 31, 37, or 41 modulo 42; The common 
abundancy of the pair (6k, 28k) is et 

So, we have proven that 


e there are infinitely many friendly numbers. 


This leads to the proposition that the density of the friendly numbers 
(if it exists) is positive. 
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Anderson and Hickerson proposed that the density should in fact 
be 1 (or, equivalently, that the density of the solitary numbers should 
be 0). This conjecture has not been resolved. 

However, it is an open problem whether there are infinitely large 
clubs of mutually friendly numbers. Perfect numbers form a club, 
and it is conjectured that there are infinitely many perfect numbers 
(at least as many as there are Mersenne primes), but no proof is 
known. As of 2021, 51 perfect numbers are known, the largest of 
which has more than 49 million digits. 

There are clubs with more known members: in particular, those 
formed by k-perfect numbers, which are numbers whose abundancy 
is an integer k. As of early 2013, the club of friendly numbers with 
abundancy equal to 9 has 2094 known members. Although some of 
such classes are known to be quite large, clubs of multiply perfect 
numbers (excluding the perfect numbers themselves) are conjectured 
to be finite. 


Multiple amicable numbers 


5.3.5. Two positive integers (m,n), m <n, are called an (a, 3)- 
multiple amicable pair (or (a, 3)-multiple amicable pair), a, 8 € N, if 


o(m)—-m=an and o(n)—n= fm. 
Equivalently, we get a multiple amicable pair (m,n) if 
a(m) =an+m, and o(n) = Bm+n,a, BEN. 


In general, the condition af > 1 is used since if a = 6 = 1, we get 
an ordinary amicable pair. 

For example, the pair (52920, 152280) is (1,7)-multiple amicable 
since 


0 (52920) = 152280 + 52920 and o(152280) = 6 - 52920 + 152280, 
while the pair (76455288, 183102192) is (1, 6)-multiple amicable since 


0 (76455288) = 76455288 + 183102192 and 
0 (183102192) = 6 - 76455288 + 183102192. 
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In 1995, Cohen, Gretton, and Haggis have used an exhaustive 
numerical method to find the following six (a,()-amicable pairs 
(m,n) with m < 10°: 


e There are three (1,7)-amicable pairs (m,n), the pairs are 


(m= 52920 = 2°: 3? .5=7*, 
= 152080 =F 3 gF 5 ay): 

(m= 16225560 = 2° - 37+ 5+ 13 « 3467, 
n = 40580280 = 2° . 3? . 5 - 132 . 23 - 29); 
(m = 90863136 = 2° -3?-7- 13 - 3467, 
nm = 227249568 = 2° . 3? . 7. 132 . 23 - 29). 


e There are two (2,5)-amicable pairs (m,n), the pairs are 


(7 = 3508560 = 2°. 32 bo < 17, 
= 595 T2E0 = 2° 8? «bx 7? « 197) 
(me = 3598560 = 2°375"7"13117, 
7. = SOD 7280 = 2°375"* 7°13" 197). 


e There is one (1,6)-amicable pair (m,n), the pair is 


Gav = 76455288 = 2° «3? <7? «13. 1667, 
n = 183102192 = 2+. 3?- 7-13-89 - 157). 


5.3.6. It is easy to see that 
e for an (a, 3)-multiple amicable pair, it holds that 


(a+1)m <oa(m) < (a+1)n, and (84+1)n < o(n) < (64+1)m. 


Really, since n > m, then an+m < an+n = (a+ 1)n; on the 
other hand, an+m>am+m=(a+1)m. 
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Moreover, the following proposition, useful for a search of multiple 
amicable pairs, holds: 


e Let m,n,a,B,a € N, gced(a,m) = gced(a,n) = 1 and — — 
m+an _ n+Bm , then 


me mi (am,an) is an (a, 3)-multiple amicable pair. 


It can be checked by simple computations. 
It is known that 


e in an (a, B)-multiple amicable pair (m,n), the smaller member m 
cannot have just one distinct prime factor, and if it has precisely 
two prime factors, then a= 1 and m is even. 


Quasi-amicable and augmented amicable 
numbers 


5.3.7. Betrothed numbers (or quasi-amicable numbers or reduced 
amicable numbers) are two positive integers such that the sum of 
the proper divisors of either number is one more than the value of 
the other number. One can state also that the pair (m,n) forms a 
quasi-amicable pair if m is the sum of non-trivial divisors (e.g., all 
positive divisors without 1 and the number itself) of n, and n is the 
sum of non-trivial divisors of m. 

In other words, the pair (m, 7) is a pair of quasi-amicable numbers 
if 

m= s(m)—1 and m= s(n) -1. 
An equivalent condition is 
o(m) =o(n)=m+n+1. 

For example, the pair (48, 75) is quasi-amicable since 0(48) = 
o(75) = 124 = 484 75 +1. 

Augmented amicable numbers (or reduced amicable numbers) are 


two positive integers such that the sum of the proper divisors of 
either number is one less than the value of the other number. 
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In other words, the pair (m,n) is a pair of augmented amicable num- 
bers if 


o(m) =o(n)=m+n-1. 


For example, the pair (6160, 11697) is augmented amicable since 
(6160) = o(11697) = 17856 = 6160 + 11697 — 1. 

The first few pairs of quasi-amicable numbers are (48, 75), (140, 
195), (1050, 1925), (1575, 1648), (2024, 2295), (5775, 6128), (8892, 
16587), (9504, 20735), (62744, 75495), (186615, 206504),. .. (see 
sequence A005276 in the OEIS; see also A003502 and A003503), in 
total 46 pairs with m up to 10°. 

The first few pairs of augmented amicable numbers are (6160, 
11697), (12220, 16005), (23500, 28917), (68908, 76245), (249424, 
339825), (425500, 570405), (434784, 871585), (649990, 697851), 
(660825, 678376), (1017856, 1340865),... (see sequence A281265 in 
the OEIS), in total 36 pairs with m up to 107. 


5.3.8. All known pairs of quasi-amicable numbers as well as aug- 
mented amicable numbers have opposite parity. 
By the definition of quasi-amicable pair, one can state that 


e if (m,n) is a quasi-amicable pair of the same parity, then each of 
its member should be a square or twice a square. 


Making use of this fact, Hagis and Lord (1977) performed a search 
for quasi-amicable pairs of the same parity in the range 10’—10!°. 
None were found. At present, it is checked that 


e any pair of quasi-amicable (or augmented amicable) numbers of 
the same parity must exceed 10!°. 


Hagis and Lord also obtained the following interesting result: 


e If (m,n) is a quasi-amicable pair with gcd(m,n) = 1, then m and 
n each exceeds 10°° and mn has at least four distinct prime factors; 


moreover, mn has at least 21 distinct prime factors if it is odd. 
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So, it is natural to conjecture that 


e there are no quasi-amicable pairs (or augmented amicable pairs) 
with the same parity. 


On the other hand, there exists a conjecture [Yan96] that 


e there are infinitely many quasi-amicable pairs and augmented ami- 
cable pairs. 


5.3.9. Let A(x) be the number of amicable pairs, A’(x) be the num- 
ber of quasi-amicable pairs, and A’(x) be the number of augmented 
amicable pairs not exceeding a real positive number x. The numeri- 
cal analysis allows to conjecture (Cohen, 1970; [Yan96]) that 


e there exist positive constants 3, B’, and B" such that 
log A(x) ~ Blogz, log A'(x) ~ Blogz, log A" (x) ~ 8" log x. 


For references and some additional information, see, for exam- 
ple, [CGH95], [HaLo77], [Yan96], [Cohe70], [Weis22], [Wiki22], and 
[Sloa22]. 


Exercises 


1. Prove that the definition of amicable triple (J,m,n) can be refor- 
mulated as follows: s(l) = m+n, s(m) =1+n, s(n) =1+™m, 
where s(n) = a(n) — n. Check that the triple (2? -3?-5-11,2°- 
3? . 7,2? . 32-71) is amicable. 

2. Prove that the abundancy ote) of n can be expressed as o_;(n), 
where o, denotes a divisor function with o,(n) equal to the sum 
of the «th powers of the divisors of n. Find the abundancy n for 
n =1,2,3,...,10. 

3. Check that a friendly pair (24, 91963648) has abundancy 2, 5. 

4. Prove that the harmonic mean of all divisors of n is ——- 

5. Check that the abundancy of any perfect number is equal to 2. 
Prove that we have at least 1275 friendly pairs with common abun- 


dancy 2. 
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6. Check that the numbers 18 and 17 are solitary. 

7. Check that the pairs (48, 75), (140, 195), and (1050, 1925) are 
quasi-amicable (see sequences A005276, A003502, and A003503 
in the OEIS; see also A003502 and A003503). 

8. Check that the pairs (6160, 11697), (12220, 16005), and (23500, 
28917) are augmented (see sequence A281265 in the OEIS). 


5.4. Sociable Numbers 


Basic definitions 


5.4.1. A positive divisor of a positive integer n which is different 
from n is called a proper divisor (or aliquot part) of n. The sum 
s(n) = Scan, azn @, n € N, of all proper divisors of n is called 
restricted divisor function (or aliquot sum function or just aliquot 
sum) of n. 

By definition, s(n) = o(n) —n, where a(n) = dig, d is the sum 
of divisors function (or sigma function): the sum of positive integer 
divisors of a positive integer n. 

Sociable numbers are defined as positive integers whose aliquot 
sums form a cyclic sequence that begins and ends with the same 
number. They are generalizations of the concepts of amicable num- 
bers and perfect numbers. 

Formally, a k-tuple of sociable numbers (or amicable k-cycle or 
sociable k-cycle or aliquot k-cycle) is formed by k positive integers 
(%1,2%2,..., 2%), related in such a way that 


Sar) ) = ay, 8109) = Fey SCE) HB See) = Vis 
By definition, for k = 2, we get an amicable pair, while for k = 1—a 
perfect number. 


In terms of the sigma function, a k-tuple of sociable numbers is 
formed by k positive integers (71, 22,...,2%) such that 


o(21) = 21 +22, o(@2) = 294+ 23,...,0(Le-1) = Le, 


O(£_) = Ze +21. 
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On the other hand, for a given positive integer n, we define the 
aliquot sequence of n as 


s°(n) =n, s!(n) = s(n), s?(n) = s(s(n)),...,8"(n) = (s*-1(n)),.... 


Then, for any perfect number n, we get the constant sequence 


n,n,n,n,...; for any amicable pair (m,n), we get the sequence 
m,n,m,n,...; for any k-tuple of sociable numbers, (x1, 22,...,Zk), 
we get the sequence 71, %2,...,@k,%1,02,---,Uk,---- 


Each number is the sum of the proper factors of the preceding 
number, i.e., the sum excludes the preceding number itself. For the 
sequence to be sociable, the sequence must be cyclic and return to 
its starting point. The period of the social sequence or order of the 
set of sociable numbers is the number of elements in this cycle. 

So, any perfect number forms an aliquot sequence of period 1, i.e., 
a sociable number of order 1. A pair of amicable numbers constitutes 
an aliquot sequence of period 2, i.e., a set of sociable numbers of order 
2. A k-tuple of sociable numbers forms an aliquot sequence of period 
k, k > 3, i.e., a set of sociable numbers of order k. 

For instance, the number 6 gives an example of amicable 1-cycle: 
s(6) = 6. The pair (220,284) forms an amicable 2-cycle: s(220) = 
284 and s(s(220)) = s(284) = 220. There are no known amicable 
3-cycles. 

The quadruple (1264460, 1547860, 17276361305184) gives an 
example of a sociable 4-cycle. In fact, the sum s(1264460) of the 
proper divisors of 1264460 = 2? - 5-17-3719 is 


14+2+4+5+4+10+17+4 204 34+ 68 + 85 + 170 + 340 
+3719 + 7438 + 14876 + 18595 + 37190 + 63223 + 74380 + 126446 
+ 252892 + 316115 + 632230 = 1547860; 


the sum s(1547860) of the proper divisors of 1547860 = 27-5-193-401 
is 


14+2+4+4+5+10+4 204 193 + 386 + 401 + 772 + 802 
+ 965 + 1604 + 1930 + 2005 + 3860 + 4010 + 8020 + 77393 + 154786 
+ 309572 + 386965 + 773930 = 1727636; 
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the sum s(1727636) of the proper divisors of 1727636 = 27 - 521 - 829 
is 


1+2+4-+4 521 + 829 + 1042 + 1658 + 2084 + 3316 
+ 431909 + 863818 = 1305184; 


lastly, the sum s(1305184) of the proper divisors of 1305184 = 2° - 
40787 is 


14+2+4+4+8+416+ 32 4+ 40787 + 81574 + 163148 + 326296 
+ 652592 = 1264460. 


The 5-tuple (12496, 14288, 15472, 14536, 14264) is an example of 
sociable 5-cycle (sequence A072891 in the OEIS). 

The only known 28-cycle is (14316, 19116, 31704, 47616, 83328, 
177792, 295488, 629072, 589786, 294896, 358336, 418904, 366556, 
274924, 275444, 243760, 376736, 381028, 285778, 152990, 122410, 
97946, 48976, 45946, 22976, 22744, 19916, 17716) (sequence A072890 
in the OEIS). 

These two sequences provide the only sociable numbers of order 
k > 3 below one million. 

Moreover, only these two groups of sociable numbers of orders 5 
and 28, discovered and named by Poulet in 1918, were known prior 
to 1970. In 1970, Cohen discovered nine groups of order 4. 

The first few known sociable numbers of order k > 3, more 
exactly, the smallest members of known sociable cycles, are 12496, 
14316, 1264460, 2115324, 2784580, 4938136, 7169104, 18048976, 
18656380, 28158165, 46722700, 81128632, 174277820, 209524210, 
330003580, ... (sequence A003416 in the OEIS); they have orders 
5, 28, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4,... (Sequence A052470 in the 
OEFIS). 

The list of all known sociable numbers, represented in increas- 
ing order, starts from 12496, 14264, 14288, 14316, 14536, 15472, 
17716, 19116, 19916, 22744, 22976, 31704, 45946, 47616, 48976, 
... (sequence A003416 in the OEIS). 

The following table summarizes the smallest members of known 
social cycles of order k > 4 as well as the number of such cycles 
known. 
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Smallest element 


4 5398 | 1264460, 2115324, 2784580, 4938136, 7169104, 18048976, ... 
5 12496 
6 


21548919483, 90632826380, 1771417411016, 3524434872392, 
4773123705616 
1095447416, 1276254780 
805984760 
14316 


As of 2021, excluding perfect (51) and amicable (> 10°) numbers, 
a total of > 5400 sociable cycles are known. 


Properties of sociable numbers 


5.4.2. At present, sociable cycles with length 3 are known. Numer- 
ical search allows us to state that 


e in any sociable triple (x,y,z), x <y < z, the smallest member «x 
should be greater than 5-10". 


However, it is conjectured that 


e for k equal to 3 modulo 4, there exist no sociable k-cycles. 


In particular, there exist no cycles of length 3,7, 11, 15,19, 23, 27, 
31,35, 39,.... 

Similar to amicable pairs, many sociable cycles (21,...,2,) have 
the cycle sums #1 + +--+ a, divisible by 10. It is true for the 4- 
cycle (1264460, 1547860, 17276361305184) as well as for the 28-cycle 
(14316, 19116, 31704, 47616, 83328, 177792, 295488, 629072, 589786, 
294896, 358336, 418904, 366556, 274924, 275444, 243760, 376736, 
381028, 285778, 152990, 122410, 97946, 48976, 45946, 22976, 22744, 
19916, 17716) but not for the 5-cycle (12496, 14288, 15472, 14536, 
14264). 

Up to the known > 1590 sociable k-cycles, k > 3, 96.1% of the 
sociable cycles satisfy this condition (up to the first 10 sociable cycles 
40%; up to the first 100 sociable number cycles 77%; up to the first 
500 sociable number cycles 92%; and up to the first 1000 sociable 
number cycles 94.9%). 
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It is conjectured that 


e as the number of sociable cycles with length greater than 2 
approaches infinity, the percentage of the cycle sums divisible by 
10 approaches 100%. 


5.4.3. Let A(x) be the number of sociable k-cycles not exceeding 
a real positive number «. The numerical analysis allows us to con- 
jecture [Yan96] that 


e there exists a positive constant 8’ such that log A! (x) ~ 6B” log x. 


On the behavior of aliquot sequences 


5.4.4. As we discussed before, any sociable number results in a peri- 
odic aliquot sequence called sociable sequence (or sociable chain). If 
the period of the sociable chain is 1, we get a perfect number. If the 
period is 2, the two numbers form an amicable pair. In general, if the 
period is k > 3, the obtained numbers are called sociable of order k. 

For example, 1264460 (as well as 1547860, 1727636, and 1305184) 
is a sociable number of order 4 since its aliquot sequence is 1264460, 
1547860, 1727636, 1305184, 1264460,.... 

However, there exist aliquot sequences of other forms. 

Many aliquot sequences terminate at 0. For example, the aliquot 
sequence of 10 is 10, 8, 7, 1, 0 because s(10) = 54+2+1 = 8, 
s(8) = 4+2+4+1=7, s(7) = 1, s(1) = 0. The aliquot sequence of 
12 is 12, 16, 15, 9, 4, 3, 1, 0. The aliquot sequence of 840 (sequence 
A045477 in the OEIS), starting with 840, 2040, 4440, 9240, 25320, 
51000, 117480, 271320, 765480, 1531320, ...reaches 0 at the 748th 
term. 

All such sequences necessarily end with a prime number (since 
the only n for which s(n) = 1 are primes) followed by 1 (since the 
only proper divisor of a prime is 1), followed by 0 (since 1 has no 
proper divisors). 

The first few numbers whose aliquot sequence terminates at 0 are 
1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,... (sequence A080907 
in the OEIS). 
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However, there are a variety of ways in which an aliquot sequence 
might not terminate. 

For perfect, amicable, and sociable numbers, their aliquot 
sequences are cyclic, so terminate in a constant (in fact, in a per- 
fect number) or in a cycle with length > 2. 

So, the numbers whose aliquot sequence is a constant sequence 
are the perfect numbers 6, 28, 496, 8128, 33550336, 8589869056, 
137438691328, 2305843008139952128,... (sequence A000396 in the 
OEIS), while numbers whose aliquot sequence terminates in a cycle 
with length at least 2 are 220, 284, 562, 1064, 1184, 1188, 1210, 1308, 
1336, 1380, 1420, 1490, 1604, 1690, 1692,... (sequence A121507 in 
the OEIS). 

Some numbers have an aliquot sequence which is eventually peri- 
odic, but the number itself is not perfect, amicable, or sociable. For 
instance, the aliquot sequence of 95 is 95, 25, 6, 6, 6, 6,.... Num- 
bers such as 95 that are not perfect but have an eventually repeating 
aliquot sequence of period 1 are called aspiring numbers. The first 
few aspiring numbers are 25, 95, 119, 143, 417, 445, 565, 608, 650, 
652, 675, 685, 783, 790, 909,... (sequence A063769 in the OEIS). 
There are many numbers whose aliquot sequences have not yet been 
completely computed, so this sequence is not fully known. In par- 
ticular, 276 may, perhaps, be an element of this sequence, although 
this is very unlikely. 

Numbers whose aliquot sequences are not known to be finite or 
eventually periodic are 276, 306, 396, 552, 564, 660, 696, 780, 828, 
888, 966, 996, 1074, 1086, 1098,... (sequence A131884 in the OEIS). 

The following list indicates the termination’s number of the 
aliquot sequence starting at n = 1,2,3,...: 1, 2, 3, 3, 5, 6, 7, 7, 
3, 7, 11, 3, 13, 7, 3,... (sequence A115350 in the OEIS). Here, a(n) 
gives the prime number if the sequence terminates in a prime fol- 
lowed by 1 and 0 (as an exception, a(1) = 1), a(n) give a per- 
fect number if the sequence terminates in a perfect number, a(n) 
gives the smallest number of the cycle if the sequence terminates 
in an aliquot cycle, a(n) = 0 if the sequence is open ended. So far, 
276 is the smallest number for which the termination of the aliquot 
sequence is not known. The lengths of the aliquot sequences that 
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start at n =1,2,3,... are 1, 2, 2, 3, 2,1, 2,3, 4, 4,2, 7,2,5,5,..., 
respectively (sequence A044050 in the OEIS). 

As of 2015, there were 898 positive integers less than 10° whose 
aliquot sequences have not been fully determined and 9,190 such 
integers less than 10°. 

It is an open question whether all numbers end up at either a 
sociable number (including perfect and amicable numbers) or at a 
prime (and hence 1) or, equivalently, whether there exist numbers 
whose aliquot sequence never terminates and hence grows without 
bound. 

The Catalan’s conjecture states that 


e every aliquot sequence terminates in a prime number followed by 
1, a perfect number, a friendly pair, or an aliquot cycle. 


The alternative would be that a number exists whose aliquot 
sequence is infinite yet never repeats. Any one of the many num- 
bers whose aliquot sequences have not been fully determined might 
be such a number. 


Generalizations of sociable numbers 


5.4.5. Like sociable numbers, quasi-sociable numbers (or reduced 
sociable numbers) are positive integers whose aliquot sums minus one 
form a cyclic sequence that begins and ends with the same number. 
They are generalizations of the concepts of quasi-amicable numbers 
and quasi-perfect numbers. 

Formally, a k-tuple of quasi-sociable numbers is formed by k pos- 
itive integers (11, %2,...,2x), related in such a way that 
8(@1) -l= 22, s(ag) -1=23,...,8(ap_1) -1= ax, 8(ap) -—1 = 21. 
By definition, for k = 2, we get a quasi-amicable pair, while for k = 1, 
a quasi-perfect number. 

In terms of the sigma function, a k-tuple of quasi-sociable numbers 
is formed by k positive integers (21, 22,...,2,) such that 


o(x1) = 21 +2241, o(@2) =22+234+1, ...,0(&K-1) 


= 0p-1+%R41, o(@~) = 2p +2141. 
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On the other hand, for a given positive integer n, we define the 
quasi-aliquot sequence (or quasi-sociable sequence or reduced aliquot 
sequence or quasi-sociable chain) of n as 


3(n) =n,3'(n) = 3(n),37(n) = 3(3(n)),...,3*(n) =3(3* 1 (n)),..., 


where 3(n) = didn, dé1,dén @ = 8(n) — 1 = o(n) —n—1 is the sum 
of non-trivial divisors of a positive integer n. Then, a number 1 is 
called a quasi-sociable number of order k if its quasi-aliquot sequence 
is cyclic with period k,k EN. 

The first quasi-sociable sequence was discovered by M. Dicker- 
man in 1997. It has period 8: 1215571544, 1270824975, 1467511664, 
1512587175, 1530808335, 1579407344, 1638031815, 1727239544, 
1215571544,... (sequence A309227 in the OEIS). 

This is the only one known quasi-sociable chain, and the second 
quasi-sociable chain (if exists) must have all numbers > 10”. 


5.4.6. Like aliquot sequences, quasi-aliquot sequences can have dif- 
ferent structures. 

Most quasi-aliquot sequences terminate at 0, all such sequences 
necessarily end with either a prime number followed by 0 or 1 followed 
by 0. For example, the quasi-aliquot sequence of 36 is 36, 54, 65, 18, 
20, 21, 10, 7, 0. Of course, only the sequence of 1 can reach 1 since 
o(n) — n — 1 is never equal to 1. Although o(1) -1—1 = —1, we 
change it to 0; so, the quasi-aliquot sequence for 1 has the form 1, 0. 

It is widely believed that 


e every quasi-aliquot sequence ends in one of these three ways: 0, a 
quasi-amicable pair, or a quasi-sociable cycle. 


It is also widely believed that 

e almost all positive integers have quasi-aliquot sequences that ter- 
minate at 0. 

5.4.7. Y. Kohmoto has considered a generalization of the sociable 


numbers defined according to the generalized aliquot sequence 


a(n) _ alain 1) 


,meEN. 
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Multiply perfect numbers (in fact, m-perfect numbers) are fixed 
points of this mapping since if a(n) = a(n — 1), then ma(n) = 
o(a(n)), which is the definition of an m-perfect number. 

If the sequence a(n) becomes cyclic after k > 1 terms, it is called 
+ -sociable number of order k. 


It is easy to prove that 


a 


e the numbers 27-1 M, and 2P-1M,, where M, and Mg are distinct 
Mersenne primes, are 5-sociable numbers of order 2. 


In fact, if M, and M, are distinct Mersenne primes, then 


i 1 1 
57 (27! Mp) =5 ie = 2 My, 50 (2? * Ma) =2'-" i. 


so 27-1M, and 2?-1M, are 5-sociable numbers of order 2. 
The following table summarizes the smallest members of the gen- 
eralized + aliquot sequences of order k found by Kohmoto. 


3 | 2 | 2096640, 422688000 
4 | 12 3396556800 


For some additional information, see, for example, [CGH95], 
[HaLo77], [Yan96], [Cohe70], [Deza21], [Yan96], [Wiki22], [Sloa22], 
and [Weis22]. 


Exercises 


1. Check that the numbers 1264460, 1547860, 1727636, and 1305184 
form a sociable quadruple. 

2. Construct the aliquot sequences for the numbers n = 
1,2,3,..., 10, 25, 28, 220, 496, 12496, 14316. What can be said 
about the terminated numbers of these sequences? Can they be 
perfect numbers? 

3. Construct the quasi-aliquot sequences for the numbers n = 
1,2,3,..., 10, 25, 28, 220, 496, 12496, 14316. What can be said 
about the terminated numbers of these sequences? Can they be 
perfect numbers? 
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4. Prove that numbers (7,127) are 4-sociable. What can be said 
about numbers (3,31)? 


5. Prove that the numbers (2096640, 422688000) are $-sociable. 


5.5. Search for Numbers Under 
Consideration 


5.5.1. In the theory of perfect, amicable, and sociable numbers, 
there exist three classical groups of methods for finding all these 
three kind of special numbers. There are three essentially different 
types of methods of such generation, namely the exhaustive numer- 
ical searching methods, the algebraic assumption methods, and the 
algebraic constructive methods (for more information, see, for exam- 
ple, a monograph by S. Y. Yan [Yan96]. 

Methods of the first type are directly based on numerical calcu- 
lations of values of sigma function. 

For example, if o(N) = 2N, we call the number n perfect. Simi- 
larly, if o(NV) = kN, k €N, one obtains a multiperfect number; other 
variants lead to quasi-perfect, almost perfect, superperfect numbers, 
etc. 

If o(N) = o(M) = N+M, then numbers M and N form an 
amicable pair (M,N). On the other hand, if o(m1) + o(m2) +--+ + 
o(mgz) = mM, + m2 +--+ + mg, then numbers (m1, m2,...,m) from 
an amicable k-tuple, while if 


o(m1) — m1 = m2, 0(m2) — M2 = mz,...,0(Mg_-1) — Mp1 


= Mp, 0(M_) — Me = ME, 


we get an aliquot (sociable) k-cycle; there exist also quasi-amicable, 
augmented amicable, multiply amicable numbers, and other similar 
classes of special numbers. 

In the second type of methods, an assumption is made about 
the prime structure of considered numbers. For example, for k = 
1,2,3,..., if 2" —1 is a prime, then N = 2*-1(2* — 1) is an even 
perfect number. On the other hand, the Thabit’s rule states that for 
a given n = 1,2,3,..., if p,q, and r are distinct primes of a special 
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form, then the numbers M = 2”.p-q and N = 2”.,r form an 
amicable pair (M,N). Similar rules exist for some types of tuples of 
length k > 3. 

In the third type of methods, new elements of considered set of 
special numbers are constructed from a given mother (or breeder) 
element of the same set. For example, the Borho’s rule states that 
if an amicable pair A = a- u, B = a-s is given, where s is prime, 
(a,us) = 1, p= u+s+1 is prime, and a is not divisible by p, 
then the pair (M = A- p"-q,N = a-p"- q) is an amicable pair 
for each n = 1,2,3,... such that both q, = (w+ 1)-p"—1 and 
gg = (u+ 1)-(s+1)-p” —1 are primes. Several similar approaches 
for k-tuples with k > 3 are considered in the last part of this section. 

In this section, we present main facts concerning the historical 
and contemporary aspects of the search of some classes of numbers 
relative to perfect and amicable numbers. 


Numerical methods for analogue of 
perfect numbers 


The numerical methods are the simplest methods in which the com- 
putation is directly based on the calculation of the sigma function. 


5.5.2. Recall that a positive integer n is k-perfect if o(n) = kn, 
k EN. So, the determination of where n is k-perfect can be done by 
just checking the sigma value of n. 


Algorithm for searching k-perfect numbers, 3<k< 10, in 
the interval [A,B] 


e For n from A to B, find 


a +1 : 
ae, ee ee 
1 ‘P2 s py -1 po —1 Ds—1 


e For k from 3 to 10, if a(n) = kn, then n is k-perfect. 


Note that most computer algebra systems (Mathematica, Marple 
etc.) have a standard function to calculate a(n). 
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In the following, some results for n up to 10!! are given. The 
largest known value of k is 8. 


3-perfect numbers | 4-perfect numbers | 5-perfect numbers 


120 30240 14182439040 
672 32760 
523776 


5.5.3. A positive integer is perfect, quasi-perfect, or almost perfect 
if o(n) = 2n, o(n) = 2n +1, or o(n) = 2n — 1, respectively. So, the 
determination of where n is perfect, quasi-perfect, or almost perfect 
can be done by just checking the sigma value of n. 


Algorithm for searching all perfect, quasi-perfect, or 
almost perfect numbers in the interval [A, B] 


e For n from A to B, find 


Oatl 4 ootl _ 4 Ast _ 7 
ia oO oe a =“ 


e If a(n) = 2n —1, then n is almost perfect. 
e If a(n) = 2n, then n is perfect. 
e If a(n) = 2n +1, then n is quasi-perfect. 


5.5.4. A positive integer is superperfect, quasi-superperfect, or 
almost superperfect if o(a(n)) = 2n, o(o(n)) = 2n +1, or a(a(n)) = 
2n — 1, respectively. So, the determination of where n is superper- 
fect, quasi-superperfect, or almost superperfect can be done by just 
checking the sigma value of a(n). 


Algorithm for searching all superperfect, 
quasi-superperfect, or almost superperfect numbers 
in the interval [A, B] 


For n from A to B, find a(a(n)). 
If o(a(n)) = 2n — 1, then n is almost superperfect. 
If o(a(n)) = 2n, then n is superperfect. 


If o(a(n)) = 2n + 1, then n is quasi-superperfect. 
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In the following, some results are given (in fact, for the list of the 
first seven almost perfect, superperfect, and quasi-superperfect num- 
bers, see [Yan96]). It turns out that there exist no quasi-perfect and 
almost superperfect numbers. All powers of two are almost perfect 
numbers, and there are no other known numbers of this type. The 
known quasi-perfect numbers are just the Mersenne primes, while 
the only known superperfect numbers are those powers of two that 
lead to Mersenne primes. 


Almost perfect | Superperfect | Quasi-superperfect 


127 

4096 8191 
65536 131071 
262144 524287 


This algorithm can be generalized to k-superperfect numbers 
and their analogue for k > 3. Recall that a positive integer is k- 
superperfect, quasi k-superperfect, or k-almost superperfect, k > 8, 
if o*(n) = o(a(o(...(n)))) = 2n, o*(n) = o(a(a(...(n)))) = 2n +1, 
or o*(n) = a(a(a(...(n)))) = 2n — 1, respectively. So, the deter- 
mination of at which n is k-superperfect, quasi k-superperfect, or 
k-almost superperfect can be done by just checking the value o*(n), 
where o!(n) = a(n) and o**+1(n) = o(o%(n)), i = 2,3,..., i.e, by the 
following simplest numerical method. 


Algorithm for searching all k-superperfect, quasi 
k-superperfect, or k-almost superperfect numbers, 
3 <k < 10, in the interval [A, B] 


For n from A to B, find o(n) and o?(n). 

For k from 3 to 10, find o*(n). 

If o*(n) = 2n — 1, then n is almost k-superperfect. 
If o*(n) = 2n, then n is k-superperfect. 


If o*(n) = 2n +1, then n is quasi k-superperfect. 
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The major computation of the above algorithms is the computa- 
tion of a(n) which is based on the complete integer factorization of n. 
Since at the present time, no efficient factoring algorithm has been 
found, the algorithms cannot be performed in deterministic polyno- 
mial time. 


Numerical methods for analogue of 
amicable numbers 


Recall that a pair (m1,mz2) is quasi-amicable if o(m1) = o(me2) = 
my+m2+1. Ifo(m1) = (m2) = m1+mz2-—1, then the pair (m1, m2) 
is an augmented amicable pair. 


Algorithm for searching all quasi-amicable and augmented 
amicable pairs (m1,m2) with m, < m2, where m is 
in the interval [A, B] 


e For m, from A to B, find 
mz = a(m1)—m, —1 = a(pt py? +... pS?) — py! po? ps  — 1. 
e If mz > my, find a(mz). 


e If o(m2) = o(m}), then (m1, mz) is a quasi-amicable pair. 
e For m, from A to B, find 


mz = o(m1)—m, +1 = o(pft-p>?+...-ps*) — py py? pS +1. 


e If mz > my, find a(mz). 
e If o(m2) = o(mz), then (m1, mg) is an augmented amicable pair. 


At present, all quasi-amicable and augmented amicable pairs up 
to 10° are found. 


Numerical methods for sociable numbers 


Recall that k distinct positive integers (m,,...,m) form an aliquot 
k-cycle (or sociable group of order k) if 


a(m1) =m, + m2, a(m2) = m2 + mz, 


a(m3) = m3 + ma,...0(Mp_-1) = Mp_1 + Mp, O(ME) = ME, + mM}. 
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Similar to the algorithms for perfect and amicable numbers, one can 
use the following. 


General numerical algorithm for aliquot k-cycles 
e For m, from A to B, find 
mz = a(m1) — m1,mz3 = o(m1) — M4,..., 
ME = O(MR-1) — Mp1, ME41 = O(ME) — Mk. 


e If meu = mM, and my # m2 #--- # mg, then (mj,...,m x) is an 
aliquot k-cycle. 


Of course, we can design this algorithm to generate all the perfect, 
amicable, and sociable numbers within a specified interval. 

For example, for mz = o(m1) — m1, m3 = a(m2) — m2, m4 = 
o(m3) — m3, M5 = a(m4) — ma, if my = m2 = m3 = m4, then m, 
is perfect; if m, = m3 and mz = m4, then (m1,mz2) is amicable; if 
Ms =m, and my # m2 # m3 # m4, then (mj,,...,™4) is sociable. 

Compared with amicable pairs, many fewer numbers of aliquot 
k-cycles have been found. Poulet was the first who discovered two 
such cycles in 1918, one of the order 5 and the other of the order 28. 
Up to 1970, these were the only two known. In 1970, Choen found 
nine new aliquot 4-cycles. Moews and Moews have conducted several 
brute-force searches for aliquot cycles in the range from 1 to 6.5- 101° 
and found some new cycles. Yan presented in [Yan96] a large list of 
sociable numbers, including 35 4-cycles, one 5-cycle, one 6-cycle, two 
8-cycles, one 9-cycle, and one 28-cycle. 

Most of the recent cycles have been found by numerical exhaustive 
methods on a computer. 


Algebraic assumption methods for 
aliquot k-cycles 


5.5.5. There exist several algebraic rules for sociable numbers. In 
this section, we consider some of them. In particular, we use a famous 
rule proposed by Borho in 1969 for aliquot 3-cycles. This is the only 
known rule for sociable numbers of order 3. 
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In fact, the Borho’s rule for aliquot 3-cycles states that 


e ifu,v EN andu dv, 2u+1=0(mod v), then the numbers 


(e+ 11) (= 1) .9"—9 (942) 


p=2?-1, p= D ) 


po = 2°(p, + 2) —1, p3 = 2°(2"+1 —1) + 2"41-1 


are integers; if p,pi,p2,p3 are all primes, then (m1,m2,m3) = 
(2” - p+ pi, 2” + po, 2 - ps) is an aliquot 3-cycle. 


In the algorithm for implementation of the Borho’s rule, we need 
to test the primality of p,,p2,p3 only when p = 2” — 1 is a Mersenne 
prime with v an odd prime (v must be odd since it divides 2u+1) and 
u even (if u were also odd, we would have 2°*! = 1(mod 3), 2“+1 = 
1(mod 3), and so, p; = 0(mod 3) which would make p; composite as 
it is easy to check that p; > 3). 


Borho’s algorithm for searching aliquot 3-cycles with u 
in the interval [A, B] 


e For a given u from A to B and for any v from A to u, if 2u+1= 
1(mod v), then find p = 2” — 1. 
e If p is prime, then find 
(r+ _ 1)(2° _ 1) a ama ca -_ 1) 


SS i 
Pp 


po 2" $2) = 1, pS OO 1 Se, 


e If p1, p2,p3 are all primes, then find m, = 2”-p- pi, m2 = 2”: pa, 
m3 = 2". p3- 
e Indicate (m,,m2,m3) as an aliquot 3-cycle. 


The computational analysis shows that there are no values for 
u,v < 10!° in the present rule which can generate any aliquot 
3-cycle. As one can check (see [Yan96]), it is almost impossible to 
have p1,p2,p3 all primes even if p is Mersenne prime and v is odd 
prime. 
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This situation allows us to state that, maybe, there are no aliquot 
3-cycles. Such a conjecture was made, for example, by R. Guy 
[Guy94]. 

However, one can conjecture that there exist infinitely many 
aliquot 3-cycles. We have not found such cycles yet probably because 
at present, we have not enough computer power or we have not found 
other, more suitable rules for aliquot 3-cycles [Yan96]. 


5.5.6. It turn out that the classical Euler’s method for amicable pairs 
of the form (a-p-q,a-s) can be generalized to aliquot 2k-cycles. The 
following is such a generalization for 4-cycles, which is due to Borho 
(see, for example, [Yan96]): 


e If ay, a2, dy, do EN, ajag = didg, and 


_ 8(42)o(a1) + dio (a2) _ 8(a2)o(a1) + dea(a2) 
aaz — s(a1)s(az) ’ aaz — s(a1)s(az) 
— 8(a,)o(a2) + dya(az) ae 8(a,)o(a2) + doa(az) 
ajaz — s(a1)s(az) ’ aaz — s(a1)s(a2) 
_ 8(a1p1p2) a s(a2q192) 
ay, : ag 


are all integers and primes, p; # po, G1. # G2, and gcd(pi,a,) = 
gcd(p2,a1) = ged(r,a1) = ged(qi, a2) = ged(q2, a2) = ged(t,a2) = 
1, then 


(m1,™M2,™3,™a4) = (A1- Pi: p2, 41°71, A2° G1 + G2, 42 °t) 
is an aliquot 4-cycle. 


Algorithm for searching of aliquot 4-cycles with 
Q1, @2,d1, dz in the interval [A, B] 


Choose a large integer R and factor R. 

Write R as a product of UV, A< U,V < B, in all possible ways. 
Select one of the pairs UV as a ag; select another pair as dd. 
Find Si = o(ay), So = a(az), sy, = Si — aj, §2 = So — ag, A= 
a1 @2— 8182, By = 895),+d,S2, By = 5251+d2S2, Bz = 81S9+d,S}, 
and By = s1S59 + dS}. 
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Find p1 = 4, pp = 8, mw = 4, and @ = &. 

Find Bs = o(a,pip2) — a1pip2 and Be = o(a2q192) — 419192. 

Find r = 25 and t = 28. 

If B; = O(mod A), i = 1,...,4, Bs = 0(mod aj), and By = 

O(mod az), then 

e if 1, p2, 91, 92,7T,t are all primes, then 

e if gced(pi,a1) = ged(p2,a1) = ged(r,ai1) = ged(qi,a2) = 
gcd(qz,a2) = gcd(t,a2) = 1 and p; ¥ po, pi # q, then 

e find mj = a1 - pi: po, M2 = a1 +7, M3 = A2Q° G1 - G2, M4 = AQ: t. 


e Indicate (m1,m2,m3, m4) as an aliquot 4-cycle. 


For example, the quadruple (28158165, 29902635, 30853845, 
2997155) has the above form with a, = 3°-5-7, dj = 32-5-7, 
p1 = 83, po = 359, r = 31643, ag = 3° -5-11, dg = 3*-5-11, q| = 79, 
qo = 263, t = 20183. 


5.5.7. From our consideration, it follows, for a proper choice of 
parameters (see Chapter 4 and [Yan96]), that 


e foruyv,AECN, u<vu,u<A< 2u—u, if 
pa2 4 a1, Ga ie Peo 
r= (2° *41)(2" -1) +2”, 
a= (0? 4 10" 49% 1, b= (2 9 EO 4p) =1, 
m = (2°-% +.1)(2°t1 — 1)(2° +.:1)(r +1) — ar, 


n= (2"— Het GH 12 =st 


are all primes andp#q,p#r,p#m, qr, s#t, then 


(m1, mM2,m3,m4) = (2°-p-q-7,2°-p-m,2"-s-t,2°-n) 


is an aliquot 4-cycle. 
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Algorithm for searching 4-cycles with u,v,l in the interval 
[A, B] 


e For u from A to B, for v from A to B, and for | from A to B, 
ifu<v,u<l, andl < 2v —u, then find 


p= qu 4 gu _ 1, q= Q-3 me Qs oe) 1) -_ yin 


2 1 f= a 4) — 1, 
2th — 1)(2" + 1)(r +1) - ar, 
s+ 1)(¢=1)2-" — st. 


2S BS 


e If p,q,7,5,t,m,n are all primes andp#4q,p4r,p4Am,qF 7, 
and s #t, then find 


my = 2°-p-q-7, m2 = 2” -p-m,mz3 = 2+ s-t,m4 = 2” +n. 
e Indicate (m1,m2,m3,mq4) as an aliquot 4-cycle. 


The considered algebraic methods for aliquot 4-cycles can be 
extended to higher orders 2k > 4. 


Algebraic constructive methods for 
amicable k-tuples 


5.5.8. Recall that k positive integers mj ,...,m, form an amicable 
k-tuple if 
a(m}) = 0(m2) =... = 0(mg) =m, +tmot-:- +m. 


In [Yan96], Yan proposed two constructive methods for amicable 
k-tuples. First one, for amicable triples, is based on the ideas by 
Dickson, who systematically studied amicable triples, proposed for 
them two Thabit-like rules, and found several examples ([Dick13a]). 
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The second pure constructive method can be used for any amica- 
ble k-tuples. It states that 


e if there are positive integers m1,...,mx such that 
a(m,) = a(m2) =---=a(mpz) and o(m 1) Am, +-+-+ me, 
and if there exists another positive integer a such that 


o(a) _ my tes +m, 


cd(a,m 1) =--: = gcd(a,mz) and —— = ——_—__—— 
g ( ’ 1) g ( ’ k) ai o(my) ’ 
then (a-m4,a-+mg,...,a- Mx) is an amicable k-tuple. 
By definition, (a-m1,a-mg,...,@+ mx) is an amicable k-tuple if 
it satisfies the conditions 
o(am,) = o(am2) =--: =a(amyz), and o(amy1) = a(mi+:--+mzx). 
We selected k positive integers mj,...,mz such that o(m,) = 
o(m2) = -:: = o(m,). If another positive integer a exists such 
that gcd(a,m,) = --- = gcd(a,m x), then the first condition holds: 
o(am,) = o(amz) = -:- = o(am,). Furthermore, if ae) = 
ao, then o(a)o(m 1) = a(m, +---+m,), and the second con- 
dition holds. So, we get that (a-m ,,a-m2,...,@-m x) is an amicable 
k-tuple. 


Algorithm for searching amicable k-tuples with a in the 
interval [A, B] 


e Find & positive integers ™m1,..., Mm, satisfying 
o(m1) = o(m2) =--- =a(mx), o(m1) Am +--+ + mp 


(one can use for it a given amicable k-tuple). 


e Calculate B = o(m,), C=m,+---+ me. 

e For a from A to B, find S = o(a), b = gcd(a,m}). 

e If b = gcd(a,mz) = --- = gcd(a,m,) and if SB = aC, then find 
QA: 1,4:7Mg2,...,A4°* Mp. 


e Indicate (a-m,,a-mg,...,@- mp) as an amicable k-tuple. 
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As we can see, many positive integers may have the same sigma 
value. For k such numbers ™ ,...,™,, if we can find another number 
a such that o(am;) = o(am;), i,j = 1,2,...,k and a(a)o(m) = 
a(m, +---+ mx), we get an amicable k-tuple (a-mj4,...,a- mx). 
It should be not so difficult to find such a, so the chance of finding 
amicable k-tuples is really large. 

However, as this method is based on the calculation of the sigma 
function, it cannot be performed in polynomial time. 

For detailed consideration of the presented and other algorithms 
with elements of practical computational approach, see [Yan96]; for 
some additional information, see also [Dick13a], [Borh69], [Wiki22], 
and [Sloa22]. 


Exercises 


1. Use the algorithm of numerical method to find all perfect, almost 
perfect, and quasi-perfect numbers in the interval [1, 200]. 

2. Use the algorithm of numerical method to find all superperfect, 
almost superperfect, and quasi-superperfect numbers in the inter- 
val [1, 200]. 

3. Use the algorithm of numerical method to find all k-perfect num- 
bers, k = 1,2,3,4, in the interval [1, 200]. 

4. Use the algorithm of numerical method to find all quasi-amicable 
and augmented amicable pairs in an interval [A, B]. Which inter- 
val are you going to consider? 

5. Prove that Borho’s rule for aliquot 3-cycles really gives sociable 
triples. Use the corresponding algorithm to prove that there are 
no aliquot 3-cycles in the interval [1, 1000]. 


5.6. Open Problems 


There are many open questions in the theory of sociable numbers as 
well as their numerous analogues. Many such questions and corre- 
sponding conjectures were considered earlier. 

In this section, we collect this information and give some addi- 
tional explanations and examples. 
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Existence, finiteness, and infiniteness 


5.6.1. The main question of the theory of any class of special num- 
bers is a question about the cardinality of corresponding number set. 

For example, it is well known that there are infinitely many prime 
numbers as well as, for example, prime numbers of the form 6k — 1. 
But the question about the infiniteness of the set of primes of the 
form 2* — 1 (in fact, Mersenne primes Mp = 2? —1) is open. It leads 
to the famous Mersenne conjecture which states that 


e there are infinitely many Mersenne primes. 


On the other hand, the study of the behavior of the set of primes 
of the form 2" +1 (in fact, Fermat primes F;, = 2?” + 1) leads to the 
Fermat conjecture, which states that 


e the set of Fermat primes is finite. 


Unfortunately, both questions have no answer at present. 
If the Mersenne conjecture is true, then we can answer “yes” to 
the main question of the theory of perfect numbers: 


e Are there infinitely many even perfect numbers? 
But probably, the answer to the question 
e Are there odd perfect numbers? 


is “no.” 
As for amicable numbers, we also do not know, 


e If there are infinitely many amicable pairs? 


5.6.2. Similar questions arise in the study of other number sets con- 
nected with perfect and amicable numbers. 

In fact, there exist the following conjectures about cardinalities 
of the sets under our consideration: 


e there are infinitely many sociable numbers of order k, k > 4; more 
exactly, for any k > 3, there exist infinitely many aliquot k-cycles; 
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e there are infinitely many quasi-amicable pairs and augmented ami- 
cable pairs; 

e there are infinitely many almost perfect, superperfect, and quasi- 
superperfect numbers; 

e there are infinitely many primitive weird numbers; etc. 


On the other hand, it is conjectured that 


e there are no aliquot 3-cycles; in general, for any k equal to 3 mod- 
ulo 4, there exist no sociable k-cycles; 

e there are no quasi-amicable pairs (or augmented amicable pairs) 

with the same parity; 

there are no quasi-perfect and almost superperfect numbers; 

there are no (m, 2)-superperfect numbers for m > 3; 

the sets of k-perfect numbers, k > 3, are finite; 

beyond perfect numbers, all clubs of friendly numbers are finite, 

etc. 


Catalan’s conjecture 


5.6.3. The Catalan’s conjecture (sometimes called also the Catalan— 
Dickson conjecture), proposed by Catalan in 1888 and later extended 
by Dickson, states that 


e every aliquot sequence terminates in a prime number followed by 
1, a perfect number, an amicable pair, or an aliquot cycle. 


The alternative would be that a number exists whose aliquot 
sequence is infinite. Any one of the many numbers whose aliquot 
sequences have not been fully determined might be such a number. 

Guy and Selfridge believe that the Catalan—Dickson conjecture 
is false and that there exist some aliquot sequences which are 
unbounded above. 

The aliquot sequence for n is the trajectory of n under repeated 
application of the map x — s(x). Up to 1000, there are 12 numbers 
whose full trajectories are currently unknown (see sequence A131884 
in the OEIS). Five well-known hard cases are 276, 552, 564, 660, 966; 
they are often called the Lehmer five (named after D. H. Lehmer). 
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Seven others are: 306, 396, and 696, on the same trajectory as 276; 
780, on the same trajectory as 564; 828, on the same trajectory 
as 660; 888, on the same trajectory as 552; and 996, on the same 
trajectory as 660. 

Any such number, e.g., 276, may have an infinite trajectory or 
may reach a high apex in its aliquot sequence and then descend; in 
fact, the number 138 reaches a peak of 179931895322 before returning 
to 1. 

Similar conjectures exist for generalized aliquot sequences. In par- 
ticular, it is widely believed that 


e every quasi-aliquot sequence ends in one of these three ways: prime 
number followed by 0, a quasi-amicable pair, or a quasi-sociable 
cycle. 


Other problems 


5.6.4. Let A(x) be the number of amicable pairs, A’(x) be the num- 
ber of quasi-amicable pairs, A”’(x) be the number of augmented 
amicable pairs, and A’”(x) be the number of sociable k-cycles, not 
exceeding a real positive number x. Numerical analysis allows us to 
conjecture (Cohen, 1970; [Yan96]), that 


e there exist positive constants B, B’, B’, and B'” such that 


log A(x) ~ Blogz, log A’(x) ~ B' log x, 
log A" (x) ~ B" log x, log A” (x) ~ 6” log x. 


5.6.5. It is conjectured also that 


e as the number of sociable cycles with length greater than 2 
approaches infinity, the percentage of the cycle sums divisible by 
10 approaches 100%. 


A similar result was obtained in Chapter 4 for amicable pairs. 
For additional information, see, for example, [Cata88], [Dick13], 
[Yan96], [Wiki22], [Weis22], and [Sloa22]. 
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Exercises 


. Check Catalan’s conjecture for all n = 1,2,3,...,30. 
. Find a friendly group which has more than 50 members. 
. Fine a friendly group which has exactly one member. 


ewnm eRe 


. Show that there are infinitely many friendly groups having exactly 
one member each. 
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Chapter 6 


Zoo of Numbers 


In this chapter, we collect some remarkable individual special 
numbers, related to perfect and amicable numbers (see [DeDe12], 
[Deza17], [Deza18], [Deza21], [LeLi83], [SIP195], [Weis99], [Weis22], 
[Wiki22], etc.). 


e 2: the only even prime; the first Sophie Germain prime; the first 
untouchable number. 

e 3: the first odd prime; the first non-totient number; the first per- 
fect totient number; the first Fermat prime, Fo; the first Mersenne 
prime, M2; the only triangular Mersenne prime; according to the 
Pythagorean school, the number 3, which they called triad, is the 
noblest of all digits, as it is the only number to equal the sum of all 
the terms below it and is the only number whose sum with those 
below it equals the product of them and itself. 

e 5: the only known odd untouchable number; the first safe prime; 
the only prime pentagonal number; the first trapezoidal number; 
the second Fermat prime, F,; the only prime, digit in which a 
perfect square can end; the only prime whose square is composed 
of only prime digits. 

e 6: the first perfect number; the first unitary perfect number; the 
only number that is both the sum and the product of three consecu- 
tive positive numbers; the largest of the four all-harshad numbers; 
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the largest known number n such that there are n integers for 
which all pairwise sums are perfect squares. 

7: the third Mersenne prime, M3; the first double Mersenne prime; 
the only prime p such that p+ 1 is a perfect cube; the only prime 
equal to the difference of the product and the sum of the two 
previous primes; the biggest (besides 4 and 5) known solution of 
the Brocard’s problem: to find integers n such that n!+ 1 is a 
perfect square; the largest known prime that is not the sum of a 
triangular number, a square, and a cube, all of them positive; the 
first Kynéa number. 

8: the largest Fibonacci number of the form p+ 1 or p— 1 for 
a prime p; the largest composite number such that all its proper 
divisors plus 1 are primes. 

9: the only known composite number n such that both 2” + n? 
and 2” — n? are primes (in fact, the primes 431 and 593); 9 is the 
only positive perfect power that is one more than another positive 
perfect power. 

10: the base of the decimal numeral system; the smallest non- 
cototient number; the sum of the first three prime numbers, of 
the four first positive integers, and also of the first four factorials; 
the smallest number whose status as a possible friendly number is 
unknown; the only number with the property that the sum as well 
as the difference of its prime divisors are primes (2 + 5 = 7 and 
ba 2 = 3). 

11: the smallest prime repuint; the only prime (2-3-+ 5) of the 
form p1 -p2 + p3, where pi, p2,p3 are consecutive primes; the only 
prime that can be expressed (23 + 3 = 3? + 2) by two consecutive 
primes in the forms p? + q and qg? + p; the largest integer that 
cannot be expressed as a sum of at least two distinct primes; the 
largest number which is not expressible as sum of two composite 
numbers. 

12: the first abundant number; the first sublime number: the num- 
ber of its divisors and the sum of its divisors are both perfect 
numbers. 

13: the smallest emirp; the only prime that can divide two suc- 
cessive integers of the form n? + 3; the only prime sum (2? + 3?) 
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of squares of two consecutive primes; the prime whose square is 
equal to the sum of squares of all digits in which primes end: 
13? = 12 + 2? + 3? 4+ 52 4+ 72 + 9?: the largest known Fibonacci 
prime with index of a Fibonacci prime; the smallest prime having 
exactly one representation as a sum of squares greater than one 
(31, its reversal, is the largest one). 


e 14: the first even non-totient number. 
e 15: the smallest Mersenne composite, M4; the first (2, 4)-perfect 


(i.e., 4-superperfect) number; the product of two consecutive 
Fermat primes, 3 and 5 (thus, a regular polygon with 15 sides 
is constructable with compass and unmarked straightedge); the 
smallest number that can be factorized using Shor’s quantum 
algorithm. 

16: the largest known integer n for which 2" + 1 (in fact, Fy) is 
prime; the only integer of the form n™ = m” for distinct integers 
n and m: 16 =2* = 42, 

17: the third Fermat prime, F; the only prime that is the average 
(eH) of two consecutive Fibonacci numbers; the only prime that 
is the sum (17 = 2+3+5+7) of four consecutive primes; the only 
prime of the form p%+ q?, where p and q are primes: 17 = 2? + 3?; 
the only number n having n partitions of prime parts; the only 
known prime that is equal to the sum of digits of its cube: 17? = 
4913 and4+9+1+3=17. 


e 18: the first solitary number with gcd(n,a(n)) > 1. 
e 20: the smallest primitive abundant number (abundant whose 


proper divisors are all deficient); the smallest non-perfect semiper- 
fect number; the product of the number of divisors and the number 
of proper divisors of 20 is exactly 20. 

21: the first non-perfect k-hyperperfect (in fact, 2-hyperperfect) 
number; the sum of the divisors of the first five positive integers 
(1+ (14+2)+(14+3)+(14+24+4)+(14+5) =21). 

23: the smallest odd prime that is not a twin prime; the smallest 
odd prime to be a highly cototient number; the largest integer n 
such that no factor of a binomial coefficient (2) is a perfect square; 
the biggest prime, besides 2,3,5,7, and 11, which is uniquely 
expressible as a sum of at most four squares. 
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24: the first Erdés—Nicolas number; the first non-perfect S-perfect 
number; the sum of the twin primes 11 and 13; the only integer 
n > 1 such that 5“"_, i? is a perfect square: ae i = 70°; the 
smallest 5-hemiperfect number. 

25: the third Cullen number 3 - 2° + 1; the first aspiring number; 
the smallest Fermat pseudoprime modulo 7, i.e., satisfying the con- 
eruence 7” = 7(mod n); the only perfect square of the form k? — 2. 
26: the smallest number that is both a non-totient and a non- 
cototient number; the smallest non-palindrome whose square 
(26? = 676) is a palindrome; the largest integer n such that the seg- 
ment [m,m + 100] contains n primes (it happens only for m = 2). 
28: the second perfect number; the only perfect number of the 
form n* + m* with k > 1: 28 = 3° +13; the only known number 
which can be expressed as a sum of the first positive integers (1+ 
2+3+4+5+6+7), asum of the first five primes (2+3+5+7+11), 
and a sum of the first non-primes (1+4+6+8+9). 

29: the only two-digit prime whose square is the sum of squares of 
two consecutive two-digit numbers: 29? = 20? + 217; the smallest 
prime equal to the sum of three consecutive squares: 29 = 2? + 
3? + 4’: the smallest multi-digit prime which on adding its reverse 
gives a perfect square: 29 + 92 = 117; the only non-titanic prime 
(i.e., with less than 1000 decimal digits) of the form p? + 2. 

30: the only integer n, besides 0,3,8,10,18, and 24, such that 
the number of its divisors is equal to the number of integers 
k,0 <k <n, which are coprime with n; the largest integer n such 
that all integers k,0 < k <n, which are coprime with n, are also 
primes. 

31: the third Mersenne prime, Ms; the smallest prime that can be 
represented as a sum of two triangular numbers in two different 
ways: 31 = 214+ 10 = 28+ 3; the smallest prime that can be 
represented as a sum of two triangular numbers with prime indices; 
there are only 31 numbers that cannot be expressed as a sum of 
distinct squares; 3+5+7+11+---+89 = 317, ie., a sum of the 
first 31 odd primes is a square of prime. 

33: the smallest odd repdigit that is not a prime number; the 
largest integer which is not a sum of distinct triangular numbers. 
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36: the smallest perfect square expressible as a sum of four con- 
secutive primes which are also two couples of prime twins: 36 = 
5+ 7+ 114 18; the smallest triangular number whose sum of 
divisors as well as sum of its proper divisors are also triangular 
numbers. 

41: the smallest prime whose cube can be written as a sum of 
three cubes in two ways: 41° = 40° + 173 + 28 = 33° + 323 + 63; a 
sum of two consecutive squares: 4? + 5?. 

42: the first (2, 6)-perfect (i-e., 6-superperfect) number; the answer 
to the Ultimate Question of Life, the Universe, and Everything 
according to the Hitchhikers Guide to the Galaxy; the smallest 
number n such that n? is the mean of cubed twin primes, 42? = 
us 

46: the biggest even number which cannot be represented as a sum 
of two abundant numbers. 

48: the first quasi-amicable (betrothed) number; the first quasi- 
amicable pair is (48, 75). 

60: the first non-perfect unitary perfect number; the first non- 
perfect bi-unitary perfect number. 

65: the only number which gives a square of prime on adding as 
well as subtracting its reverse from it: 65+56 = 11°, 65—56 = 3?; 
the only number which is the difference (34—2*) of two biquadratic 
numbers with prime indices; (65!)? + 1 is prime. 

67: the smallest multi-digit prime whose square, 4489, and cube, 
300763, consist of different digits. 


e 70: the first weird number (e.g., abundant but not semiperfect). 
e 75: the smallest non-prime deficient number whose sum as well as 


product of aliquot divisors is a perfect square. 

81: a perfect totient number; the only known square n such that 
n-2” —1 is a prime. 

83: the largest known prime that can be expressed as a sum of 
three positive triangular numbers in exactly one way; the smallest 
prime whose square 6889 is a strobogrammatic number; the only 
prime equal to a sum of squares of odd primes: 83 = 3? +5? + 7?; 
the only prime of the form p* + 2, where p is a prime. 
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89: the smallest positive integer whose square, 7921, and cube, 
704969, are likewise primes upon reversal. 


e 90: the biggest known bi-unitary perfect number. 
e 100: the smallest perfect square whose summation of the differ- 


ences between itself and each of its digits, where each difference is 
raised to the power of the corresponding digit, is equal to a prime: 
101 = (100 — 1)! + (100 — 0)° + (100 — 0)° is a prime. 

101: the smallest three-digit strobogrammatic prime; the smallest 
three-digit palindrome prime. 

109: the smallest number (coincidentally prime) that has more 
distinct digits than its square 11881; a strobogrammatic prime, 
which is equal to the square root of the strobogrammatic number 
11881. 

113: the smallest prime which is a sum of three biquadratic num- 
bers with prime indices: 113 = 24 + 24 + 3+. 

120: the first multiply perfect (in fact, 3-perfect) number with 
k > 3; a highly composite, superior highly composite, untouchable, 
and superabundant number. 

121: the only perfect square of the form 1+p+p?+p?+p*, p € P: 
121 =1+3+3?+43° + 3%; the only, besides 4, perfect square of 
the form n? — 4 (121 = 53 — 4). 

127: the fourth Mersenne prime, M7; the exponent for the 12th 
Mersenne prime Mj97 = 2127 — 1 (it is the largest prime ever dis- 
covered by hand calculations as well as the largest known double 
Mersenne prime); the first nice Friedman number (the representa- 
tion 127 = 2’ — 1 uses all digits 1, 2, and 7); the smallest prime 
that can be written as the sum of the first two or more odd primes 
(127 =34+5+74+11413417+419 + 23 + 29). 

140: the first even Ore number, which is not perfect; an odious 
number. 

144: the largest, besides 0 and 1, perfect square, which is a 
Fibonacci number; the sum of a twin prime pair (71; 73). 


e 149: the only known prime in the concatenate square sequence. 
e 173: the largest known prime whose square, 29929, and cube, 


5177717, consist of different digits. 
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191: a palindromic prime whose square 36481 is a distinct-digit 
number whose first two digits, central digit, and last two digits are 
perfect squares. 

196: the smallest candidate Lychrel number, i.e., a natural number 
which cannot form a palindrome through the iterative process of 
repeatedly reversing its base 10 digits and adding the resulting 
numbers; in fact, 196 does not yield a palindrome after 700,000,000 
iterations. 

211: the largest known prime that cannot be written as a sum of 
a prime and a positive triangular number. 

216: the smallest cubic number, which is a sum of three cubic 
numbers: 216 = 6° = 5° + 42 + 3°. 

220: the smallest amicable number; the smaller member of the 
first amicable pair (220, 284); a practical number; a harshad 
number. 

229: replacing each digit of prime 229 with its square and its cube 
results in two new primes, 4481 and 88729 respectively, with a 
palindromic difference of 84248; coincidentally, 229 + 4481 + 88729 
is palindromic as well. 

239: a Chen prime (241 is a prime); a Sophie Germain prime (479 
is a prime); the largest integer, besides 23, which is not a sum of 
less than 9 cubic numbers: 239 = 2-42 + 4-334 3-1°. 

257: the fourth Fermat prime, F3; the largest prime in a sequence 
of fifteen primes of the form 2n + 17, where n runs through the 
first 15 triangular numbers. 

276: the smallest number with unknown aliquot sequence; the first 
of Lehmer five 276, 552, 564, 660, and 966; the sum of three con- 
secutive fifth powers (276 = 1°+2°+3°); the sum of 12 consecutive 
prime numbers (5+7+11413 +17+19+23+ 29+31+37+41+43); 
an untouchable number. 

277: the square 76729 of the prime 277 is the smallest square with 
five or more digits that is a concatenation of three primes (7,67, 
and 29). 


e 284: the bigger member of the first amicable pair (220, 284). 
e 289: the square of the sum of the first four primes: 289 = (2+3+ 


5+7)?. 
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e 325: the first 3-hyperperfect number. 
e 341: the first Poulet number, i.e., Fermat pseudoprime to base 2. 


343: the only, besides 1, cubic number (7°) such that the sum of 
its divisors is a perfect square: 1+ 7+ 77+ 7? = 207; a Friedman 
number, as it is the result of a non-trivial expression using all its 
own digits, 343 = (3 + 4). 

367: the largest number (in fact, prime) whose square, 134689, 
has strictly increasing digits. 

400: the only known square of the form 1 + k + k? + k?, where 
k © N\{1} (in fact, k = 7). 

407: the largest integer, besides 1,153,370, and 371, which is the 
sum of cubes of their decimal digits. 

463: the smallest multi-digit prime such that both the sum of 
digits and product of digits of its square remain squares. 

496: the third perfect number; the smallest triangular number 
such that the sum of the cubes of its digits is prime: 4° +9? + 6? = 
1009. 

541: the 100th prime number, the 10th hexagonal star (i.e., Star 
of David) number. 


e 561: the first Carmichael number. 
e 576: the only known perfect square represented as a difference 


between a squared sum of consecutive primes and the sum of their 
squares: 576 = 242 = (2+3+54+7+11)?—(27+37+57+774+117); 
it is the only such case for all primes up to 2- 10°. 

631: a prime which is the reverse concatenation of the first three 
triangular numbers. 

641: the prime divisor of the smallest Fermat composite, F5: Fs = 
4294967297 = 641 - 6700417. 

691: the only known prime which is a square, 169, when turned 
upside down and another square, 196, when reversed; moreover, 
169 and 196 are the smallest consecutive squares using the same 
digits. 

701: the smallest prime whose square, 491401, contains all of 
square digits only; it is equal to 54 + 43 + 3? + 2'4 1°, 

727: the first prime whose square, 528529, can be represented as 
the concatenation of two consecutive numbers. 
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773: replacing each digit of the prime 773 with its square respec- 
tively its cube results in two new primes, 49499 and 34334327; this 
latter number is also an emirp (72343343 is a prime). 

786: the largest known number n such that the binomial coeffi- 
cient ea ) is not divisible by the square of an odd prime. 

900: the smallest perfect square which is a sum of different primes 
by using all the 10 digits: 900 = 503+ 241+ 89+ 67 = 509 4 283+ 
61 + 47. 


e 945: the first odd semiperfect number. 
e 1980: the smallest member of amicable k-tuples, k > 3; the small- 


est amicable triple is (1980, 2016, 2556). 


e 2047: the first Mersenne composite with prime index, M1,. 
e 4375: the smallest perfect totient number not divisible by 3. 
e 5040: the largest known number that violates Robin’s inequality; 


a superabundant (in fact, a colossally abundant) number. 
6160: the smallest augmented amicable number; the smallest pair 
of augmented amicable numbers is (6160, 11697). 


e 8218: the fourth perfect number. 
e 12285: the smallest odd amicable number; belongs to the amica- 


ble pair (12285, 14595). 

12496: the smallest sociable number; a member of the first socia- 
ble 5-cycle (12496, 14288, 15472, 14536, 14264). 

20161: the biggest number which cannot be represented as a sum 
of two abundant numbers. 

30240: the first 4-perfect number. 


e 65537: the biggest known Fermat prime, F4. 
e 1264460: the smallest member of sociable quadruples; (1264460, 


1547860, 1727636 1305184) is the first sociable quadruple. 


e 33550336: the fifth perfect number. 
e 4294967297: the smallest Fermat composite (in fact, 


semiprime), Fs. 


e 5391411025: the smallest abundant number coprime with 2 and 3. 
e 8589869056: the sixth perfect number. 
e 101: one googol; in decimal notation, it is written as the digit 1 


followed by one hundred zeros; a googol is approximately 70!; 
1 googol -& 2332-19280949 
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22° 4.1 = 2512 4.1: the first Fermat number, Fo, greater than 
googol, i.e., having more than 100 digits (in fact, 154 digits). 
686479...057151: the first Mersenne prime, M59; = 2°?! — 1, 
greater than googol, i.e., having more than 100 digits (in fact, 157 
digits); the 13th Mersenne prime. 

235627. ..646976: the first perfect number 2°70 (2°21 —1), greater 
than googol, i.e., having more 100 digits (in fact, 314 digits); the 
13th perfect number. 

2317006... 230657 = 2?) +1 = 27948 4 1: the biggest com- 
pletely factored Fermat number, F\,; it has 617 digits; it is a 
product of five prime numbers with 6, 6, 21, 22, and 564 decimal 
digits. 

1000. ..0007 = 10999 + 7: the smallest titanic prime, ie., a 
prime of at least 1,000 decimal digits. 

190797. ..484991: the smallest Mersenne titanic prime, M4253 = 
24253 _ 1: the 19th Mersenne prime; it has 1281 digits. 

108925. ..782528: the smallest titanic perfect number, 2729? 
(22203 _ 1): the 16th perfect number; it has 1327 digits. 

22°° 4.1: the smallest Fermat number, £33, with unknown 
character. 

1000. ..00033603 = 109999 + 33603: the smallest gigantic 
prime, i.e., a prime number with at least 10000 decimal digits; 
it has exactly 10000 digits. 

931144. ..942656: the smallest gigantic perfect number, 2'99°° 
(219937 _ 1): the 24th perfect number; it has 12003 digits. 
854509. ..228671: the smallest Mersenne gigantic prime, 
My4aag7 = 244497 — 1; the 27th Mersenne prime; it has 13395 digits. 
191273 - 23321908 _ 1: the smallest known megaprime, i.e., a 
prime with at least one million decimal digits; it has exactly 
1000000 digits. 

437075. ..193791: thesmallest Mersenne megaprime, Mgg972593 = 
26972593 _ 1. the 38th Mersenne prime; it has 2098960 digits. 
194276. ..462976: the smallest megaperfect number, 2796270 
(22976221 _ 1). the 36th perfect number; it has 1791864 digits. 
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148894. ..902591: the biggest known Mersenne prime, 


= 282589933 _ 1. the 51st known Mersenne prime; it has 


M32589933 
24862048 digits. 

110847. ..207936: the biggest known perfect number 257589932 
(282589933 _ 1). the 51st known perfect number; it has 49724095 
digits. 
4910°°° 
mal notation, it is 1 followed by 1 
by a googol zeros. 


22°%* 4.1: the first Fermat number, F334, greater than googoplex. 
gar naasene 


= 109°°9% one googolplex; written out in ordinary deci- 


0! zeros, that is, a unity followed 


+1: the largest known composite Fermat number, 
F 139339543 it has the prime factor p= 7: i +1. 
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Mini Dictionary 


In this chapter, a mini dictionary, i.e., a list of all special numbers, 
relative to perfect and amicable numbers, is provided (see [CoGu96], 
[DeDe12], [Dezal17], [Dezal18], [Deza21], [Weis22], [Wiki22], etc.). 


en EN, o(n) > 2n — abundant numbers (or excessive numbers): 
positive integers for which their sum of proper divisors is greater 
than the number itself; primitive abundant numbers — abundant 
numbers which are not the multiples of abundant numbers or per- 
fect numbers. 

en EN, o(n) = 2n —1 — almost perfect numbers (or slightly 
defective numbers or least deficient numbers): positive integers for 
which their sums of proper divisors are equal to n — 1. 

e NEN, o7(n) = a(a(n)) = 2n — 1 — almost superperfect numbers. 

eneéN, o*(n) = o(...c(n)) = 2n-1, k € N almost k- 
superperfect numbers. 


e (m,n), m,n EN, o(n) = o(m) = n+m — amicable numbers (or 
amicable pairs): pairs of positive integers which are the sums of 
each other’s proper divisors. 

e (m,n), mn EN, o(m) = an+™m, o(n) = Bm +n, a,6 EN, 
aB > 1 — (a,8)-amicable pairs (or multiple amicable pairs or 
multi-amicable pairs). 

e nEN, t(m) < 7(n) for any m < n,m € N — anti-prime numbers 
(or highly composite numbers); positive integers with more divisors 
than any smaller positive integer has. 
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e (mj,..-,Mrz), M41,.-.,m~ EN, o(m) = +--+ = o(mg) = mM) 4+---+ 
Mp — amicable multisets. 


e (m1,...,M), ™M1,...,m_ EN, o(m) = --- = o(mp) = m1 + 
soe $+ Mp, My < +++ < mp — amicable k-tuples; in particular, 
(m1,m2,m3), M1,mM2,m3 € N, o(m1) = o(m2) = o(m3) = my + 
mg +m3, m1 <m2 < m3 — amicable triples. 

e (m,n), m,n EN, a(n) = o(m) =n+m-+1— betrothed numbers 
(or quasi-amicable numbers or reduced amicable numbers); two 


positive integers such that the sum of the proper divisors of either 
number is one more than the value of the other number. 


e BC(n) = n+, n = 1,2,3,... — biquadratic numbers. 
° hae n = 0,1,2,...,m =0,1,...,n — binomial coefficients; they 


form the Pascal’s triangle — number triangle, the sides of which 
are formed by 1, and any inner entry is obtained by adding the 
two entries diagonally above. 

eneéN,o**(n) = kn,k € N— bi-unitary multiply k-perfect num- 
bers (or bi-unitary multiperfect numbers); positive integers which 
divide the sum of their proper bi-unitary divisors. 

en € Nio**(n) = 2n,k € N—bdi-unitary perfect numbers; posi- 
tive integers which are equal to the sum of their proper bi-unitary 
divisors. 

en € S, a®1 = 1(mod n) for any a € Z, a coprime to n — 
Carmichael numbers: numbers n that are Fermat pseudoprimes 
to any base a coprime to n. 


e Ca(n) = 4" — 2"*1 _1, n =1,2,3,... — Carol numbers. 
a CSa(n) = se n = 1,2,3,... — centered m-gonal 
numbers. 


ep € P such that p+2 € Porp+2=%:-@, 4, € P— 
Chen primes: prime numbers p such that p+ 2 are either primes 
or semiprimes (a product of two primes). 

e n EN, for which there is an € > 0 such that, for all k > 1, 


on) Z otk) — colossally abundant numbers. 
en=2"-p,-...- pr, where r € Z, r > 0, and py < --- < pp are 
distinct Fermat primes — constructible numbers: line segment of 


length n can be constructed with compass and straightedge in a 
finite number of steps. 
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n €N, for which there is m € N such that m — ¢(m) = n — 
cototient numbers; positive integers that can be expressed as the 
difference between a positive integer m and the number of coprime 
integers below it. 

C(n) = n3, n= 1,2,3,... — cubic numbers (or cube numbers). 


e Cu(n) =n-2"4+1,n=1,2,3,... — Cullen numbers. 
e nEN, o(n) < 2n — deficient numbers: positive integers, for which 


their sum of proper divisors is less than the number itself. 

Muy, = 27"-'-1, n =1,2,3,... — double Mersenne numbers. 
(1+ w)” —1, where w = =Hiv3 f= =1,7 = 133.28 — 
Eisenstein Mersenne numbers. 

13, 17, 31, 37, 71,... — emirps: prime numbers that result in 
different primes when its decimal digits are reversed. 

n €N, for which there is m <n such that n = dain, d<md — 
Erdés—Nicolas numbers; positive integers which are equal to one of 
the partial sums of its divisors. 

3, 5, 6, 9, 10, 12, 15, 17, 18, 20, ... — evil numbers; positive 
integers with an even number of unities in their binary expansion. 
F, = 27" +1,n=0,1,2,... — Fermat numbers. 

n € S, n is odd, a”! = 1(mod n) — Fermat pseudoprimes to 
base a. 


© Un4d2 = Unti + Un, UL = U2 = 1 — Fibonacci numbers. 


e nEN, for which there is m € N, m #n, such that —~+ = 


atm) _ a(n) __ 


m 
friendly numbers; two or more positive integers with a common 


abundancy; two numbers with the same abundancy form a friendly 
pair; k numbers with the same abundancy form a friendly k-tuple 
(or friendly club). 

25, 121, 125, 126, 127,... — Friedman numbers: positive integers, 
represented as the result of a non-trivial expression using all its 
own digits (e.g., 25 = 57, 121 = 117, 343 = (3 + 4), etc.). 


(1 +7)” —1, where 7? = —1, n= 1,2,3,... — Gaussian Mersenne 
numbers. 
n € N such that oun) < a) for all m < n — generalized k-super 


abundant numbers; 1-superabundant numbers are superabundant 
numbers; 0-super abundant numbers are highly composite numbers. 
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p € P, p > 10°°8? — gigantic primes: prime numbers with at least 
10000 decimal digits. 

né€N,n=p+q,p,¢ € P\{2} — Goldbach numbers: even positive 
integers that can be expressed as the sum of two odd primes. 
nEeN,n= alin eens d, where S is defined as follows: 1 € S, 
and for anyn > 1, € S, if Dd|n,d<n,des 4 <n — Granville 
numbers (or S-perfect numbers); S-deficient numbers — numbers 
n with daindcnaes 4 < 2; S-abundant numbers — numbers n 


with DP ilindeniaes d >nN. 


neN, patos € N — Harmonic divisor numbers (or Ore numbers 


Vadim Z 
or Ore hae numbers); positive integers whose divisors have 
a harmonic mean that is an integer. 
n EN, n = (C6€s-1---€1C0)g, 9 © N\{1}, OC} ci) [2 — harshad 
numbers (or Niven numbers or g-harshad numbers or g-Niven num- 
bers) in base g; integers that are divisible by the sum of its digits 
when written in that base. 
n EN, o(n) = f -n, where k is odd — k-hemiperfect numbers (or 
just hemiperfect numbers); positive integers with a half-integral 
abundancy. 
n €N, o(m) < o(n) for any m < n, m € N — highly abun- 
dant numbers; positive integers, for which the sum of their divi- 
sors (including itself) is greater than the sum of the divisors of any 
smaller positive integer. 
n €N, t(m) < r(n) for any m < n, m € N — highly compos- 
ite numbers (or anti-prime numbers); positive integers with more 
divisors than any smaller positive integer has. 
2, 4, 8, 23, 35, 47,... — highly cototient numbers; positive integers 
n > 1 which have more solutions to the equation x — g(x) = n 
than any integer k, 1 <k <n. 
n€N,n=1+k(o(n) —n—1) — k-hyperperfect numbers, k € N; 
hyperperfect numbers — positive integers which are k-hyperperfect 
numbers for some positive integer k. 
C¥(n) = nk, n = 1,2,3,... — k-dimensional hypercube numbers, 
KEN, k>1. 
Ky(n) = 4" + 2"+1 —1,n =1,2,3,... — Kynéa numbers. 


Downloaded from www.worldscientific.com 


Mini Dictionary 387 


© Lanse = Ln4i t+ Ln, Lo = 2, Ly = 1 — Lucas numbers. 


p € P, p > 10°999°9 — megaprimes: prime numbers with at least 
one million decimal digits. 

M, = 2” —1,n =1,2,3,... — Mersenne numbers. 

Sal) = nine) n = 1,2,3,... — m-gonal numbers. 
).= n(n I) (Gn—2)n—m+5) n = 1,2,3,... — m-gonal pyramidal 
numbers. 

(m,n), m,n € N, o(m) —m = an, o(n) —n = Bm, a, B EN, 
aB > 1— (a,8)-multiple amicable pairs (or (a, 3)-multiply ami- 
cable pairs or multiamicable pairs). 

n EN, o(n) = kn, k € N — k-perfect numbers (or k-fold perfect 
numbers); multiply perfect numbers — numbers that are k-perfect 
for some k, i.e., numbers n with njo(n). 

néN, o™(n) = o(...0(n)) = kn, kym € N — (m,k)-perfect 
numbers; perfect numbers are (1, 2)-perfect. 

n €N, for which there is no m € N, m — ¢(m) = n — non- 
cototient numbers; positive integers that cannot be expressed as 
the difference between a positive integer m and the number of 
coprime integers below it. 

n €N, for which there is no m € N, ¢(m) = n — non-totient 
numbers; positive integers which are not within the range of the 
Euler’s totient function. 

1, 2, 4, 7, 8, 11, 18, 14, 16, 19,... — odious numbers; positive 
integers with an odd number of unities in their binary expansion. 
1, 6, 28, 140, 270, 496,... — Ore numbers (or harmonic divisor 
numbers): positive integers whose divisors have a harmonic mean 
that is an integer (e.g., the harmonic mean eee of divisors 
1, 2, 3, and 6 of 6 is an integer 2). 

(abc...cba)i9 — palindromic numbers (or numeral palindromes 
or numeric palindromes): positive integers that remain the same 
when their decimal digits (in general, digits in any positional num- 
ber system) are reversed (e.g., 16461). 

2, 3, 5, 7, 11, 13, ... — permutable primes (or absolute primes): 
prime numbers which remain primes on every rearrangement of 
their decimal digits; in general, digits in any positional number 
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system (e.g., 337 is a permutable prime because each of 337, 373, 
and 733 is prime). 

n EN, o(n) = 2n — perfect numbers; positive integers equal to 
the sum of their proper divisors. 

3, 9, 15, 27, 39, 81, 111,... — perfect totient numbers; positive 
integers equal to the sums of their iterated totients. 

3, 5, 6, 7, 9,... — pernicious numbers: positive integers such that 
the Hamming weights of their binary representations (i.e., the sums 
of binary digits) are primes (e.g., 3 = 112 and1+1=2,2€ P). 


e 2%3"° +16 P, where u,v € Z, u,v > 0 — Pierpont primes. 
e 243" —1 € P, where u,v € Z, u,v > 0 — Pierpont primes of the 


second kind. 

n € S, nis odd, 2°-! = 1(mod n) — Poulet numbers (or Sarrus 
numbers): Fermat pseudoprimes to base 2. 

1, 3,5, 6, 7, 9, 10, 11, 12, 138,...— polite numbers: positive integers 
that can be represented as the sum of two or more consecutive 
positive integers. 

1, 2, 4, 6, 8, 12,... — practical numbers (or panarithmic numbers): 
positive integers n such that all smaller positive integers can be 
represented as sums of distinct divisors of n. 

nt — primorial of a positive integer n: the product of all primes 
less than or equal to n. 


e P(n) =n(n+1), n=1,2,3,... — pronic numbers. 
e k-2°+1,k EN, k is odd, k < 2” — Proth numbers. 
e (m,n), mn € N, o(n) = o(m) = n+m+1 — quasi-amicable 


numbers (or betrothed numbers or reduced amicable numbers). 

n € N, o(n) = 2n+1— quasi-perfect numbers (or slightly abundant 
numbers); abundant numbers with abundance 1. 

(24; 055305284), a7 EN, (a1) — 1 = wa slag) — 1 — a3,.-., 
s(@p_1) — 1 = ax, 8(ap) — 1 = x1 — quasi-sociable numbers (or 
quasi-sociable sequences or quasi-sociable chains or quasi-sociable 
k-tuples); positive integers whose aliquot sums minus one form a 
cyclic sequence that begins and ends with the same number. 


e NEN, o?(n) = a(a(n)) = 2n +1 — quasi-superperfect numbers. 
en EN, oX(n) = o(...a(n)) = 2n+1 — quasi k-superperfect 


numbers. 
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néeN, n = “) = 1, u > 0, 0 > 0 — Ramanujan 


Nagell numbers: the numbers 0, 1, 3, 15, 4095, which are the only 
non-negative integers which have simultaneously the form weer) 
u=0,1,2,... and the form 2° — 1, v=0,1,2,.... 

n €N, r(n)|n — refactorable numbers (or tau numbers): positive 
integers that are divisible by the number of their divisors. 
(aaa...aaa)i9 — repdigits (or monodigits): positive integers com- 
posed of repeated instances of the same digit in decimal system 
(in general, in any positional number system). 

(111...111)19 — repunits: positive integers containing only the 
digit 1 in decimal system (in general, in any positional number 
system); R, = — 

509203, 762701, 777149, 790841, 992077,... — Riesel numbers: 
odd positive integers k such that k - 2” — 1 is composite for all 
natural numbers n. 

neEeN,n= ydin, andes d, where S is defined as follows: 1 € S, 
and for any n > 1, n € S if Ddinacn,des & < n — S-perfect 
numbers (or Granville numbers). 

q = 2p+1 € P, where p € P — safe primes; q is the prime number 
2p + 1 associated with a Sophie Germain prime p. 

6, 12, 18, 20, 24, 28,... — semiperfect numbers (or pseudoperfect 
numbers): positive integers that are equal to the sum of all or 
some of their proper divisors; primitive semiperfect numbers (or 
primitive pseudoperfect numbers or irreducible semiperfect numbers 
or irreducible pseudoperfect numbers) — semiperfect numbers that 
have no semiperfect proper divisors. 

p-q, p,q € P — semiprimes: positive integers, which are product 
of two primes. 

78557, 271129, 271577, 322523, 327739,... — Sierpiriski numbers: 
odd positive integers k such that k -2” + 1 are composite for all 
natural numbers n. 

n= pl - py? -...- pe, pi < +++ < ps < k — k-smooth numbers 
(or k-friable numbers); positive integers whose prime factors are 
all less than or equal to k. 
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e (mj,..-,Mr), mM € N, my < me < +++ < mg, 8(m1) = ma, 
s(m2) = m3,..., §(Mg_-1) = Mp, S(M~) = Z1 — sociable num- 
bers (or sociable k-tuples or aliquot k-cycles or sociable groups of 
order k). 

e n EN, for which there is nom € n with alm) = a(n) — solitary 
numbers: positive integers which have no friends. 

e p€ P such that 2p+1¢€ P — Sophie Germain primes: the prime 
number q = 2p + 1 associated with p is called safe prime. 

e 1, 2,3, 5, 6, 7, 10, 11, 13, 14,... — square-free numbers (or square- 
free integers): integers which are divisible by no perfect squares 
other than 1 (that is, their prime factorizations have exactly one 
factor for each prime that appears in it). 

e 0, 1, 8, 11, 69, 88, 96, 101,... — strobogrammatic numbers: pos- 
itive integers whose numeral is rotationally symmetric so that it 
appears the same when rotated 180 degrees. 

en €N, for which r(n) and o(n) are both perfect — sublime 
numbers. 

eneEN, en) < st] for any m <n, m € N — superabundant 
numbers: abundant numbers whose relative abundance is greater 
than for any smaller number. 

en €N, for which there is an € > O such that, for all k > 1, 
7) > to) — superior highly composite numbers: positive integers 
which have more divisors per some positive power of itself than any 
other number. 

e NEN, o?(n) = o(a(n)) = 2n — superperfect numbers. 

e NEN, o*(n) = o(...a(n)) = 2n — k-superperfect numbers. 

e 3-2"—1,n €Z,n > 0 — Thabit numbers (or Thabit ibn Qurra 
numbers or 321 numbers); Thabit primes: prime numbers of this 
form. 

© 3-2°4+1,n € Zn > 0 — Thabit numbers of the second kind; 
Thabit primes of the second kind: prime numbers of this form. 

e For a given b > 2, (b+1)-b"-—1,n€Z,n>0 — Thabit numbers 
base b; Thabit primes base b: prime numbers of this form. 

e For a given b > 2, (b+1)-b"+1,n€Z,n > 0 — Thabit numbers 
of the second kind base b; Thabit primes of the second kind base b: 
prime numbers of this form. 
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p € P, p > 10° — titanic primes: prime numbers of at least 1000 
decimal digits. 

Tr(n,k) = a+ w+ 1) +e + w+ (k— 1), a,b © NYU} — 
trapecoidal numbers. 

S3(n) =14+2+---4+4n= nin) n € N — triangular numbers. 

n €N, for which there is m € N, ¢(m) = n — totient numbers: 
values of the Euler’s totient function. 

n €N, o*(n) = 2n, k © N — unitary perfect numbers: positive 
integers which are equal to the sum of their proper unitary divi- 
sors. 

2, 5, 52, 88, 96, 120, 124, 146, 162, 188,... — untouchable numbers: 
positive integers that cannot be expressed as the sum of all the 
proper divisors of any positive integer (including the untouchable 
number itself). 


. =o € P, where p € P — Wagstaff primes. 
e 70, 836, 4030, 5830, 7192,... — weird numbers: abundant num- 


bers which are not semiperfect; primitive weird numbers: weird 
numbers which have no proper weird divisors. 

For a given b > 2, (b—1)-b"-1,n € Zn > 0 — Williams numbers 
base b; Williams primes base b: prime numbers of this form. 

For a given b > 2, (b—1)-b" +1, n € Zn > 0— Williams numbers 
of the second kind base b; Williams primes of the second kind base 
b: prime numbers of this form. 

W, = n-2”—1, n = 1,2,3,... — Woodall numbers (or Cullen 
numbers of the second kind). 
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Exercises 


Problems, Connected with 
Arithmetic Functions 


il 


Prove that f(n) = gcd(n,k) (the greatest common divisor of n 
and k), where k is a fixed integer, is a multiplicative function; is 
it completely multiplicative? 


. Prove that f(n) = (4) (the Legendre symbol), where p is a fixed 


n 
P 
odd prime number, is a completely multiplicative function. 


. Prove that any Dirichlet character modulo n is a completely 


multiplicative function. 


. Prove that the Dirichlet convolution f * g of two multiplicative 


functions f and g, defined by (f * 9)(n) = dain f(@)g(q), where 
the sum extends over all positive divisors d of n, is a multiplica- 
tive function. 


. Prove that if f is a multiplicative function and a,b are any two 


positive integers, then f(a) - f(b) = f(gcd(a, b)) - f(lem/(a, b)). 


. Prove that n! = p{'-...-pp*, where p; are all primes less than 


or equal to n, and 


o-[alelallile 


. Prove that the greatest a such _ that pi) is 


sz, (z1-2la)) 


393 
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oe 


© 


10. 
Hele 
12. 


13. 
14. 


15. 


16. 


17. 


18. 
19. 


20. 


21; 
22. 


23. 


24. 
25. 


26. 


Perfect and Amicable Numbers 


q P 
Prove that )>?_, leg +07 1 [at] = pot. where m,n EN, 
p,q € P\{2}, and p # q. 
Prove that for any real non-integer number 2, there exists the 
following decomposition: 


1 1 Qsin(2rkz) 

[| a a oe 
Find x29 uP, where s € Rand s > 1. 
Find |{z €N: 2 < km, (z,m) = 1}|, where k,m EN. 
Prove that the function f(x) = |cos? 7 =U gives the value 
1 if x is prime and 0 if x is composite; moreover, f(1) = 1. 
Prove the infiniteness of primes using Fermat numbers. 
Prove the infiniteness of primes in the arithmetic progression 
4k + 1 using Fermat numbers. 
Given t € N, prove the infiniteness of primes in the arithmetic 
progression 2°k + 1 using Fermat numbers. 
Given p € P andt €N, prove the infiniteness of primes in the 
arithmetic progression 2p'k + 1. 
Prove the infiniteness of primes using Mersenne numbers. 
Prove that m(ax) > logy logy x + 4 for any x > 17. 
Prove that if f is a completely multiplicative function and 
yr. f(n) is absolutely convergent for Res > 1, then 
Ene f(n) = [y(t = 0) 
Prove that ay = = S00, MY for Re s > 1. 


n=1 n§ 
Prove that \°*._, rn) =(*(s) for Hes > 1, 
Prove that, for Re s > 1 and ¢*(s) = 7, Teln ) where 7,(n) = 


an 1 is the number of representations of a given positive 
integer n as a product of k positive integers, k > 2. 

Find all solutions of the equation T(n) = T(n + 1) in the interval 
[1, 100]. 

Find several solutions to the equation o(n) = a(n + 1). 

Prove that a(n) is the total number of even parts in the partitions 
of 2” into equal parts. 

Check that o(n) is the sum of number of common divisors of n 
and m, where m runs from 1 to n. 
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28. 


29. 


30. 


ol. 


32. 


33. 
34. 
35. 


36. 
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Check that o(n) is a power of 2 if and only ifn = lornisa 
product of distinct Mersenne primes. 

Find a solution to the equation o(q?~!) = r§ with primes p, q,7r, 
and s. 

Let n = pq be a product of two distinct primes. Prove that 
knowing o(n) and ¢(7n) allows us to find p and gq. 

Prove that 


o(n) = o(n — 1) + 0(n — 2) — o(n — 5) — o(n—-7) 
+ o(n —12)+o0(n—15)+4+--- 


= pr (+ (n = ; (37? — i) 


iEZ 


+ a(n-5 (82+), 


where o(0) = 7 if it occurs, o(i) = 0 for i < 0, and 5 (3? — i) 
are the pentagonal numbers. 

Let 7%(n) = hci 1 be the number of representations of 
n as a product of k positive integers. Prove that 72(n) = T(n). 
Prove that 


(a, +k —1)! (as +k-1)! 


a1, 2p) — AR : ——______—— 
Te(PL +--+ BS) (k—1)loy! °° (k—WDla,! ” 


Prove that for the mean value of the Euler’s totient function 
@(n), it holds that 


= 3N2 
S- o(n) = =z + O(NlogN), NEN. 
d=1 


Find the number of integer points under the parabola y = —az?. 


Find the number of integer points in an ellipse. 

Prove that the number of square-free numbers less than or equal 
to the positive real number x is Sa + O(\/2). 

Prove that the number of k-free numbers less than or equal to 
positive real number x is cy + OLYZ): 


Downloaded from www.worldscientific.com 


396 Perfect and Amicable Numbers 


Problems, Connected with Perfect 
Numbers 


il 


10. 


11. 


12. 


How many decimal digits have the perfect number 2!!?!? 


(211213 _ 1)? 


. Prove that if p is a prime, then the Mersenne number M, is prime 


or pseudoprime to base 2. 


. Prove that a Mersenne prime cannot be a Wieferich prime, where 


a Wieferich prime is a prime number p such that p? divides 
oe- 1 1, 


. Prove that any odd positive integer n divides infinitely many 


Mersenne numbers. 


. A sequence p, 2p+1,2(2p+1)+1,..., in which all of the numbers 


are primes, is called a Cunningham chain of the first kind. Find 
several Cunningham chains of the first kind. Prove that every 
term of such a sequence except the last is a Sophie Germain 
prime and every term except the first is a safe prime. 


. A sequence p, 2p—1, 2(2p—1)—1,..., in which all of the numbers 


are primes, is called a Cunningham chain of the second kind. 
Find several Cunningham chains of the second kind. 


. Check that any positive integer greater than 20161 is a sum of 


two abundant numbers. 


. Find all even numbers less than 1000 of the form x? + 1. Check 


that the only perfect number of such form is 28. 


. A k-smooth (or k-friable) number is an integer whose prime fac- 


tors are all less than or equal to k. Find the first five k-smooth 
numbers for each k < 7. 

A positive integer n is a sublime number if r(n) and o(n) are 
both perfect. Check that 12 is a sublime number. 

A highly cototient number is a positive integer n > 1 which has 
more solutions to the equation x — ¢(x) = n than any other 
integer 1<k <n. Find the first five highly cototient numbers. 
A highly totient number n is an integer that has more solutions to 
the equation ¢(z) = n than any integer below it. Find the first 
five highly totient numbers. Show that the sequence of highly 
totient numbers is a subset of the sequence of the smallest num- 
bers n with exactly m solutions to the equation ¢(xz) =n. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21; 


22. 
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Find all two-digit refactorable numbers n (i.e., such that T(n)|n). 
Check that there are no three consecutive refactorable numbers. 
Find several solutions to the equation gcd(n,x) = T(n) for n = 
1,2,3,...,10. Check that this equation has solutions only if n is 
a refactorable number, i.e., if 7(n)|n. 

A multiplicative perfect number is a positive integer n such that 
the product of all its proper divisors is equal to n. Find the first 
five such numbers. 

A divisor d of n is called a unitary divisor of n if d is relatively 
prime to 4. Find all unitary divisors of n = 1,2,3,...,15. Find 
the number 7*(n) and sum o*(n) of all unitary divisors of n for 
n= 1,2,3,...,15. 

A positive integer divisor d of a positive integer n is called a 
bi-unitary divisor of n if the greatest common unitary divisor of 
d and 4 us equal to 1. Using the sum o**(n) of the bi-unitary 
divisors of n, check that 120 is a bi-unitary 3-perfect number and 
that 2 and 9 are bi-unitary superperfect numbers. 

A divisor d of n is called a k-ary divisor of n if the greatest 
common (k — 1)-ary divisor of d and 4 is 1. A divisor p® of p®, 
a EN, is called an infinitary divisor of p® if p® is an (a — 1)-ary 
divisor of p®. Find all infinitary divisors of n = 1,2,3,...,15. 
Find the number and sum of all infinitary divisors of n for n = 
1,2,3,.0+,15. 


Let d = pe - pe? ee - pe be an exponential divisor of n = 
Pi ps7... pS if each B;la;, i= 1,2,...,s. Find all exponen- 
tial divisors of n = 1,2,3,...,15. Define an exponential perfect 


number. Prove that there are infinitely many exponential perfect 
numbers. 

Check that if & is an integer and 2" — (2k + 1) is a prime, then 
2r-1(2" _ (2k +1)) is a solution of the equation a(x) = 2(a +k). 
An Erdés—Nicolas number is a number that is not perfect but 
that equals one of the partial sums of its divisors: there exists 
m <nsuch that )lain, a<m@ = 7. Check that the first Erdés— 
Nicolas number is 24. 

Check that any known almost perfect number gives the number 
of subsets of an finite set as well as the compositions (ordered 
partitions) of some positive integer. 
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23. 


24. 


25. 


26. 


27. 


Prove that if a(n) is a 4-perfect number, k > 1, and p= an) +1 
is a prime, then, for each positive integer m, 2*—!-p™ is a solution 
to the equation o(¢(x)) = 2- x — 2", 

A hemiperfect number is a positive integer with a half-integral 


abundancy index. For a given odd number k, a number n is called 
k-hemiperfect if and only if the sum of all positive divisors of n 
is equal to F -n. Check that 2 is the first 3-hemiperfect number, 
24 is the first 5-hemiperfect number, 4 is the first 7-hemiperfect 
number, 8 is the first 9-hemiperfect number, and 17 is the first 
11-hemiperfect number. 

Check that the first 10 superabundant numbers are harshad 
numbers. 

Find several perfect totient numbers of the form 3p, p € P. Check 
that in this case, p = 1(mod 4). 

Check that M7 = 127 is a palindromic prime in nonary and 
binary. Are there palindromic Thabit numbers? 


Problems, Connected with 
Amicable Numbers 


1. 


Consider a proposition: Jf all three numbers 
grt _ 1 + gr grt a 1 = gn-l elon + or} _ 1 
are primes, then the numbers 
an (ann! =a Pst Oe Sa ae oe oe an or) _ 1) 


are amicable. Check that this is the Thabit’s rule. 


. Prove that if m = 0(mod 6) and n = o(m) — m is even, then the 


pair (m,n) cannot be amicable. 


. Check that the following method can be used for generating 


amicable pairs of the form (M,N) = (a1pq,a2s), a1 # a2 (see 
[Yan96]): Let a,,a9 be two given positive integers; define 


A = a(a1)(a(a2) — a2), B= ajo(a2) — o(a1)(o(a2) — a2) 
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and write R = o(a2)(a1a20(a2) + o(a1)(a1 — a2)(o(a2) — a2)) as 
a product uv; if 


OA UE ge Aa). 
a ae a(a2) 

are different primes and gcd(a,,p) = (a1,q) = (a2,s) = 1, then 

(M, N) = (aipq,a2s) is an amicable pair. 


. Check that the following general algebraic method can be used 


for constructing amicable pairs: For given aj, a2, let Ay = a(a1) 
and Az = o(a2); if a + a > 1, consider all possible decompo- 
sitions XY = A2(a1a2A2 + Ax(a4 _ az) (a4 = A2)); if 


X + A;(A2 — az) Y + Aj(A2 — az) 


~ ay Ag — Ay(A2 — a2)’ = a Ag — Ai(A2 — ag)’ 
Arlp+ igs 1) 


r= 


A2 
are all primes and gcd(a,,p) = gcd(a1,q) = gcd(az,r) = 1, then 
(M =a,-p-q,N =a2-1r) is an amicable pair. 


. Check that the following general algebraic method can be 


used for constructing amicable pairs (Yan, 1996, [Yan96]): Let 
(a1p,a2q) be a given amicable pair with p,q primes and (a1, p) = 
(a2, q) = 1; select (a1, a2) to find a solution (q1, q2) of the bilinear 
Diophantine equation 
(Aq — B)(Aq — B) = AC + B?, 
where A, = 0(a1), Ag = a(az), 
By = a(a1) — ai, Bo = a(az2) — a2, 
A= ayag — B,Bo, B= By Ap, C= a, Ay + By Ag; 
by writing W = AC + B? in all possible ways as a product W = 
UV, let 
Uae VB agg. — Ay e 
a= A > a= Al > p= Bi ) 
1,0,PLEN, 1,4, r1€ P, UA, ged(a2,q92) = 1, 


gcd(ay,p1) = ie 


then (a1p1, 42q1q2) 1s an amicable pair. 
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6. Check that the following forward method can be used to construct 


10. 


11. 


12. 


an amicable pair (M,N) = (wpq, ws), where p,q,s are primes, 
w = gcd(M, N), and gcd(w, pq) = gcd(w,s) = 1: Letw>1 bea 
given integer and write w? as a product w? = wv with 2<u<v; 
let A = o(w) —w, B = 2w — o(w); if p = uA q= uA 
8s =pq+p+q are distinct primes and gcd(w,p) = gcd(w, q) 

gcd(w,s) = 1, then (M,N) = (wpq, ws) is an amicable pair. 


. Prove that the Euler’s rule can be considered as a special case, 


w = 2”, of the above forward method. 


. Check that the following backward method, starting with two 


given numbers m and n, can be used for generation an amicable 
pair (M,N) = (wm,wn): Let (m,n) be a pair of positive integers 
such that o(m) = o(n) Am+n, m <n; if there exists another 


integer w > 1 such that gcd(m, w) = gcd(n,w) = 1, ow) = min 


then (M,N) = (wm, wn) is an amicable pair. 


. Check that the sequence 1215571544, 1270824975, 1467511664, 


1512587175, 1530808335, 1579407344, 1638031815, 1727239544, 
1215571544,... (sequence A309227 in the OEIS) is a quasi- 
sociable of order 8. 

Does the sequence 243902764, 270193365, 263191852, 348188373, 
145417011280, 220890775665, 183450487696, 232210408305 
forms an augmented aliquot cycle? 

Check the following algebraic rule for aliquot 4-cycles: Jf 
ay, a2, d1, do EN, ajag = didz and for 7= 1,2, 


_ s(az)o(a1) + djo(a2) _ s(a1)o(a2) + dia(a1) 
: aya — s(a,)s(ag) * ™ aaz — s(a1)s(az) 
- s(a1pip2) pe s(a2q192) 
ay , ag 


are all integral and primes, p, # p2, 1 4 q2, and gcd(pi,a1) = 
gcd(p2,a1) = gcd(r,a,) = gced(q,a2) = gcd(qz,a2) = 
gcd(t, a2) = 1, then (m1, m2,m3,m4) = (a1p1pe2, A171, 42q1q2, a2t) 
is an aliquot 4-cycle. 

Check the following algebraic rule for aliquot 4-cycles (see 
[Yan96]): For a given n, let ay = 2-5-7" and ag = 2-11-7"; 
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if for some 0 <A < 2n, the following six numbers 


y 10 
a ila AU ae a Re i ed 


1 
“a= aaa Od a 


j= = (6 Gee ae ees ~s(im) — ~s(ms) 
are all primes, then (m 1,m2,m3,m4) = (a1p1p2, A171, 42q1q2, a2t) 
forms an aliquot 4-cycle. 
An aliquot sequence for a given integer k can be represented 
as a directed path in the directed graph G;,, on n vertices 
{1,2,3,...,n} with arcs (i,s(i)), where s(i) denotes the sum 
of the proper divisors of 7. Construct the directed graph G,,,, for 
n = 10; for n = 15. How many components have these digraphs? 
Are there cycles in these digraphs? 
Check that the pair (12146750, 16247745) forms a reduced ami- 
cable pair. 
Check that the pairs (6160,11697), (12220,16005), (23500, 
28917), and (9026235, 9843526) are augmented amicable pairs. 


Solutions to Problems, Connected 
with Arithmetic Functions 


I. 


. By properties of the Legendre symbol, it holds that (2) = (")-. 


The greatest common divisor of n and k is a multiplicative func- 
tion f(n) = gcd(n, k) because 


f (mn) = ged(mn, c) = ged(m,¢) - ged(n,c) = f(n) - f(m) 
for any coprimes m and n. It is not completely multiplicative: 
For example, 

gcd(2 - 8,20) =4 42-4 = gcd(2, 20) - gcd(8, 20). 


a 
Pp 


(2) for any a,b € Z. 


. By definition, for all integers a and b, it holds that y(ab) = 


x(a)x(b). It is easy to check that the Jacobi symbol is an example 
of Dirichlet character and hence is a completely multiplicative 
function. 
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diy, 


12. 


13. 


14. 
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For relatively prime integers a,b, it holds that 


(f *g)(ab) = S— f(d) (2 *) 


diab 
_ dd Hats (=) 
= Sstana :) EN "(a q 


= (f *g)(a) : (Ff * 9) (0). 
With the Dirichlet convolution, the set of all multiplicative func- 
tions turns into an abelian group; the identity element is e. 


. It follows from the fact that ab = gcd(a,b) - lcem(a,b) and 


b a, 
ged —- > gcd 5) =i 


. See, for example, [Buch09]. 
. It follows from the prime decomposition that n! = pf!-...- pe 


of n!, as (-”) — Gay 


. See a proof of the quadratic reciprocity law in [Buch09]. 
. The fractional part function {x} has Fourier series expansion 


iy = ; - +R sin@rkz) for x not an integer. Now, we can 
obtain the result using the formula |x| = x — {x}. For more 
explanation, see [Titc87]. 

Use the formula ¢(p") = p*(1— 2): Note that the Dirichlet series 
for ¢(n) can be written in terms of the Riemann zeta function 
as > 9 on) — aa See, for example, [HaWr79]. 

In fact, |{e € N: x < km,(z,m) = 1}| = kb(m) = kmJ] 
(1-4), 

See the Wilson theorem: Any number z is a prime if and only if 
(x — 1)! +1 is divisible by x. See also [Deza21]. 

Let gn be the least prime divisor of F,,. As gcd(Fi,, Fy) = 1 for 
n #m, then dq, # dm, and we obtain infinitely many primes 
G0. + ++ Qky sees 

Note that any prime divisor of F,,, n > 1, has the form 4k + 1, 
and use the previous consideration. 
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24. 


25. 


26. 


27. 
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For t > 2, consider the numbers Fi, Fii1,..., Fpiy,.... Each such 
number F;,,; has a prime divisor of the form 2°+'+?k+41 = 2's+1. 
See, for example, [Step01], [Dezal7], and [DeKo13]. 

Let qi|Mp,; as gcd(Mp,, Mp,) = 1, then q; 4 qj; if the set P = 
{pi,.--, Pz} of primes is finite, then P = {q,..., qx}, but p: = 2, 
while all g; are odd; a contradiction. 

Let & € [pn,Pn4i]. Then, 7(xz) = a(pn) = n. Moreover, & < 
Dnt < 22" +1, ie, 2 < 22" or logs logy x < n— 4. Now, we 
obtain that 7(x) =n > logy logy x + 4. 

In this case, we can use that (1 — f(p))~! = 1+ f(p) + f(p?) + 


See, for example, [Titc87], [Kara83], and [Ivic85]. 
It follows from the fact that T(n) = 72(n) = Yon, ny=n 1 


It follows from the definition of 7;(7). 

In 1984, R. Heath-Brown proved that the equality 7T(n) = 7(n+1) 
is true for an infinity of values of n. The sequence of numbers n 
such that n and n+ 1 have the same number of divisors starts 
from 2, 14, 21, 26, 33, 34, 38, 44, 57, 75, 85, 86, 93, 94, 98, 104, 
... (sequence A005237 in the OEIS). 

o(n) = o(n+1) for n = 14, 206, 957, 1334, 1364 (see sequence 
A002961 in the OEIS). 

More generally, a(n) is the total number of parts congruent to 0 
modulo k in the partitions of k” into equal parts. 

For example, for n = 4, we have: one common divisor with 
m = 1, two common divisors with m = 12, one common divi- 
sor with m = 3, and one common divisor with m = 4. So, 
o0(4) =7=14+24144. 

The first few such n are 1, 3, 7, 21, 31, 93, 127, 217, 381, 651, 889, 
2667,... (sequence A046528 and the OEIS); the corresponding 
powers of 2 are 0, 2, 3, 5, 5, 7, 7, 8, 9, 10, 10, 12, 12, 18, 
14,... (sequence A048947 in the OEIS). See [Weis22]. 

In fact, 7(3*) = 11°. On the other hand, Kanold (1947) shows 
that the equation o(q?~') = b? has no solutions for b > 2, where 
q is a prime and p is an odd prime. See [Sloa22]. 
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29. 


30. 


dl. 


32. 


33. 
34. 
35. 


36. 


In fact, the following equalities allow us to express p and q in 
terms of o(n) and ¢(n) only, without even knowing n or p+ q: 


p = (a(n) — o(n))/4 
= 


(a(n) — o(n))/4)? — [Co(m) + o(m))/2 — Uf, 
q = (a(n) — o(n))/4 
+ V[(o(n) — o(n))/4)? — [Co(m) + o(m))/2 — I. 


Also, knowing n and either o(n) or ¢(n) (or knowing p+ q and 
either o(n) or ¢(n)) allows us to easily find p and q. See infor- 
mation about RSA system for practical applications. 

Euler proved this result by logarithmic differentiation of the iden- 
tity in his pentagonal number theorem. 

It is easy to see that 7,(7) is multiplicative. One can obtain this 
fact by induction, as 7%+41(m) = dJajn Ted). Moreover, it is easy 


to check that 7(p*%) = ues _ a 


We have that 
~ Sn ud) _ ld) 
Som = So M=y ee yo, 
n=1 n=l din d=1 n<N,d\n 


Using the arguments of the theorem on mean value of a(n) (see 
Chapter 2) and the formula >> a) = oy = %, we obtain the 
result. See, for example, [Buch09]. 

See, for example, [Buch09] and [Kara83]. 

It is a generalization of the well-known Gauss circle problem. 


In fact, y?(n) = an H(d), so 
S(x) =|{n <a|n is square-free}| = DS wn) = Ss" S/ u(d) 
n<a n<a d2\n 
= © la (5+00)) =2 © rows 
dsVr dsVa 
=2 : Cae Vet+a2 2 d? | = _4+0(Vz) 
a ra ) 


See the previous proof. 
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Solutions to Problems, Connected 
with Perfect Numbers 


1. As 22425 - lg 2 = 22425 -0,30108... = 6750,59..., then 222425 
has 6751 digits, and 277475 = 10679199°?-. Since 1909? = 
10° >. 8, then 10°! > 222 = 8 -10°". So, the first digit 
of 272425 is at least 3; therefore, the number of digits will be 
the same after subtraction 22742° — 2!!?!2_ Hence, the number 
11212 (911213 _ 1) has 6751 decimal digits. 

2. Let M, = 2?—1 bea Mersenne number, where p is a prime. If M, 


is composite, then p is odd. By Fermat’s little theorem, Mpa = 


2?-! __1 = 0(mod p). So Mot = kp for some positive integer 
Mp-1 


k. Hence, My = 2? — 1|(2*? — 1) = 2—-2— —1. It is equivalent 
a 1(mod My), which implies that 2@e—! = 


to saying that 2 
1(mod M,). 

3. So, we are going to show that if p = 2% — 1 is a Mersenne prime, 
then the congruence 2?~! = 1(mod p*) does not hold. 

By Fermat’s little theorem, 2?~! = 1(mod p). As, by defini- 
tion, p = 27—1, it holds that 27 = 1(mod p), and hence, q|(p—1). 
Therefore, one can write p— 1 = qk, where k € N, k > 2. 

If the congruence 2?—! = 1(mod p”) is satisfied, then p|(2* — 
1) and pi. Therefore, using that p = 2% — 1, we obtain 


9qk 


oe : = 14274 9%4...49%-)9 = —k(mod 27 — 1). 
Hence, 2% — 1|k, and therefore, k > 27 — 1. This leads to p—1= 
qk > q(24 — 1) = qp, which is impossible. 

4. Consider the numbers Mygin) = gke(r) _ 1, where o(n) is the 
Euler’s totient function. 

5. It follows that p; = 2‘~!p; + (2°! —1), where p; = p. By setting 
a= BE py, = 2a -1. 

Examples of (complete) Cunningham chains of the first kind 
include the following: 


e 2,5, 11, 23, 47 (the next number would be 95, but that is not 
prime); 
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e 3, 7 (the next number would be 15, but that is not prime); 

e 29, 59 (the next number would be 119 = 7-17, but that is not 
prime); 

e 41, 83, 167 (the next number would be 335, but that is not 
prime); 

e 89, 179, 359, 719, 1439, 2879 (the next number would be 
5759 = 13 - 443, but that is not prime). 


As of 2021, the longest known Cunningham chain of the first kind 
is of length 17, with starting prime 2759832934171386593519, 
discovered by J. Wroblewski in 2008. 

6. It follows that p; = 2‘~!p; — (2-1-1), where p; = p. By setting 
a= Po pi = 9441. 
Examples of (complete) Cunningham chains of the second kind 
include the following: 


e 2, 3, 5 (the next number would be 9, but that is not prime); 

7, 13 (the next number would be 25, but that is not prime); 

19, 37, 73 (the next number would be 145, but that is not 

prime); 

e 31, 61 (the next number would be 121 = 112, but that is not 
prime). 


As of 2021, the longest known Cunningham chain of 
the second kind is of length 19, with starting prime 
79910197721667870187016101, discovered by Chermoni and 
Wroblewski in 2014. 

It has been conjectured that arbitrarily long Cunningham 
chains of the second kind exist. 

7. See [Sloa22]. Sequence A048242 in the OEIS contains numbers 
that are not the sum of two abundant numbers (not necessarily 
distinct), with the first few members 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
11, 12, 18, 14, 15, 16, 17, 18, 19, 20,... and the last member 
a(1456) = 20161. Also, a(38) = 46 is the largest even term. For 
example, 48 = 12 + 36; 20162 = 20000 + 162. 

8. It is proven that the only even perfect number of the form x?+1 is 
28 (Makowski, 1962). Moreover, 28 is also the only even perfect 
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number that is a sum of two positive cubes of integers (Gallardo, 
2010). 


. For example, a 7-smooth number is a number whose every prime 


factor is at most 7, so 49 = 7? and 15750 = 2-3?-5°-7 are both 
7-smooth, while 11 and 702 = 2-3°- 13 are not 7-smooth. 

Smooth numbers are especially important in cryptography, 
which relies on factorization of integers. The 2-smooth numbers 
are just the powers of 2, while 5-smooth numbers are known as 
regular numbers. 

Berndt (1994) called the 7-smooth numbers highly composite 
numbers. In the following table, the first k-smooth numbers are 
represented. 


2 |A000079] 1, 2, 4, 8, 16, 32, 64, 128, 256,512,... 
3 |A003586| 1, 2,3, 4,6, 8,9, 12, 16, 18, 24,... 


5 |A051037| 1,2,3,4,5,6,8,9, 10, 12, 15, 16,... 
7 |A002473]1, 2, 3, 4,5, 6, 7,8, 9, 10, 12, 14, 15,... 
11|A051038]1, 2, 3, 4,5, 6, 7,8, 9, 10,11, 12, 14,... 


The second sublime number is 


60865556702383789896703717342431696226578 
30773351885970528324860512791691264 


(see sequence A081357 in OEIS). It is not known if any odd 
sublime number exists. 

The first few highly cototient numbers are 2, 4, 8, 23, 35, 47, 59, 
63, 83, 89, 113, 119, 167, 209, 269,... (sequence A100827 in the 
OEIS). 

Many of the highly cototient numbers are odd. In fact, after 8, 

all the numbers listed above are odd, and after 167, all the num- 
bers listed above are congruent to 29 modulo 30. 
The first few highly totient numbers are 1, 2, 4, 8, 12, 24, 48, 72, 
144, 240, 432, 480, 576, 720, 1152,... (sequence A097942 in the 
OEIS), with 1, 3, 4,5, 6, 10, 11, 17, 21, 31, 34, 37, 38, 49, 54,... 
totient solutions, respectively. 
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13. 


14. 


15. 


16. 


17. 


A refactorable number (or tau number) is an integer n that is 
divisible by the number of its divisors: r(n)|n. The first few 
refactorable numbers are 1, 2, 8, 9, 12, 18, 24, 36, 40, 56, 60, 
72, 80, 84, 88,... (sequence A033950 in the OEIS). 

In 2002, Zelinsky proved that no three consecutive integers 

can all be refactorable. Zelinsky wondered also if there exists a 
refactorable number no = a(mod m), does there necessarily exist 
ann > no such that n is refactorable and n = a(mod m). See 
[Zeli02]. 
For example, 18 has 6 divisors and is divisible by 6. The equation 
gcd(18,x) = 6 has infinity many solutions « = 18k +7, r € 
{6,12}. On the other hand, 6 has 4 divisors and is not divisible 
by 4. The equation gcd(6,x) = 4 has no solution, as 4 is not a 
divisor of 6. 

It is known that there are infinitely many refactorable 
numbers. 

It is easy to see that numbers of the form pq and p® are mul- 
tiplicative perfect. All such numbers have exactly three proper 
divisors. The first few such numbers are 6, 8, 10, 14, 15, 21, 22, 
26, 27, 33, 34, 35, 38, 39, 46,... (see sequence A030513 in the 
OEIS). 

See sequence A068068 in the OEIS for the number of odd unitary 
divisors of n = 1,2,3,...; see sequence A192066 for the sum of 
odd unitary divisors of n = 1,2,3,.... 

The number of unitary divisors of a number n is 2", where k 
is the number of distinct prime factors of n. 

The sum o**(n) of the bi-unitary divisors of n (see sequence 
A188999 in the OEIS) is a multiplicative function with o**(p®) = 


o(p?) = ME for odd a and o**(p%) = o(p*) — p¥? = 
Po (pl +1) for even a. 


In fact, o**(120) = o(120) = 360 = 3-120, so 120 is a bi- 
unitary 3-perfect number. 

As o**(2) =3 and o**(3) =4, we get that o**(o**(2)) = 2-2, 
and 2 is a bi-unitary superperfect number. As o**(9) = 10 and 
o**(10) = 18, we get that o**(o0**(9)) = 2-9, and 9 is a bi-unitary 
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superperfect number. T. Yamada proved that 2 and 9 are the 
only bi-unitary superperfect numbers. 

Infinitary divisors can also be defined as follows. Compute the 
prime factorization for each divisor d of n, d = i p. _ 

Now, make a table of the binary representations (3;)2 of (; 
for each prime factor p;. The infinitary divisors are then those 
factors d that have zeros in the binary representation of all 6; 
where n itself does. This is illustrated in the following table for 
the number n = 12, which has divisors 1, 2, 3, 4, 6, and 12 and 
prime factors 2 and 3. 


Fal Pala ea 


As seen from the table, the divisors 1, 3, 4, and 12 have zeros in 
the binary expansions of (3) (the exponents of 2) in the positions 
that 12 itself does. Similarly, all divisors have zeros in the left- 
most two positions in the binary expansions of 32 (the exponents 
of 3), as does 12 itself. The intersection of the divisors match- 
ing zero in the binary representations in each of the exponents 
is therefore 1, 3, 4, and 12, and these are the infinitary divisors 
of 12. 

One can check that the infinitary divisors of 4 are 1 and 4, 
while the infinitary divisors of 9 are 1 and 9. For all other n < 15, 
any divisor of n is its infinitary divisor. For the list of the infini- 


tary divisors of n = 1,2,3,..., see sequence AO077609 in the 
OEIS. 
The numbers of infinitary divisors of n for n = 1,2,3,... are 


1, 2, 2, 2, 2, 4, 2, 4, 2, 4,... (sequence A037445 in the OEIS). 
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19. 


20. 


21: 


22: 


23. 


For example, 2 and 2° are exponential divisors (e-divisors) of 
8 = 2°, and their sum is 2+ 2° = 10. The number of exponential 
divisor function 7°(n) is multiplicative with T°(p%) = T(a). The 
numbers of exponential divisors of n = 1,2,3,... are 1, 1, 1, 2, 
1,1, 1, 2, 2,1, 1, 2, 1, 1, 1,... (sequence A049419 in the OEIS). 

The sum of exponential divisor function o°(n) is multiplica- 
tive with o°(p%) = >> ie p’. The sums of exponential divisors of 
n = 1,2,3,... are 1, 2, 3, 6, 5, 6, 7, 10, 12, 10, 11, 18, 13, 14, 
15,... (sequence A051377 in the OEIS). 

It is easy to show that an exponential aliquot cycle will remain 
an exponential aliquot cycle when each member of the cycle is 
multiplied by a square-free number, relatively prime to every 
member of the cycle. So, there are an infinite number of expo- 
nential perfect numbers, of exponential amicable pairs, and of 
exponential sociable numbers. See, for example, [StSu74]. 

If (6; + 1)|(a; +1) for all i = 1,2,...,s8, we call d a modified 
exponential divisor of n (see webpage on D. Moews). In fact, 
every exponential aliquot cycle can be obtained by starting with 
some modified exponential aliquot cycle, so looking at the num- 
ber of modified exponential aliquot cycles is more interesting. 
See [Sloa22]. For k = 0, we get the Euclid—Euler theorem. For 
k = 1, we get the following proposition: If 2” — 3 is prime (see 
sequence A050414 in the OEIS), then 2”~1(2” — 3) is a solution 
of the equation o(x) = 2x4 2. 

In fact, 24 = 14+2+3+4+6+8. The first ten Erdés—Nicolas num- 
bers are 24, 2016, 8190, 42336, 45864, 392448, 714240, 1571328, 
61900800, and 91963648 (sequence A194472 in the OEIS). They 
are named after Paul Erdés and Jean-Louis Nicolas, who wrote 
about them in 1975. 

As only known almost perfect number have the form 2”, the 
result holds. There are 2” subsets of an n-set. There are 2”~! 
compositions (ordered partitions) of n. 

In fact, o(p(2*-" - p™)) = o(28-?(p — 1)p™") = o(2*-?(p — 
I)o(p™!) = o(a(n)) 22 = da(n)Z EX = 2'(p™ -1) = 
2(2*—-1p™) — 2*. Tt seems that for all such equations, there exists 
such an infinite set of solutions. 
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For example, 24 is 5-hemiperfect because the sum of the divisors 
of 24 is 1+2+3+4+6+4+8+12+ 24 = 60 = 3-24. 

In fact, 170 is the first 13-hemiperfect number, and 12 is the 
first 15-hemiperfect number. 


A harshad number (or Niven number) in a given base g > 2 is 
an integer that is divisible by the sum of its digits when writ- 
ten in that base. Harshad numbers in base g are also known as 
g-harshad (or g-Niven) numbers. Harshad numbers were defined 
by D. R. Kaprekar, a mathematician from India. The word “har- 
shad” comes from the Sanskrit harsa (joy) + da (give), meaning 
joy-giver. The term “Niven number” arose from a paper deliv- 
ered by Niven in 1977. 

The number 18 is a harshad number in base 10 because the 
sum of the digits 1 and 8 is 9 (1+8 = 9) and 18 is divisible by 9. 
The Hardy—Ramanujan number 1729 is a harshad number in base 
10 since it is divisible by 19, the sum of its digits (1729 = 19-91). 
The number 19 is not a harshad number in base 10 because the 
sum of the digits 1 and 9 is 10 (1+9 = 10), and 19 is not divisible 
by 10. 

Harshad numbers in base 10 form the sequence 1, 2, 3, 4, 5, 
6, 7, 8, 9, 10, 12, 18, 20, 21, 24,... (sequence A005349 in the 
OEIS). 

A number which is a harshad number in every number base 
is called an all-harshad number. There are only four all-harshad 
numbers: 1, 2, 4, and 6. The number 12 is a harshad number in 
all bases except octal. 

Many superabundant numbers, 1, 2, 4, 6, 12, 24, 36, 48, 60, 
120,..., are harshad numbers. The first exception is the 105th 
superabundant number, 149602080797769600. The digit sum is 
81, but 81 does not divide this large number. 

Moreover, the first four superabundant numbers are all- 
harshad numbers: 1, 2, 4, and 6. 

Check, for example, the numbers 15 and 39. It is proven (Mohan 
and Suryanarayana, 1982) that if p is a prime number greater 
than 3 and 3p is a perfect totient number, then p = 1(mod 4). 
However, not every prime p of this form leads to a perfect totient 
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number; for instance, 51 = 3p, p = 17 = 1(mod 4), is not a 
perfect totient number. 
In binary, 127 = 11111119; in nonary, 127 = 151o. 

Moreover, it is a Friedman number in base 10 since 127 = 2°—1 
as well as in binary since 1111111 = (1+ 1)!" -1. 

On the other hand, 5 = 101, is the only Thabit number which 
is palindromic in binary. 


Solutions to Problems, Connected 
with Amicable Numbers 


I 


2: 


In fact, 
grvd_ 449" — 271241) -1=3-2"-1, 
gntt_ 4 —gn-l — 9m-1/4 1) -1=3-2"-1-1, 
Oe Oca (age + gn) _ 1) = gn+1 ; on=7(8 + 1) —Q. 92n-1 — 1. 


Using simple considerations modulo 6, it is easy to check that in 
this case, m # a(n) — n. 


. For example, if aj = 2° = 32, ag = 23-41 = 328, then o(a,) = 63, 


o(a) = 630, A = 19026, B = 1134, R = 617893920 = 2°- 34.5. 
7? . 139. By writing R as a product of uv, we can get 


u = 252 = 27. 37-7, v = 2451960 = 2°. 37-5 - 77-139. 


— utA _ 252419026 _ — v+A _ 2451960+19026 _ 
Then, p = 93° = (Spa = I = SE 


i 
2179, s = Ae Derr) 1 = Soe — 1 = 3923, which all 


are primes. So, we get an amicable pair (M,N) = (aipq, a2s) = 
(2° - 17-2179, 2° - 41 - 3923) = (1185376, 1286744). See [Yan96]. 


. In 1968, Lee proposed this general algebraic method for con- 


structing amicable pairs (see [Lee68] and [Yan96]). It was based 
on the obvious fact that an amicable pair can be written in the 
form (M = a,-p-q,N =a2-1), where gcd(a1,p) = gcd(ai,q) = 
gcd(az,r) = 1. Then, for given a1, a2, we can find unknown p, q,r. 
Unfortunately, it is very difficult to find a,,a2 such that p,q,r 
are integral. So, Lee’s method is essentially impractical. 
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5. This method (see [Yan96]) is general, as any amicable pair, 
including exotic, could be used as a breeder pair to construct 
new amicable pairs. This method can be realized by the follow- 
ing algorithm: 


Select a breeder pair, (M’, N’) = (ayp,azq). 

Use (a1, a2) to calculate W. 

Complete factor W into its prime decomposition form. 
Generate all possible combinations W = UV for W. 

For each combination W = UV,U < V, generate q1, q2, P1- 
Test if all numbers q1, G2, pi are positive integers and primes; 
test if qg1 # qo, gcd(a2, qiq2) = 1, gcd(a1,pi) = 1; in this case, 
find M = api, N = a2q142. 


e Indicate (1, N) as an amicable pair. 


For example, let the breeder amicable pair be (220,284) = (2? - 
5-11,2?-71). In this case, a; = 27-5 = 20, ag = 27 = 4, p= 11, 
q= gle So, Aj = a(ay) = 42, Ay = a(az2) = 7, By, = A, =i = 
2D. Bo = Ay —9 = 3, A= ajyag — By Bo = 14, B= By, Ag = 154, 
C = a,A; + By, Ag = 994, and 


W = AC + B? = 37632 = 2°-3.-7?. 


There are 9-2-3 = 54 representations W = UV of W. 
Select them with U < V, we get pairs U = 2,V = 18816; 
U=4,V = 9408;...; U = 168,V = 224; U = 147,V = 256. 
In all 26 combinations, W = UV with 2 < U < V, exactly two 
yield amicable pairs. 

For U = 28 = 9? 27, V = 1344 = 2° 23 7, we wet (2620 = 
O50 191, 9024 = 9" + 17-3): 

For U = 84 = 27-3-7, V = 448 = 2-7, we get (5020 = 
O25 1251, 5564 219% 107), 

6. I. It is easy to see that 


o(M) = o(wpq) = o(w)(p + 1)(q +1) 
= o(w)(pq+pt+qt+1) =o(w)(s +1) =o(ws) =o(N). 
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II. From the construction, it follows that 
= BEC) TL wpe g = pH, 
utw v+w_ 2w’?+u(utv)  w2wt+utv) 
B Bo B? 7 B . 
o(M) =o(w)(pt+ 1)(¢+1) =o(w)(s +1) 


= o(N) = w. Serr), 


st+l= 


M+N =w/(pq + 8) = w(2s — p— q). 
So, 0(M) = M+N if and only if 
B?(2s — p—q) = o(w)(2w +utv). 


It is easy to see that 


2w(2w +utv 
B?(2s —p—q) = B?- (Se pa) 


= 2w(2w +ut+v)—B?2(2+p+q). 


This is equal to o(w)(2w + u+ v) if and only if 2uw+ut+v = 
B(p+q+2), which is so if and only if 


bw bute=Bp+q+2)=B(So4 a), 


B B 


This is true, so the result follows. 

For example, let w = 24 = 16. Then, w? = 256, o(w) = 31, 
A=o(w)-w=15, B=2w-—o(w)-1. 

Since w? = 256, it can be written in the following four ways 
as a product of u and v: 


(u,v) = (2, 128), (4, 64), (8, 32), (16, 16). 


For (u,v) = (2,128), we have p= 2+15=17, q=1284+15= 
143 = 11-13, s = 2591; so, gq is not a prime, and this case does 
not generate an amicable pair. 

For (u,v) = (4,64), we have p = 4415 = 19, q = 64415 = 79, 
s = 1599 = 3-13-41; so, s is not a prime, and this case does not 
generate an amicable pair. 


Downloaded from www.worldscientific.com 


. It is easy to see that o(M) = o(wn) = o(w)o(m) = o(w)a(n) 


Exercises 415 


For (u,v) = (8,32), we have p = 8+15 = 23, q = 32415 = 47, 
s = 1151; as all q,p,s are primes, this case generates an amicable 
pair: 


(M,N) = (2* - 23-47, 2* - 1151) = (17296, 18416). 


Finally, for (u,v) = (16,16), we have p = 164+ 15 = 31 and 
g = 16+ 15 = 31; Since gq = p = 31, this case does not generate 
an amicable pair. 

This version of algorithm as well as the example above are 
represented in the book by Yan, 1996, [Yan96]. However, the 
ideas behind such searches go back to Euler’s works. See the next 
problem in the list. 


, Lek = 2") Then? S22 So 2 ge Op Se 


A=o(w)-—w=2"1 1-2" =2"—1, and B = 2w —o(w) = 
antl _ (antl _ 1) =1. This gives the Euler’s rule in which 


p=utA= 2742" -1=27(2""*+1)-1, 
@=0t AS24190 * 41) —1, 
sagen? 2) i, 
If c =n-—1, it gives the Thabit’s rule, in which 
p=3-2%1-1, g=3-2%-1, s=9- 2"! _ 1, 


o(wn) = o(N). On the other hand, it holds that o(M) 
o(w)o(m) = w(m +n) = M +N. The result is proven. 
For example, let 
(m,n) = (11+13-431-719, 127-503-809) = (44314127, 51679729). 
Then, we have 
o(m) = o(11-13- 431-719) = 52254720, 
o(n) = o(127 «503 - 809) = 52254720, 
m+n = 95993856, o(m) = o(n) Am+n, 
m+n — 95993856 — 248 


o(m) 52254720 135" 
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If we select w = 3? - 5? = 675, we get 


o(w) 1240 248 


gcd(m, w) = gcd(n, w) , o(w) 0, 675 135 


As gw) _ m+n 


— = SS, then (M,N) = (wm, wn) is an amicable pair: 


(M = 3° .57.11-13. 431-719, N = 3° - 5? . 217 - 503 - 809) 
= (29912035715, 34883817075). 


Note that it is the case that running time of the backward 
method is exponential since it is based on the calculation of a(n) 
which in turn is based on complete factorization of n. 

Many integers may have the same sigma value. For example, 
between 10° and 10+, exactly 12 numbers m,, i = 1,2,3,...,12, 
have o(m;) = 3240, So, if we can find a suitable w such that 

a(w) mi+tmy; 


o(wm;) = o(wm;), i ~ j, and > = a(mi) 


amicable pair (wm;,wm,;). In this case, the numbers w, m,n are 


, then we get an 


not necessarily primes. 

A detailed consideration of this algorithm can be found in 
[Yan96]. In Chapter 6, we presented a similar algorithm given 
by Yan for amicable quadruples. 


. It is the first quasi-sociable sequence, discovered by M. Dicker- 


man in 1997. Use it for checking the following information: 


1215571544 = 2° - 11 - 13813313, 1270824975 
— 37.57.7-19 - 42467, 

1467511664 = 2*- 19 - 599 - 8059, 1530808335 
= 3° .5-7- 1619903, 

1579407344 = 2+. 317 - 59-1741, 1638031815 
= 3*.5-7-521- 1109, 

1727239544 = 23 . 2671 - 80833, 1512587175 
= 3-57-11 - 1833439. 
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This sequence gives the only known augmented aliquot cycle with 
length greater than 2 (with no others below 2-10!!), which was 
considered by D. Moews (2003). 

In fact, 243902764 = 2? . 7-23 - 103 - 3677, 270193365 = 3? -5- 
13-31. 47-317, 263191852 = 27-7-11-23-53-701, 348188373 = 
3*. 13-17-31. 5647, 145417011280 = 2*- 5-17 - 43 - 2486611, 
220890775665 = 3-5- 7-947 - 2221459, 183450487696 = 24. 7°. 
359 - 93113, 232210408305 = 3- 5-61 - 253781867. 

It turn out that the classical Euler’s method for amicable pairs of 
the form (apq,as) can be generalized to aliquot 2k-cycles. This 
generalization for quadruples is due to Borho. 

For p; and q; to be integers, a necessary condition is 


(a1 — a2)(o(a1)o(a2)) = O(mod (ayaz — s(a;)s(az))). 
The following two quadruples are aliquot 4-cycles: 
(28158165, 29902635, 30853845, 2997155); 

(2387776550, 2497625050, 2550266150, 2506553050). 


They are each in the above form with a; = 3°-5-7, dy = 3?-5-7, 
p—1= 83, po = 359, r = 31643, ao = 3° - 5-11, dp = 37-5 - 11, 
qa = 79, qq = 263, t = 20183 for the first cycle and with a, = 
2-57+19-31, dj = 2+ 5° +31, pi = 89, pp = 911, r = 84809, 
a3 = 2-57 +31+59, dy = 2-5- 19-31-59, a = 79, go = 353, 
t = 27409 for the second. 

This method is a particular case of the above algorithm applied 
for the special choice of ay and ag. See also Chapter 6. 

Cycles in Gp,, represent sociable numbers within the interval 
[1,n]. Two special cases are loops that represent perfect numbers 
and cycles of length two that represent amicable pairs. 

Use the definition of a reduced amicable pair. 

Use the definition of an augmented amicable pair. 
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Goldbach numbers, 386 
Granville numbers, 325, 386, 389 
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harmonic divisor number, 200, 
386-387 

harmonic mean, 200 

harshad numbers, 386 

hemiperfect numbers, 386 

hexagonal number, 210 

highly abundant number, 184, 386 

highly composite number, 191, 383, 
385-386 

highly cototient numbers, 386 

hyperperfect number, 317, 386 


I 


irreducible pseudoperfect number, 
307, 389 

irreducible semiperfect number, 307, 
389 


J 
Jacobi symbol, 20 


K 


k-dimensional hypercube numbers, 
386 

k-fold perfect, 313 

k-fold perfect numbers, 387 

k-friable numbers, 389 

k-hemiperfect numbers, 386 

k-hyperperfect number, 317, 386 

k-perfect, 313 

k-perfect numbers, 387 

k-smooth numbers, 389 

k-superperfect numbers, 390 

k-tuple of sociable numbers, 345 

Kynéa number, 203, 386 


L 


least deficient number, 320, 
383 

Lee’s rule, 254 

Legendre symbol, 19 

Lehmer five, 367 

Lucas numbers, 387 
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M 


m-gonal numbers, 387 

m-gonal pyramidal numbers, 387 
m-superperfect numbers, 324 
(m,k)-perfect numbers, 324, 387 
Mobius function, 46 

megaprimes, 387 

Mersenne number, 70, 123, 201, 387 
Mersenne primes, 123 

monodigits, 389 

multi-amicable pairs, 383, 387 
multiperfect number, 313 
multiple, 2 

multiple amicable pairs, 383 
multiple perfect number, 313 
multiplicative function, 36 
multiplicative order, 22 

multiply perfect number, 313, 387 


N 


Niven numbers, 386 

non-cototient number, 56, 387 
non-totient number, 54, 387 
number of divisors’ function, 87, 89 
number-theoretic function, 35 
numeral palindromes, 387 

numeric palindromes, 387 


O 


odd amicable pairs, 261 

odd perfect number, 127 

odious numbers, 215, 387 

order of the set of sociable numbers, 
346 

Ore harmonic number, 153, 200, 386 

Ore number, 200, 386, 387 


P 


palindromic numbers, 387 
panarithmic number, 195, 388 
Pascal’s triangle, 212, 384 
perfect number, 107, 388 

perfect totient number, 331, 388 
period of the social sequence, 346 
permutable primes, 205, 387 
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pernicious number, 214, 388 

Pierpont numbers, 286 

Pierpont primes, 286, 388 

Pierpont primes of the second kind, 
388 

pluperfect number, 313 

polite number, 207, 388 

Poulet number, 62, 388 

practical number, 195, 388 

primary pseudoperfect number, 307 

prime counting function, 72 

prime number, 59 

prime number theorem, 75 

primitive abundant number, 182, 
383 

primitive friendly pair, 339 

primitive pseudoperfect number, 307, 
389 

primitive semiperfect number, 307 

primitive weird number, 309, 391 

primorial, 388 

pronic numbers, 388 

proper divisor, 345 

Proth numbers, 388 

pseudoperfect number, 305, 389 


Q 


quasi k-superperfect numbers, 
388 
quasi m-superperfect numbers, 324 
quasi-aliquot sequence, 352 
quasi-amicable numbers, 342, 384, 
388 
quasi-perfect numbers, 388 
quasi-sociable k-tuples, 388 
quasi-sociable chain, 352, 388 
quasi-sociable number of order k, 352 
quasi-sociable numbers, 351, 388 
quasi-sociable sequence, 352, 388 
quasi-superperfect number, 323, 388 


R 


Ramanujan—Nagell numbers, 144, 389 
reduced aliquot sequence, 352 


reduced amicable numbers, 342, 384, 
388 

reduced sociable numbers, 351 

refactorable number, 316, 389 

relatively prime amicable pairs, 263 

repdigits, 389 

repunits, 389 

restricted divisor function, 95, 119, 
239, 345 

Riesel numbers, 389 

Robin’s inequality, 188 


S) 


S-abundant numbers, 386 

S-deficient numbers, 386 

S-perfect numbers, 325, 386, 389 

safe prime, 160, 389 

Sarrus numbers, 388 

semiperfect number, 305, 389 

semiprimes, 389 

Sierpinski numbers, 389 

sigma function, 87, 93, 345 

slightly abundant numbers, 388 

slightly defective number, 320, 383 

sociable k-cycle, 345 

sociable k-tuples, 390 

sociable 4-cycle, 121 

sociable chain, 349 

sociable groups of order k, 390 

sociable numbers, 345, 390 

sociable of order k, 349 

sociable quadruple, 121 

sociable sequence, 349 

solitary number, 336, 338, 390 

Sophie Germain prime, 160, 390 

square number, 211 

square-free integers, 390 

square-free numbers, 390 

strobogrammatic numbers, 390 

sublime numbers, 390 

sum of divisors’ function, 87, 93, 120, 
345 

sum of the xth powers of the divisors’ 
function, 86 
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sum of the xth powers of the unitary 


divisors function, 97 
superabundant number, 185, 385 
superior highly composite number, 

193, 390 
superperfect number, 322, 390 


T 


tau function, 87, 89 

tau number, 316, 389 

te Riele’s algorithm, 278 

Thabit ibn Qurra number, 284, 390 

Thabit ibn Qurra theorem, 242 

Thabit numbers, 244, 284, 390 

Thabit numbers of the second kind 
base 6, 285, 390 

Thabit numbers base b, 285, 390 

Thabit numbers of the second kind, 
390 

Thabit prime base 6b, 286, 390 

Thabit primes, 245, 284, 390 

Thabit primes of the second kind, 
285, 390 

Thabit primes of the second kind 
base b, 390 

Thabit’s rule, 242 

titanic primes, 391 
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totient number, 53, 391 
trapecoidal numbers, 207, 391 
triangular number, 210, 391 
twin amicable pair, 266 


U 


unitary k-perfect number, 330 
unitary divisor, 97, 328 

unitary divisor function, 97 

unitary multiply perfect number, 330 
unitary perfect number, 328, 391 
untouchable number, 310, 391 


Vv 
von Mangoldt function, 79 


WwW 


Wagstaff primes, 391 

weird number, 308, 391 

Wiethaus’s rule, 257 

Williams number of the second kind 
base 6, 285, 391 

Williams numbers base b, 285, 391 

Williams prime base b, 286, 391 

Williams primes of the second kind 
base b, 391 

Woodall number, 202, 391 


